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Preface 


This book consists of two parts. Part 1 gives an account of the 
methods for solving typical problems in mathematical physics and 
an introduction to integral equations. Part 2 deals with the appli- 
cations of these methods to problems requiring the use of special 
functions. 

Extensive use is made in this book of the Dirac 6-function. 
Generalised functions are introduced and their applications are 
described. Each chapter concludes with a number of problems 
illustrating the main text (altogether 150 problems with answers 
are given). 

This text was designed for students of physics and engineering and 
was based on a course given at the Department of Theoretical and 
Experimental Physics of the Moscow Engineering-Physics Institute. 

Special thanks are due to A. N. Tikhonov, who initiated this 
course, and to A. A. Samarskii for many discussions and valuable 
advice. V. S. Vladimirov and T. F. Volkov have read the manuscript 
and put forward a number of important suggestions which have 
been incorporated in the text. I am also indebted to the publisher’s 
reader, S. A. Shirokova, for many useful suggestions which have 
led to an improvement in the presentation of the material. 


V. Ya. Arsenin 


PART ONE 
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Linear Equations with Two 
Independent Variables 


Many physical problems lead to second-order partial differential 
equations. These equations can be written in the general form of 
a functional relationship between the independent variables 
X1, .-.; X,, the unknown function uw and its first- and second-order 
Partial derivativesst.. 5.0065 Uesy Ue diy sis Wa ies Mees oes Mea! 


D(x, X29 2109 Xny Uy Ux Uxgy 0+» Uxys Uxixis vero Uxjxj ety Ux,,xp) =0 


Very frequently these equations are linear in the second-order 
derivatives, i.e. they are of the form 


n n 
) ; QjjUxx, + F(X, very Xing Uy Ugyy oeey Ux,,) =0 


t=] j=! 


where the coefficients of the highest-order derivatives, a,;, are 
functions of only the independent variables x,, x2, ..., Xn. 

When the function F(x, ..., Xn, U, Ux,, +++» Ux,) 18 linear in the 
arguments u, u,,, ..., Ux,, the differential equation is termed ‘linear’. 
Linear equations are of the form 


See eee == f (Xs sy Xe) (1) 


i=1j=1 i=l 


where the coefficients a;;, b;, c are functions only of the independent 
variables x,, ..., Xn. 


When /(%;, ..., X,) = 0, Equation (1) is called a homogeneous 
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linear equation; and when this identity is not satisfied, it is called 
an inhomogeneous equation. 

When the coefficients a;;,5b;, c are constants, Equation (1) is 
called a linear equation with constant coefficients. 

Equations which are linear in the second-order derivatives or 
in both second- and first-order derivatives can be divided into 
three classes (types). Each class includes an equation with a particu- 
larly simple form which is known as the canonical form. Equations 
belonging to a given class have many common properties. To 
investigate these properties it is sufficient to consider the canonical 
equations. In the next few chapters we shall be concerned with 
the properties of the solutions of canonical equations and with 
methods for obtaining these solutions. 

Whether or not a particular equation belongs to a given class 
is determined by the coefficients of the highest-order derivatives. 
We shall consider this classification first for equations in which 
the unknown function u depends on only two variables, i.e. 
u = u(x, y). In this case, equations which are linear in the highest- 
order derivatives may be written in the form 


At Uxx+ 2 ,2Uxy+ Az ty, + F(x, JY, Uy Uy, Uy) = 0 (1a) 


Similarly, linear equations may be written in the form 
Qi Uxx+20y2Uxy +22 yy +b, u,+bzuy+-cu = f(x, y) (2) 


where a;;, 6;, c are functions of only the independent variables x, y. 
Any equations of the form (la) or (2) can be reduced to a more 
simple form, the canonical form, by a suitable transformation of 
the independent variables. In studying partial differential equations 
with two independent variables, we shall therefore be able to confine 
our attention to the canonical equations. 

Let us transform the independent variables in Equation (la) 
in accordance with the formulae 


& = (x, y), 7 = p(x, V) (3) 


which define a one-to-one mapping between the points (§, 7) and 
(x, y). We shall require that the functions (x, 1) and p(x, y) and 
their first- and second-order derivatives be continuous. We then have 


Ux = Pyle Yq Uys Uy = Pyle pyU, 


en AAD é 2 ; 
Uxx = Fx Uge oa 29x Px UEn a Px Un + Pxx Ue ae Pxx Uy, 





yy = FyUge t+ Py Py Ueg + Py Man t+ Pyy le Pyy Uy 
= Px Py ee a (Vx Py + Py Wx) Uey = YxYy Un + Fxyle SE Wxy Uy 
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Substituting these derivatives into (la) and collecting up terms 
involving the same derivatives, we obtain the transformed equation 


Oly Meet 2019 Meg + O29 Ugg + Fi (ue, Uy, u, €&, 17) = 0 (4) 
where 
Oh, = Ay Pet 2012 Px Pyt-Gr2 Py 
Or = Ay Px Prt Ai2(Px Pyt Py Px) +22 Py Py (5) 
Oo2 = Ay Pet 2412 Px Py +Or2Yy 


Using (5) we can readily verify that 





D(g; vy) 6 
D(x; y) ©) 


We can now adopt the following classification of equations 
of the form (la). If in a given domain D the discriminant 
V? = ai, —a},a,, is positive (V2 >0) then, Equation (1a) is hyperbolic 
in D. If, on the other hand, V? <0 in D, (1a) is elliptic in D. 
Finally, when V? = 0 at all points of D, (1a) is parabolic in D. 

It follows from the identity given by (6) that the type of an equa- 
tion of the form (1a) is unaffected by a transformation of the inde- 
pendent variables of the form (3). We shall use this procedure of 
transformation of the independent variables to simplify (1a), i.e. 
to reduce it to its canonical form. For each type of equation there 
is a particular canonical form. 

1. If (1a) is hyperbolic in a domain D, there exist in D functions 
v(x, y) and w(x, y) such that the transformation given by (3) reduces 
(1a) to the simpler form 


Us, + Fy (uz, Uy, U; i. 7) = 0 (7) 


This is the canonical form. 
We shall now summarise the procedure for finding (x, y) and 
v(x, y) without discussing the conditions for their existence: 

a. If a;,; = a, = 0 in D, then a2 4 0. Dividing both sides of 
(1) by 2a,, we obtain the canonical form (7). 

b. Suppose that a?,+-a3, # Oin D. We shall confine our attention 
to the case when at least one of the coefficients a,,;, a. is not iden- 
tically zero in a part D, of D. Suppose a,,; has this property. 

We shall take o(x, y) and p(x, y) in (3) to be functions which 
ensure that the coefficients ~,, and «,, in the transformed equation (4) 
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will vanish, i.e. we shall suppose that they are the solutions of the 
following equations: 


ay, Pe+2412 Px Py t+ar2P> =0 





8 
Ay Yet 202 Yx Py tan Ys = 0 ( ) 
These yield 
Ge _ —anty/V? Ye —antyV? 
Py a) ‘ Py a 


Consequently, each of the equations in (8) can be split into the 
following: 
PxtA(x, V)~y=9,  PxtAo(X, y)Py = 0 (9) 
where 
a,—VV? ay+y'V? 
A(x, y) = seo, 2,(x, y) = ae Be 
1 


11 1 


(10) 


The two equations in (9) are equivalent to 


ee dy _ 
Gx NG y), dx A,(x, y) (11) 


This procedure yields functions (x, y) and p(x, y) which will 
ensure that the coefficients «,, and a, will vanish in the case under 
consideration. At the same time, «,;, # 0, which follows immediately 
from the identity given by (6). Dividing the transformed equation 
by 2x,. we obtain the required canonical form. 

On integrating (11) we obtain 


P(x, y)=c, and p(x, y= 


which form two families of curves called the characteristic curves, 
or simply characteristics, of (la). We note that two characteristics 
belonging to different families will never coincide since 7, # 7). 
It follows that the above families of characteristic curves form 
curvilinear coordinate nets. 


2. If (la) is elliptic in D, there exist in D functions (x, y) and 
p(x, ») such that (la) can be reduced to the canonical form 
Use tUynt F(z, Uy, U, €, 1/) = 0 (12) 


by means of the transformation (3). We shall again confine our 
attention simply to a description of the procedure for finding 


p(x, y) and p(x, y). 


Linear Equations 

As before, we first reduce the equation formally to the form 
Ug t+ Fy (uz, Uy, u, &, 0) = 0 (13) 

The new variables € and 7 will now be complex conjugates 

E= px, y)tip@,y),  1= o(%, y)—ivQ, y) 
since the differential equations for the characteristic curves are 
now of the form 
d a /—¥? dy a fe 

y 2) J es erg re 


dx ay ay dx ayy ay 








Consequently, an elliptic equation has only imaginary character- 
istic curves. 
Finally we can transform the independent variables again in 
accordance with the formulae 
c/a eas 


so that (13) and, consequently, (1a) will assume the required canon- 
ical form (in the new variables) 


Upp tUcetFo(Up, Us, U,P, 9) = 0 


3. If (1a) is parabolic in D, there exist in D functions ¢(x, y) 
and w(x, y) such that the transformation given by (3) reduces 
Equation (la) to the canonical form 


Upn +F (ug, Un, Uy €, 9) = 0 (14) 


The procedure for finding the functions g(x, y) and (x, y) 
can be summarised as follows. To begin with, we must find the 
function g(x, y) which will ensure that the coefficient «,, inthe 
transformed equation will vanish, i.e. it will be a solution of the 
equation 

44, G3 +2012 Px Py +422Py =0 (15) 
As in the case of hyperbolic equations we are assuming that a 
is not identically zero in any part D, of D. We then solve (17) for 


¢x/¢y, but in contrast to the hyperbolic case (see (9)), we obtain 
only one equation, namely, 


Pr tA(x, YP = 9 (16) 
where 
Qy2 
A(x, y) = —-= 
(x, y) Ge 
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Any solution of (16) which is not identically equal to a constant 
can be taken for ¢(x, y). The coefficient «,, in the transformed 
equation will then also vanish, which follows from the condition 
that (la) is a parabolic equation, and from the identity given by 
(6). For y(x, y) we can take any twice continuously differentiable 
function which does not lead to «,, being zero. Dividing the equation 
transformed in this way by «2, we obtain the required canonical 
form. An equation of the parabolic type has only the single family 
of characteristic curves 


dy 


aa A(x, y) 


If the initial equation (la) is linear, the transformed equation will 
clearly also be linear. 
Thus, the canonical forms of linear equations are 


Uey +P Uet+ Bou,+yu = f(€, 7) (hyperbolic) 
Uzet+Upn +B Uzt Bou, t+ yu = f(&, ) (elliptic) (17) 
Up +ByUet Bout yu = f(&, 7) (parabolic) 

4, If the differential equation is a linear equation with constant 
coefficients, then the coefficients {,,8,,y» in the corresponding 
canonical equations will also be constants. (The characteristic 
curves of a hyperbolic equation will then be straight lines.) The 


equations given by (17) can then be simplified still further by 
substituting 


u = vest (18) 


where 44, » are to be determined. 


Evaluating the derivatives of the function u and substituting 
the result into, say, the first equation in (17), we obtain 


Ven + VFB) Vet (H+B2) Ont (Urb +B t+y)u = FE, 7) erm 
If we substitute 
PSAP. PB; 
the transformed equation assumes the form 
Ven V1 = fiEs 1) (19) 


where 


Vi y—BB2, Aig, 1) aw fa ”) ef 25+ Bin 
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Similarly, an elliptic equation will reduce to the form 


Vget Ugg t71U =fi(S,7) (20) 
where 


1 7 1 1 —pt—y 
v= ¥—G Bit+B), k= Ais ae — 5 Bas fh=fe" . 


In a parabolic equation, the coefficients of vz; and v, cannot 
be made to vanish by a suitable choice of u and v since the trans- 
formed equation is of the form 


Ung + Bi Vz+ (20+ B2) 0, + (7 +B. +-uBi +y)¥ = fi(é, 0) 


ie by gee ) 
— |— B2— we obtain 
By (3 BS Y 


Vin +B Ve= AE, 0) (21) 


As a result of the simplifications of (la) described above, we will 
confine ourselves to consideration of methods for solving problems 
which can be formulated in the form of canonical equations. In the 
case of linear equations with constant coefficients, we may generally 
confine our attention to equations of the form given by (19), 
(20) and (21). 

Let us now consider a number of examples. 


Substituting + = — Fa, p= 


Example 1] tx—Yuyy =0. In this case, a, = 1, a. = 0, 
Qn, = —y, V? = a2, —Q1,4y = y. Consequently, for y > 0 the equation 
is of the hyperbolic type, whereas for y < 0 it is of the elliptic type. 


a. Consider, to begin with, the region in which the equation 
is hyperbolic. The differential equations for the characteristic curves 
are of the form 


d — d — 
= Vy, =v 


and their general integrals are x-2V y=), x+2y/y = C>. Substi- 
tuting 


fé=x-2/y,  n=x+2/Vy 


we obtain the canonical form of the transformed equation 


1 1 
Usn + > — (ug—Uu,) =0 
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The characteristics are the right- and left-hand branches of the 
family of parabolae (x—c)? = 4y (solid and broken curves in 
Fig. 1.1). The minimum points of the parabolae, which lie on the x 
axis, do not belong to the characteristic curves since, at these points, 
the equation is not of the hyperbolic type (V? = 0). 





= Fig. 1.1 


b. In the region in which the equation is elliptic (vy < 0), we 
shall substitute 
s-+7 Re eee 


=-2 SHS 2X, Oo 


2 “25 
The canonical form of the equation is 





Upp eg — Ge = 0 


Example 2. Xuy,—2/ XY Uyy+yuyy ti uy = 0. 

In this case, a, = X, 42. = —y'xy, An = y, V? = aj,—a\,ax, = 0. 
Consequently, this equation is hyperbolic at all points. It.has the 
single family of characteristic curves given by the differential 
equation 





The general integral of this equation is 
V¥xtVy =e 

We shall therefore substitute 
g=y/xt+Vy 


and 7; can be set equal to any function ¢(x, y) which does not lead 
to &, being zero in the transformed equation. Let 


y= yx 
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The canonical form of the equation is then 
1 
tg Pe =0 


5. Whether or not a linear differential equation which does not 
contain a mixed derivative of the unknown function, i.e. an equation 
of the form 


ayy Uxx+ Ay Uyy+byu,+byuyt+cu = I(x, y) (22) 


belongs to a particular class, is determined by the signs of a,, and a). 
More precisely, if a,,(x, y) and a(x, y) have different signs through- 
out D (and do not vanish in D), (22) is hyperbolic in D. If, on 
the other hand, a,,(x, y) and a,,(x, y) have the same signs throughout 
D (and do not vanish in D), Equation (22) is elliptic in D. Finally, 
if one of the coefficients a@,,, a. is zero throughout D, (22) is para- 
bolic in D. 

Similar criteria can be used to classify linear equations of the 
form 

n n 


> Gis; xy by Ux, Cu =f 2X25 s++5 Xn) (23) 
1 


with a large number of independent variables (x, x2, ..., Xn); 
where aj;,5,,¢ are functions of the variables (x,, x2, ..., Xn). 
Equation (23) can be classified as follows. It is: 

elliptic at the point (x, x%, ..., x9) if all the coefficients a;;(x?, 
x$, ..., x9) at this point are not zero and have the same sign; 

hyperbolic at the point (x?, x8, ..., x2) if the coefficients a;;(x?, 
x, ..., x8) at this point are not all zero and all of them, except 
one (for example q;,;,), have the same sign; 

hyperbolic at the point (x?, x8,...,xn) if the coefficients 
aj(x?, x9, ..., x8) at this point are all, except one (for example, 
@;,i,), different from zero and all have the same sign 


0 0 0\ __ 0 0 0 
inig (X1> X25 «+> Xn) =O and 4, (x1, Xp, ---, Xn) # O 


PROBLEMS 
1. Reduce the following equations to canonical form: 
(a) x7tUxx~.—yuyy = 0 
(b) yx, +x7uyy = 0 
(CC) XU + AXVUzytyYuyy = 0 
(d)  uxxtyuyy+0.5 u, = 0 


11 


Mathematical Physics 
2. Reduce the following equations to canonical form: 
(a) Upyf-Qyy+ Uyy+-3u,—Suy+4u = 0 
(b) tty + 4tgyt+3uyy+5u,+ wy+4u = 0 
(C) Quy, 2uyy+ Uyyt4u,4-4uy-+-u = 0 
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Partial Differential Equations 
in Physics 
Boundary-value Problems 


2.1 SMALL TRANSVERSE VIBRATIONS OF A STRING 


We shall assume that the string is elastic and offers no resistance 
to any change of form other than a change in length. This is 
expressed mathematically by saying that the tension in the string 
is always parallel to the tangent to the instantaneous profile of the 





Fig. 2.1 


fi: 


string (Fig. 2.1). We shall also assume that the vibrations are small, 
i.e. the square of the displacement can be neglected, and that they 
take place in the (x, uw) plane. 

The assumption that the vibrations are small ensures that the 
tension T in the string is independent of time ¢. To show this, 
consider a segment (x,, x2) of the undisturbed string. Its initial 
length is x,—x,, whereas the length at time ¢ is 


f V1+u2dx & f 1-dx = x»-—™ 
x1 x1 


It follows that, to within terms of the second order in u,, the length 
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of a fixed segment of the string is independent of time, i.e. the 
segment is not extended. Hence, in view of Hooke’s law, it follows 
that the tension 7 is also independent of time (to within terms 
of the second order in u,). Consequently, T can be a function 
of only x: 

L-= T(x) 


Since we are considering the transverse vibrations of the string, 
we shall only be interested in the component of the tension along 
the w axis, which will be denoted by 7,,. It is clear that 


Ux 


— SB Tu, 
Vin 


T, = Tsing = Ttanacosa = T 


where « is the angle between the tangent to the curve u = u(x, f) 
and the x axis for given ¢ (Fig. 2.1). The momentum of a segment 
(x,, X2) of the string at time f is equal to 


x2 


\ u(é, 1) p (dE 


x1 


where p is the linear density of the string. 

According to Newton’s second law, the change in the momen- 
tum of the segment (x,, x2) in a time V*t = t,—t, is equal to the 
time integral of the applied forces which, in the present case, consist 
of the tension force Tu, at the ends of the segment and the external 

x2 
force \ SE, t) dé, expressed in terms of a force density f(x, f): 
*1 
X2 


| (e(&, 2) —u(E, te) p (8) dé 


*1 


=J (Tex, D—-To)ua, Ode t+) | f, Ddéde (1) 


This is the integral form of the equation for small transverse vibra- 
tions of a segment of a string. 

If u(x,t) has continuous second-order derivatives and 7(x) 
has a continuous first-order derivative, then using the mean value 
theorem for the integrals in (1) we obtain 


Un (E15 T))p(E,:) V7 Vx = SAT) Uyleae, V7t V?x+f(E3, 43) V7 V2x_ (2) 


t=12 
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where ¢,, &, €3€ [X), Xa], T1, T2, 73 € [t,, t2]. Dividing both sides of 
(2) by V7t V2x and proceeding to the limit as V7t > 0 and V*x > 0, 
we obtain the following differential equation for the small transverse 
vibrations of a string 


2 [Tul +f 1) = p(x) ta @) 


When 7 = const and p = const, this equation is usually written 
in the form 


@u,,+F (x, t) = Uy (4) 


where a” = T/p, F(x, t) = (1/p)f(x, 1). Equation (4) is called the 
one-dimensional wave equation. 


2.2 SMALL LONGITUDINAL VIBRATIONS 
OF AN ELASTIC ROD 


Consider a rod parallel to the x axis. We shall use the following 
notation: S(x) is the cross-sectional area of the rod in the plane 
perpendicular to the x axis at the point x, k(x) and p(x) is the 
Young’s modulus and density of the rod in a plane having the 
abscissa x, and u(x, t) is the displacement (in the direction of the 
axis of the rod) of the section having the abscissa x at time ¢. We 
shall assume that the displacement of all points on the plane with 
given x is the same. It is clear that the longitudinal vibrations are 
completely described by the function u(x, rt). Small longitudinal 
vibrations will be defined as those for which the stresses produced 
in the rod during the vibration always obey Hooke’s law. Consider 
the relative extension of a segment (x, x +V?x) at time t. The coordi- 
nates of the end of this segment are 


x+u(x, 1), x-+V?x-+u (x+V2x, t) 
Consequently, the relative change in the length of the segment is 


{[x+V?x+u(x+V°*x, t)]—[x+u(x, )]}—V*x 
Vx 





= u,(x+0V2x, 1) 


O0O<8<1) 


It follows that the relative extension at the point x at time f is u,.(x, ft) 
and the tension T is, in view of Hooke’s law, given by 


T = k(x)S(x)u,(x, t) 
15 
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If we now apply Newton’s second law to the segment (x,, x2) of the 
rod in a time interval Vt = t,—t,, we obtain 


X2 


 {u(E, t2)—uE, t)}p OSH dé 


x1 


= VS (x) k (x2) te (x2, 7)—S() ka) MeO, D} de +- J [AE ddd 


where f(x, t) is the density of the external force acting on a cross- 
section at a distance x from the origin. This is the integral form of the 
equation for the small longitudinal vibrations of the rod. Assuming 
that the function u(x, ¢) has continuous second-order derivatives and 
that k(x) and S(x) have continuous first-order derivatives, we can 
readily show that the differential equation for the small longitudinal 
vibrations of a rod is 


2 SKE) EO DHL.) =POS@m D8) 


When S(x), k(x) and p(x) are constants, Equation (5) assumes the 
form 


By. t F(x, t) = Uy 
where 


2 Ree =efle, 1) 


Equations (3) and (5) are identical in form and differ only in the 
notation (Sk instead of T, and pS instead of p). They are hyperbolic 
at all points since, by definition, T(x), S(x) and k(x) are positive. 


2.3 SMALL TRANSVERSE VIBRATIONS OF A MEMBRANE 


A membrane is defined as a stretched plane sheet which is perfectly 
flexible and can be displaced, but offers resistance to stretching. 
For example, a plate whose thickness is small in comparison with 
its two other linear dimensions can in certain cases be regarded as 
a membrane. We shall consider small transverse vibrations of 
a membrane at right-angles to its own plane (x, ¥) and will assume 
that the squares of the displacements wu, and uw, can be neglected, 
where wu = w(x, y, £) is the displacement of the point (x, y) at time ¢. 
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Let ds be an element of arc of a contour on the surface of the 
membrane and let N be a point on this element. The tension force 
acting on this element is T ds. The fact that the membrane is per- 
fectly flexible is expressed mathematically by saying that the vector 
T lies in the plane which is tangential to the surface of the membrane 
at the point Mf and perpendicular to the element ds, and that the 
magnitude of 7 at this point is independent of the direction of ds. 
Since the vibrations are small, it follows that the component 7, of 
the tension vector J on the (x, y) plane is equal to 7. Jn fact, 
T, = T cosa, where « is the angle between T and the (x, y) plane. 
However, « is not greater than the angle y between the tangent plane 
to the surface of the membrane, which contains the vector 7, and 
the (x, y) plane (i.e. « < y). It follows that 


] 
cosa = cosy = 
Vi+ug+u 


2 


Consequently, cos « = 1 and hence 7, x T. 


The second consequence of the fact that the vibrations are small 
is that the tension JT is independent of the time t. To show this, 
consider a part S of the undisturbed membrane. This area is equal 


to || dx dy. At time ¢ this area is equal to 
s 


\\ Gedy ~, (\ax ay 
cosy 
Ss Ss 


It follows that the area of a fixed part of the membrane is independent 
of time, and in view of Hooke’s law, T is independent of time. Since 
T is perpendicular to the element of arc ds, it follows that T is also 








Fig. 2.2 


nN 
§ 


independent of x and y. In fact, consider a part A,B,B,A, of the 
undisturbed membrane bounded by lines parallel to the coordinate 
axes (Fig. 2.2): 
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the tension force acting on the segment of the surface is equal to 
\ T ds+ \ T ds+- \ T ds+- \ T ds 
ASA) A>B> BoB, Buy 


Since points of the membrane are not displaced in the direction of 
the x and y axes, we have 


y2 y2 
\ Tds+ | rds=\ TO, ») dy— | Ton, ») ay 
A,B, BA, vy V1 


= \ [T0, Y—T, )) dv = 0 (6) 
and Vi 


xa 


\ Tds+ | Tds={ (7%, )-TH ydx=0 


Ay Az BB, y 





Since the intervals (x,, x2) and (3, )) are arbitrary, it follows from 
(6) and (7) that T(x1,¥) = TO, y) and T(x, y,) = T(x, ys), and 
so On. 

Let S be a segment of the membrane at time /, bounded by the 
contour C (Fig. 2.3). Let S, and C, be the projections of S and C 
on to the (x, y) plane. 
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To determine the vertical component P, of the tension force 
acting on C, consider an element d/ of C and a point M on it. Let 
Tx, be the tension vector at the point M at right-angles to d/. The 
plane drawn through Ty which is perpendicular to the (x, y) plane 


Fig. 2.4 





will cut the (x, y) plane along the normal nv to C, at the point M, 
(Fig. 2.3). Fig. 2.4 shows the curve LZ along which this plane cuts 
the surface S. It is clear that 


ou 
Cie ges oe 
V/1+tan’o V (2) on 
=F an} 
Consequently, 


é, on cosB 





Py= | T, dl = \ rot at = | clea 


c ¢ (9 
where f is the angle between the elements d/ and d/,. 
Since BP <y (as_in the condition « <y discussed above) 
cos B >cosy = 1/1 +uz+u; ~ 1. Therefore, 
Ou 


aya 
, on ; 





Application of Gauss’s theorem to this integral yields 


P, = \f (Uxy+Uyy) dx dy = T\\ vn dx dy 


S1 S; 


The equation for the small transverse vibrations of a membrane 
can now readily be obtained. Let f(x, y,t) be the density of the 
resultant external force acting on the membrane at the point M(x, y) 
at time ¢ along the u axis, and let p(x, y) be the surface density of 
the membrane. Applying Newton’s second law to a part S, of the 


a 19 


Mathematical Physics 


membrane in a time interval Vr = f,—t,, we obtain the required 
integral equation 


ux. 2), », Hox, ydx dy 


Sy 
ty ie 
= \\\ rvudxdydtt \\\ rex, y, dx dy de 


1 Sy St 


Assuming the existence and continuity of the corresponding deriva- 
tives, we readily find the following differential equation for the small 
transverse vibration of a membrane 


T Vu-+-f(x, y; t) = Pur 
This is a hyperbolic equation. When p = const, it can be rewritten 
in the form 

a Vut F(x, y, t) = Uy (8) 


where a* = T/p, F(x, y, t)= (1/p) f(x, y, t). Equation (8) is called 
the two-dimensional wave equation. 


2.4 THE EQUATIONS OF HYDRODYNAMICS 
AND ACOUSTICS 


The motion of a continuous medium can be characterised by a veloc- 
ity vector u(x, y, z, t), a pressure p(x, y, z,t) and a density p(x, y, 
z,t). We will take the medium to be an ideal liquid (gas). Consider 
a volume D of the liquid bounded by the surface S. The pressure 
acting on this volume is equal to 


\\ pads 


s 


where # is a unit vector in the direction of the inward normal to S. 
Gauss’s theorem yields 


\\pnds = —\\\ vp de 


Ss D 


where Vp is the pressure gradient. In the absence of external forces, 
the equation of motion for the volume D can be written in the form 


W\\ogr er = —\\ )vpar 
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and, since D is arbitrary, this yields the following equation of motion 
in Euler’s form 


Pa, + Ye =0 (9) 


where dv/dt is the acceleration of a particle and is equal to 


ov ov ov 
+O, Ay +2, Oy U3 a 


x 
or 








If there are no sources or sinks within D, the time rate of change of 
the amount of liquid in D is equal to the flux of the liquid through 


S, i.e. 
oA (par = —\\ocw-nas 


eve 
D Ss 


Using Gauss’s theorem on the right-hand side of this equation, we 


obtain 
((§|22-+4iv0)] ar ~o 
D 


which yields the continuity equation for the medium 


oP div (pv) = 0 (10) 
Consider the adiabatic motion of a gas for which 
Y 
= 2) HI 
P p( 2 (11) 


where y = c,/c,, ¢, and c, are the specific heats at constant pressure 
and constant volume, respectively, and po, M> are the initial «alues 
of the pressure and density, respectively. The non-linear equations 
given by (9)-(11) form a complete system of equations describing 
the adiabatic motion of an ideal gas. If we substitute 


oF Pp = poll +o) (12) 

Po 
and confine our attention to small vibrations for which we can 
neglect second order terms involving the ratio a, the velocity, and 
the gradients of velocity and pressure, then equations (9) and (11) 
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can be considerably simplified (this is referred to as linearisation). 
In fact, subject to these assumptions, we have 





eee Coe | 1 ] 
— = —(l—o+o*—...) y---(l—«o 
p pyl-+o po po von) 
Pp = p1-+o)’ & po(1+ye) (13) 
ee ~ “-(1—a)¥p w YPovg (po = const) 
p Po 
div(pz) © po div[(1+9)z] & py div(z) (Po = const) 
Neglecting the higher-order terms in (9) and (10) we obtain 
v,+aVo=0 @ = YPo 
Po (14) 


6,+div(v) = 0 


Let us apply the divergence operator to the first equation in (14) 
and the operator 0/df to the second. Subtracting one from the other, 
we obtain 


Vs = on (15) 
From (12), (13) and (14) we obtain the analogous equations for 
p and p 

a V’p = Pu 

a’ V’p = Pu 
Equations (15) and (16) are the equations of acoustics. They are 
of the hyperbolic type. Such equations are also referred to as the 


three-dimensional wave equations. 
From the first equation in (14) we find that 


t 


v(x, y,z,t) = v(x, y, z, 0)—a’* \ Vo dt 
") 


(16) 


= v(x, y, 2, 0)— v (\e%e a] 


If we assume that at the initial time (¢ = 0) the velocity field has 
a potential f(x, 1, z), Le. 


V,20— —WG, ¥; 2) 
t 
then a(x, y, z, t) = —V f(x, vy, z)+a \ a dz} = —Vu 
0 
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Consequently, the velocity field has a potential « when ¢ > 0 and 
this is given by 


t 


u= f(x, y, z)4-a \ o dt 


0 


Differentiating this with respect to time, we find that 
u, = ao 
,, = a’o, 


Substituting for o, and v in terms of wu into the second equation in 
(14), we obtain 


Vu = Uy (17) 


It follows that the potential of the velocity field is also a solution 
of the wave equation. 


2.5 ELECTRIC FIELD IN A VACUUM 


Maxwell’s equations in a vacuum may be written in the form 


cit be 
c ot 
divE=—0 18 
divH=0 ) 
curl H = ips 
c ot 


where H is the magnetic field and E is the electric field. Application 
of the curl operator to the first equation yields 


curl curl EF = ae curl H (19) 
c ot 
Moreover, 
curl curl E = Vidiv E)—V?E 
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In our case, curl curl E = —V’E, since div E = 0. Substituting this 
into (19) and using the last equation in (18), we obtain the wave 
equation for E: 

OWE =f; (20) 


2.6 THE EQUATIONS OF HEAT TRANSFER 
AND DIFFUSION 


We shall now derive the equation describing the distribution of 
temperature in a body. Let u(M, t) be the temperature of the body 
at the point M at time ¢. In deriving the required equation we shall 
use Fourier’s law for the heat flux density w in the direction n per 
unit time 

ou 

ae ay |e 

on 
where k is the thermal conductivity. The thermal conductivity may 
be a function of temperature, position and time 


k=k(u, M,t) 


Consider a part D of the body bounded by the surface S. Let f(M, t) 
be the density of heat sources and let us evaluate the heat balance 
for D in a small time interval V7t: 


= \\\re, t)dr Vt 
=~ \Vespe Vt 


where Q, represents the heat gain from the sources and Q> the heat 
lost from D. The derivative du/dn is evaluated in the direction of the 
outward normal to the surface S. Finally, 


0; = \\\ cpu drV7t 
D 


is the heat lost due to change in temperature, where c is the specific 
heat and p the density of the material. Since energy must be con- 
served, we have 


Q,=Q,4Q; 
or 
Nese +\\Vrar, dr =| \\eou ae 
D D 
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Application of Green’s theorem to the first integral yields 


\\\ tdiv & Vie) +F(M, 2] de = 4S) cpu, de 

- D 

and since D is arbitrary, we obtain the required heat transfer 
equation 


div (k Vu) +f(M, t) = cpu, (21) 


The diffusion equation can be established in a similar way. 
According to Nernst’s law for the flux of matter zw in the direction ” 


ou 


w= —D— 
On 


where u = u(M, 1) is the concentration of the diffusing material 
(gas or liquid) and D is the diffusion coefficient. In the equation 
for Q; we must now replace cp by the porosity c of the medium in 
which the diffusion takes place. The diffusion equation is found to 
be of the form 


div (D Vu)-+f(M, t) = cu (22) 


Physical considerations indicate that the coefficients k and D 
must be positive, and, therefore, Equations (21) and (22) are of the 
parabolic type. 

Problems involving the determination of the steady-state tem- 
perature or concentration lead to the elliptical equation 


div(k Vu) = —f(M) (23) 


if k, c, p and f (and, correspondingly, D and c) are independent of 
time ¢. 


2.7. FORMULATION OF BOUNDARY-VALUE PROBLEMS 


The solution of many problems in physics and other branches of 
science by mathematical methods requires a preliminary mathemat- 
ical formulation of these problems. This means that one must first 
write down the equation or system of equations which the required 
function or system of functions describing the phenomenon under 
investigation must satisfy. The next step is to write down the addi- 
tional conditions which the unknown function must fulfil on the 
boundaries of the region within which it is to be determined. The 
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nature of these additional conditions can be illustrated by consider- 
ing the problems considered in the last sections. For example, in 
the case of the vibrations of a string or rod (Equations (3) and (5)), 
one must prescribe the initial profile 


u(x, 0) = ¢(x) 
and the initial velocity 


u,(x, 0) = p(x) 


of all points on the string (rod). These are the initial conditions. 
There are analogous conditions for any other wave equation. More- 
over, we must write down the conditions at the ends of the string 
(rod). Thus, if the law of motion of the ends (x = 0 and x = /) is 
specified to be 


u0,t)=m(t), u(t) = w,(¢) 


these additional conditions involving the value of the variable 
(displacement) on the boundary will be called boundary conditions 
of type I. If we specify the variation of the force applied to the end 
of a string (rod) and acting in the direction of the vibrations, the 
conditions at the ends can be written in the form 


Euy|x=0 = fi(t), Eu,|.=1 = f,(t) 
or 


u,(0, t) ae »,(t), u,(1, t) 7 v(t) 


These involve the derivative of the variable on the boundary and 
are called boundary conditions of type II. 

Suppose that a spring is attached to the end of the rod at x = / 
and acts in the direction of the x axis. The tension force Eu, at the 
end will then be balanced by the force au due to the spring. The 
boundary conditions at the end can then be written in the form 


Eu,(1, t) = —au(I, t) 
where « is the spring constant, or 
u,(/, t)+hu(l, t) = 0 


If the spring, in its turn, moves in accordance with the law 
x = A(t), the boundary conditions can be represented by 


u,(1, t)+h[u(/, t)—B(t)] = 0 


This is called a boundary condition of type III. At the left-hand end 
(x = 0) it can be written in the form 


u,(0, t)—A[u(0, t)—B()] = 9 
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For the two- and three-dimensional cases the above three types of 
boundary condition are of the form 


wis = a(M,t) — (type I) (24) 
OH! MD) ype I) (25) 
On 's 
ou 
(2 +h) = B(M,t) (type TI) (26) 
n Ss 


where ou/dn is the derivative along the outward normal to the 
surface S. 

Similar boundary conditions are encountered in problems leading 
to parabolic equations. Thus, if the temperature on the surface of 
a body is specified, we have a boundary condition of type I. If we 
specify the heat flux k du/dn through the surface S of the body we 
have a boundary condition of type II. If, finally, the heat transfer 
between the surface of the body and the surrounding medium at 
temperature 8(M, t) is in accordance with Newton’s law 


Ou | 
ay = He Ph 


we have the boundary condition of type III. 


Other types of boundary condition will be discussed later. The 
boundary conditions considered above are linear because the 
unknown function or its derivatives enter into them in linear forms. 
They are called homogeneous if the right-hand sides (u,v, 8) are 
identically zero, and inhomogeneous in all other cases. It is evident 
that similar boundary conditions are encountered in problems 
leading to elliptic equations. Physical interpretation of each presents 
no special difficulties. 

We shall now formulate the corresponding three types of boun- 
dary condition for equations of the form 


div(k Vu)—qu+f(M, t) = puny (27) 
and 
div(k Vu) —qu-+f(M, t) = pu, (28) 


where k, q and p are functions of the coordinates of M. All the 
equations considered above belong to this type with g = 0. 


First boundary-value problem Find the function u(M, f) satisfying 
Equation (27) (or (28)) in the domain (MeéD,t > 0) and the 
additional conditions. 
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1. The initial conditions 
u(M, 0) = (M), u,(M, 0) = y(M), MeD 


(or u(M, 0) = 9(M)). 
2. The boundary conditions 


u(M, t)!s = u(M, 1), t>0 


Second and third boundary-value problems These can be formulated 
in a similar way by replacing the boundary condition of type I by 
a boundary condition of type II or III. 


Note All the above types of boundary condition can be represented 
by the single relation 


{710 tytn = B(M, 1) 


When y,; = 0 we obtain a boundary condition of type I, vy, = 0 
yields a boundary condition of type II and y, # 0, y. #0 yield 
a boundary condition of type III. 

It is easy to imagine problems in which one is interested in the 
unknown function u(M, t) at points M which are so far from the 
boundary S that the effect of the boundary conditions on these 
points can be neglected. This justifies the following formulation. 


Cauchy’s problem Find the function u(M, t) which satisfies Equa- 
tion (27) (or (28)) for ¢ > 0 at any point M of space, and the initial 
conditions 


u(M, 0) = o(™), u(M, 0) = y(M) 


(or u(M, 0) = 9(M)). 

If we are interested in the values of the function u(M, t) for 
large t, the effect of the initial conditions can be neglected. This 
leads to the following problem. 


Determination of steady-state conditions It is required to find the 


function u(M, t) which satisfies Equation (27) (or (28)) in D and 
the boundary condition 


Ou 
(re yen) = B(M, t) 
(or no initial conditions). 
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For an elliptic equation, the boundary-value problems can be 
formulated as follows. It is required to find a function u(M) which 
satisfies in the domain D the equation 


div[k(M)Vul]—-q(M)u = —f(M) 


and the boundary condition 
Ou 
{0 +, u) = B(M) 
on Js 


on the boundary S. y, = 0,7, = 0 and y, # 0, vy, ¥ O correspond 
to the first, second and third boundary-value problems, respectively. 


PROBLEMS 


1. The upper end of an elastic, uniform, vertically suspended, 
heavy rod of length / is rigidly attached to the ceiling of a freely 
falling lift which, having reached a velocity vp, is instantaneously 
brought to rest. Formulate the boundary-value problem for the 
longitudinal vibrations of the rod. 


2. Formulate the boundary-value problem for the small trans- 
verse vibrations of a string in a medium with a resistance propor- 
tional to velocity, assuming that the ends of the string are rigidly 
fixed. 


3. An elastic rod (0 < x </) of variable cross-section S(x) has 
its ends fixed elastically, using springs. Formulate the boundary-value 
problem for the longitudinal vibrations of the rod, neglecting the 
deformation of the transverse cross-sections. 


4. Formulate the boundary-value problem for the transverse 
vibrations of a heavy string relative to the vertical equilibrium 
position, if its upper end (x = 0) is rigidly fixed and the lower end 
is free. 

5. Consider the previous problem on the assumption that the 
string rotates with an angular velocity w = const about the vertical 
equilibrium position. 

6. A light string rotating around the vertical axis with a constant 
angular velocity w is in the horizontal plane and one of its ends 
(x = 0) is attached to a point on the axis, whilst the other end is free. 
At the initial time ¢ = 0 all the points on the string are given small 
deflections and velocities at right-angles to this plane. Formulate 
the boundary-value problem for the deflections of points on the 
string from the plane of equilibrium motion. 
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7. An elastic cylinder is displaced from its equilibrium state at 
time ¢ = Oin such a way that its transverse cross-sections are rotated 
through small angles 0 within their own planes about the axis of 
the cylinder. Formulate the boundary-value problem for the resulting 
small torsional vibrations of the cylinder if its ends are rigidly fixed 
(or are free). 


8. A current /(t) is passed at time ¢ = 0 through a string 
(0 <x </), whose ends are rigidly fixed and whose resistanceis 
negligible. The string is in a magnetic field H. Formulate the boun- 
dary-value problem for the transverse vibrations of the string under 
the action of the ponderomotive forces. 


9. Two semi-infinite, elastic rods with identical transverse cross- 
sections are joined end to end and form a single infinite rod. If the 
densities and elastic moduli of the two rods are p,, E; and p2, E>, 
formulate the boundary problem for the small longitudinal vibra- 
tions of the rod under the action of an initial perturbation. 


10. Formulate the boundary-value problem for the transverse 
vibrations of a string with fixed ends, carrying a localised mass m 
at the point xp. 


11. Consider the transverse vibrations of an infinite string under 
the action of a force F(t) applied at time t = 0 at the point x = 0 
and moving along the string with velocity vp. 


12. Find the equations for the a.c. voltage and current (i.e. the 
equations of telegraphy) in a thin conductor with resistance R, 
capacitance C, self-inductance LZ and leakage loss G per unit length. 
Hint: use Ohm’s law and the conservation of charge. 


13. Formulate the boundary-value problem for the electrical 
oscillations in a conductor with negligible resistance and loss (but 
finite inductance and capacitance per unit length) if the ends of the 
conductor are earthed, one through a lumped resistance Ry and the 
other through a lumped capacitance C,. 


14. Consider the previous problem on the assumption that one 
of the ends of the conductor (v = 0) is earthed through a lumped 
self-inductance L$!) and an e.m.f. E(t) is applied to the other end 
through a lumped self-inductance LY). 


15. Formulate the problem of the electrical oscillations in a loss- 
less infinite conductor consisting of two semi-infinite conductors 
connected through a lumped capacitance Cy. 


16. The lateral surface of a thin rod surrounded by a medium 
at a temperature /,, = (t) loses heat in accordance with Newton’s 
law of cooling. Formulate the boundary-value problem for the 
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temperature distribution in the rod if one end of it is maintained 
at the temperature /,(t) and a heat flux g(t) is applied to the other. 


17. Formulate the boundary-value problem for the temperature 
distribution in a rod carrying a constant electric current J when 
the surface of the rod loses heat to the surrounding medium main- 
tained at zero temperature according to Newton’s law, and the ends 
of the rod are held in large clamps of given thermal capacity and 
high thermal conductivity. 


18. Derive the diffusion equation for a medium moving with 
velocity v(x) in the direction of the x axis if the surfaces of equal 
concentration at each instant of time are planes perpendicular to 
the x axis. 

19. Derive the diffusion equation for a stationary medium whose 
particles (a) decay (for example, an unstable gas) at a rate propor- 
tional to the concentration, and (b) multiply (for example, neutrons) 
at a rate proportional to their concentration. 


20. Formulate the problem for the determination of the tem- 
perature distribution in an infinite rod produced by joining two semi- 
infinite rods of different materials if the two rods are joined (a) 
directly and (b) through a massive clamp of thermal capacity C) 
and very high thermal conductivity. 

21. Formulate the boundary-value problem for a semi-infinite 
rod, one end of which burns in such a way that the combustion 
front propagates at velocity v and has a temperature ¢(¢). 

22. Formulate the problem of the determination of the heating 
of an infinitely thin rod exposed to a point source of heat of strength 
QO moving along it with a velocity v). Assume that all the heat is 
communicated to the rod and that the thermal capacity of the source 
is negligible. 

23. Formulate the boundary-value problem for the cooling of 
a thin circular ring, assuming Newton’s law of cooling and that the 
temperature of the surrounding medium is uw. 


24. Derive the equation for the propagation of a plane electro- 
magnetic field in a conducting medium (i.e. in a medium in which 
the displacement currents can be neglected in comparison with the 
conduction currents). 

25. Use Maxwell’s equations to derive the equation for the 
electrostatic potential produced by a charged conductor, and for 
the potential in a current-carrying conductor. 


3 
The Method of Characteristics 


In this chapter we shall be mainly concerned with the simplest wave 
equation, i.e. 

Pity tf(x, t) = Un (1) 
The method of characteristics can be used to obtain solutions for 
a number of problems which can be formulated in terms of this 
equation. The principle of this method is best understood in terms 


of an example involving the solution of Cauchy’s problem (Section 
2.7), for the homogeneous wave equation. 


3.1 VIBRATIONS OF AN INFINITE STRING 
D’ALEMBERT’S FORMULA 


3.1.1 It is required to find the function u(x, t) which is continuous 
in the closed region (— 0 <x<oo,t >0) and satisfies the 
equation 

atl, = Uy (=O) <0 > 0) (2) 


and the initial conditions 
u(x, =9(x), u(x,0) =X)  (—o <x < +00) (3) 


To solve this problem we shall reduce Equation (2) in terms of 
its characteristic curves. In the present case 


on = = rs 
a, = a, a. =0, a= —1, Vi=a 
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Consequently, the differential equations for the characteristic curves 
are 


and x—at=c,, x+at=c, are their general integrals. Let us 
substitute 
E= x—at, » = x+at 


The transformed equation is now of the form 
te (4) 


If we assume that the required solution exists, then by substituting 
it into (2) we obtain an identity. Consequently, the transformed 
Equation (4) will also be an identity. Integrating this identity with 
respect to 7 we obtain 


uz = (5) (5) 


where ®,() is an arbitrary function. Integrating the identity given 
by (5) with respect to ¢, we obtain 


u =) 6, (2) d+ FO) = 0+ Fm) 
u(x,t) = ®(x—at)+F(x-+ar) (6) 


where ®(&) and F(7) are arbitrary functions. 

Thus, by assuming the existence of the solution of Cauchy’s 
problem, we have come to the conclusion that it should be of the 
form given by (6). To ensure that the functions u(x, t) given by (6) 
are, in fact, the solutions of (2), it is necessary that the functions 
@(z) and F(z) have first- and second-order derivatives. Subject to 
these conditions, direct verification will show that each of the 
functions ®(x—at) and F(x-+-at) is a solution of (2). 

Solutions of the form given by (6) include those which satisfy 
the prescribed initial conditions (3): 


u(x, 0) = p(x) = P(x) + F(x) 
u,(x, 0) = p(x) = —a®’(x)+aF’(x) 


Integrating the last identity we obtain two equations for ®(z) and 
F(z) 


PYF) = ¢0) 


—@(y)+F(ly) = < \ y(z)dz+C (7) 


xo 
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from which we find that 


’ ] 4 

Fy) =) +5 \ p@art S 
i 

0())= 1) \ w@ae—F 


Substituting these functions into (6), we obtain d’Alembert’s formula 


x+at 
p(x—at)-+¢(x-+at) | 1 





u(x,t) = 


—at 


Thus, by assuming the existence of the solution of Cauchy’s problem, 
we have come to the conclusion that it should be of the form given 
by (8). Consequently, it is the only solution. If the function ¢(x) 
possesses first- and second-order derivatives whilst v(x) possesses 
first-order derivatives, then (8) yields the required solution of 
Cauchy’s problem, (2)-(3). This can be verified by direct substitution 
of the right-hand side of (8) into (2) and (3). By constructing an 
explicit solution of Cauchy’s problem we have demonstrated its 
existence. 


3.1.2 Let us consider now the physical interpretation of the solu- 
tion «w= &(x—at). The function w(x, r) will be called the displace- 
ment at the point x at time ¢#. Consider a point Xo and imagine 





that an observer begins to move with a velocity a in the positive x 
direction at time ¢ = 0. At time /, it will be at the point x, = xy+at,. 
The displacement which the observer will sce at the point x, at time 
t, will be «= @(x,—at,) = P(x,). It follows that at any given time 
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the observer will see a constant displacement ®(xo) at the point at 
which he is Jocated. [t follows that the initial profile u(x, 0) = D(x) 
will move with a velocity a in the positive x direction as if it were 
a rigid system which does not undergo a change of form (Fig. 3.1). 

In view of these properties, the solution «= ®(x—at) is called 
the forward travelling wave solution. A similar interpretation can 
be given to the solution vu = F(x--at), This solution is called the 
reverse travelling wave solution. In this case, the profile moves as 
if it were a rigid system moving in the negative x direction with 
velocity a. It follows that any solution of (2) can be written as 
a superposition of forward and reverse travelling waves. The above 
method of obtaining the solutions of Cauchy’s problem is called 
the method of characteristics or the method of travelling waves. 


3.2. CONTINUOUS DEPENDENCE OF THE SOLUTION OF 
CAUCHY’S PROBLEM ON THE INITIAL CONDITIONS. 
GENERALISED SOLUTION 


3.2.1. D’Alembert’s formula (8) gives the solution of Cauchy’s 
problem (2)-(3) on the assumption that the initial functions (x) 
and y(x) possess bounded derivatives ’(x), »’’(x), y’(x). However, 
it is not difficult to find problems for which the initial functions 
p(x) and y(x) do not have these properties. It is sufficient, for 
example, to specify the initial deflection of a string in the form 
of the broken line shown in Fig. 3.2. 


Fig. 3.2 ee ee ee 


To show how the solution of Cauchy’s problem can be obtained 
in such cases, we shall prove the following theorem. 


Theorem Let u,(x,t) and u(x,t) be the solutions of Cauchy’s 
problem (2)-(3) subject to the initial conditions 


m(x, 0) = fila), U(x, 0) a pi(x) 
and 
u2(Xx, 0) = P(X), Ur, (X, 0) = y2() 


For any ¢ >0O and ¢, >0 we can then find a quantity o > 0, 
a function of ¢ and ¢,, which is such that the inequalities 


lIn)—e2(X)1< 6, lW@)-wX)1<6, —-o<x<0 
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lead to 


lu,(x, 2)—un(x, t)| <e, —o<x< 0, t<t, 


Proof Using d’Alembert’s formula for u,(x,t) and w(x, t) we 
obtain 


u(x, Dmx, #) = 5 [oilx—at)—9(x—at)] 


+ 5 wile tat)—pa(x+at)] 


xt+at 


1 
+e \ [ys(2)—va(2)] dz 
and, consequently, 
1, 


lan (x, t)—we(x, 8) | <> \p(x—at)—p.(x—at)| 
1 


a z! Pi(xt+at)—92(x+at) | 


xt+at 
+ a ly 2)—vale) | dz 
x+at 
eliget it us 
x—at 


= 6+6t < 6(1+-¢,) 
If we let 6d = e/(1+1¢,), the inequality 
| (x, t)—un(x, t)| <e 
will be satisfied for all oo << x < 0, tf <1t,, which was to be proved. 
The above theorem can readily be expressed in words: small 


changes in the initial values of Cauchy’s problem lead to small 
changes in the solution. 

In practice, the initial conditions are deduced from measure- 
ments and are therefore subject to uncertainties. The above theorem 
shows that small errors in the determination of the initial conditions 
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will lead to small changes in the solution of Cauchy’s problem. 
The theorem also shows one of the possible ways of obtaining 
solutions of Cauchy’s problem when the initial functions (x) 
and w(x) do not have the required derivative (Fig. 3.2). 


3.2.2 Let us return now to Cauchy’s problem (2)-(3). We shall 
assume that the initial functions g(x) and y(x) are not identically 
zero on finite segments, are continuous everywhere, and that the 
function g(x) possesses a first-order derivative. These functions 
can be uniformly approximated to by the differentiable functions 
¢,(x) and y,(x) so that 


P(X) eX) (2 —-), v(x) Sy) (2 — &) 


where ¢,(x) possesses a first and second derivative and y,(x) 
possesses a first derivative. 

If we take g,(x) and y,(x) as the initial functions for the Cauchy 
problem, they will define a unique solution for the problem, w,(x, ¢). 

Consider the difference u,,(x, t)—u,(x, t). Since the sequences 
{Pn(x)} and {y,(x)} are uniformly convergent for any « > 0 7, > 0, 
it is possible to find N such that for any n > WN and any positive 
integral values of k we have 








and | Vn-k(xX)— Wn(X) | = 


€ 
1+-t, ear 


Pn(X)—Pn+n(X) | < 
for all —co <x < ow. In view of the theorem proved above, we 
have the following inequalities for all t << t, and —wo <x <oo 


| Unik(X, t)—u,(x, t) | <e 


These hold for any n > WN and any positive integral k. However, 
this means that the sequence of solutions {u,(x, f)} converges 
uniformly in the above range of x, tf to some function u(x, t). This 
function is called the generalised solution of Cauchy’s problem 
(2)-(3). It is given by 


u(x, t) = lim u,(x, t) = Slim 1 [Pax — at)+-,(x+ar)} 


no 2n 


x+at 


1, 
Bay abe \ y,(z) dz 
x—at 
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or 
x-+-at 


\ y(z) dz 


x—at 


x—at)+(x+at) 4 A 


aan PK 
u(x, t) 5 0 





This function and its derivative u,(x, ¢) will assume the prescribed 
values p(x) and (x). It follows that in the above case, the d’Alem- 
bert formula will also yield the (generalised) solution of Cauchy’s 
problem. The problem can also be solved in another way by using 
the generalised functions and their convolution (see Appendix, 
Section A.1). 


Definition The fundamental solution G(x, t) of the wave equation 
@u,.. = Uy, is defined as the solution of the Cauchy problem 


aGxx = Gu : G(x, 0) = 0, G,(x, 0) => 6(x) 
It is readily verified by direct substitution that 


GO, 0 = 32 Ine tat)—n(x—ar) 
ji, z>0 


~ 10, z<0 
fact (see Appendix, Section A.1), 


where 7(z) \is a unit step function. In point of 


G(x, t) = zh (x+at)—6(x—at)] 





Goals 1) = 5-106" +at)—8'(x—ar)] 





G(x, t) = ; [5 (x--at)+6(x—at)] 


G,(x, t) = = [5’(x--at)—8'(x—at)} 


Consequently, 
@G, x(x, t) =Gy(x, £) 


G(x.0) = 5 - bie) 9] = 0 
Glee, 0) = 5 [9)-+6 00] = 4(x) 
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The solution of Cauchy’s problem 
AUxx =Un, U(x, 0)=0, v(x, 0) = p(x) 
will be written in the form of the convolution 
v(x, t) = G(x, f) * p(x) (9) 


In fact, by evaluating the derivatives of the convolution (see 
Appendix, Section A.1), we obtain 


Ux = Gre * YP, Un = Gy * p 
and, consequently, 
QU —Uy = (AWG y—Gy) *p = Ox yp =O 
v(x, 0) = G(x, 0) * p(x) = 0* p(x) = 0 
ux, 0) = G,(x, 0) * p(x) = 0(x) * p(X) = v(x) 


The convolution G * y can also be written in the form 


fe @) at 
v@.0= | GG. ove-9ae = 7. | yo—ae 
nig —at 


Substituting ~—é = z in the last integral, we obtain 


x+at 


u(x,t) = ( p(z) dz (10) 


x—~at 


We therefore note that in Equation (9) and, consequently, in 
Equation (10) the function p(x) can be any integrable (and even 
any generalised) function. 

If R(x, f) is a solution of Cauchy’s problem, 


OR, = Ris R(x, 0) = 0, R, (x, 0) ae p(x) 
ts) ; 
the function w(x, t) = Fy R(x, t) is a solution of the Cauchy problem 
UWxx = M1, w(x, 0) = p(x), w,(x,0)=0 
In fact, differentiating the identity 
@R,, = Ri, 
with respect to #, we obtain @*(R,),. = (Ry, ie. 
VWyy = Wy 
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Next, 
w(x, 0) = R,(x, 0) = v(x) 
w,(x, 0) = R(x, 0) = Gu(x, 0) * p(x) = O* p(x) = 0 


If the function y(z) is continuous, then w(x, t) can be written 
in the form 


t 


6s) = ROD = 35154 eevee 


_ p(x—at)+¢(xtat) 
wi 





i.e. 
yg (x—at)+y(x+at) 


w(x,t)= 7 


The solution of the arbitrary Cauchy problem 
Piz = Uy, U(X, 0) = (x), w(x, 0) = v) 


where g(x) is a continuous function and y(x) is integrable (this 
includes piecewise-continuous functions) will be the sum 


u=vtw = G(x,t)*y(x)+G,(X, t) * 9 (x) 
or 
x+at 


y(x—at)+q@ (x+at) xz | 
a Tae wy (z)dz 


x—at 


u(x,t) = 


It follows that, in this case, the solution can again be deduced 
from d’Alembert’s formula. Its derivatives are then treated as 
the derivatives of generalised functions and coincide with the 
ordinary derivatives when the latter exist. 

We note that the expression given by (8) therefore yields the 
solution of the Cauchy problem even for arbitrary generalised 
initial functions g(x) and y(x). 


3.3. VIBRATIONS OF A LOADED INFINITE STRING 
3.3.1 Now that we know how to obtain the solution of Cauchy’s 
problem for the homogeneous wave equation (2), we can readily 
establish the solution of this problem for the inhomogeneous wave 
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equation (1). The method is the same for all linear hyperbolic 
equations and we shall therefore confine our attention to the general 
equation 


div (k Vu)—qu--f(M, t) = pu, (11) 


where k, q and p are known functions of the coordinates of the 
point M. 

Thus, suppose that it is required to solve Cauchy’s problem 
for (11) subject to the initial conditions 


u(M,0)=9(M), — (M1, 0) = y (M) (12) 


We shall split this problem into two parts: 
1. Cauchy’s problem for the homogeneous equation 


div (k Vv)—qv = pig (13) 

subject to the initial conditions 
v(M,0)=9(M), =a, (M, 0) = »(M) (14) 

and 
2. Cauchy’s problem for the original equation 

div (k Vw)—qu+/(M, t) = pw, (11’) 

subject to the initial conditions 
w(M, 0) = 0, w,(M, 0) = 0 (15) 


It is evident that « = v+w. 

Let us suppose that we know how to solve Cauchy’s problem 
(13)-(14). The solution of Cauchy’s problem (11’}-(15) can then 
be determined as follows. Consider the function W(M, t,t) which 
satisfies the homogeneous Equation (13) and the initial conditions 


f(M, 7) 
= hh: = 
ita A p(M) 


By hypothesis we know how to solve this problem. The required 
solution of Cauchy’s problem (2) will then be of the form 


(16) 


t 
w(M, t) =| W(M, t,t) de (17) 
0 
In fact, 
2,(M, t) = Whert\W(M, t, 2) de 
0 
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and using the first of the conditions in (16) we obtain 


t 


w(M,t)=\WM, t, 2) de (18) 


0 


From (17) and (18) it follows at once that w(M, ?t) satisfies the 
initial conditions. Differentiating (18) with respect to ¢ once again 
and using the second of the conditions in (16), we obtain 


t t 
We = Wieart \Wa(M, 1, 0) de = 209 4 cat, t, 0) de 
B p(M) 3 
Consequently, 
t 
pw, =f(M, 1)+\ pW. dr (19) 
0 


Let us evaluate the quantity div (kVw)—qw. The operation 
div (KV) can, of course, be carried out under the integral sign. 
We have 


div (k Veo)—quw = \ {div(k VW)—qW} de (20) 
0 


Since the function W(M, t, t) is a solution of (13), it follows from 
(19) and (20) that the function w(M, ¢) defined by (17) is a solution 
of (11’) and, consequently, a solution of Cauchy’s problem (2). 


3.3.2 Let us now use the above method to solve Equation (1). 
It is required to solve the Cauchy problem 


2 ut (x, t) = ty 
u(x, 0) = ¢(x), u(x, 0) = p(x) 


We shall split this problem into two parts. 
1. Cauchy’s problem for the homogeneous equation with given 
initial conditions 


a Os. = ly, 
v(x, 0) = 7(X), U(X, 0) = p(x) 
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2. Cauchy’s problem for the given equation with zero initial 
values 
20,.+f(xX, 1) = Wes 
w(x, 0) = 0, zw,(x, 0) = 0 


We then have uw = v--w. 
The function w(x,t) can be obtained from the d’Alembert 


formula 





x+at 
xXx—at)-+-¢(x-}-at ] 
v(x, 1) = LEED | | pear 
x—at 


In accordance with the foregoing discussion 
t 


w(x, t)=\W(x,t, 2) dz 
0 


where W(x, t, t) is a solution of Cauchy’s problem 
aw, re Wits 
What er 0, Wrhree = f(x, T) 
and, consequently, can be written in accordance with the d’Alembert 
formula 
x+a(t—rt) 
W(x, Las \ f(z, =) dz 
x—a(t—rt) 
Therefore, 
t x+-a(t—t) 


w(x, t)= 35 | \ f(z, 1) dz dt 


0 <a) 


3.4 SOLUTION OF BOUNDARY-VALUE PROBLEMS 
ON A SEMI-INFINITE STRAIGHT LINE 


3.4.1. We shall now consider boundary-value problems on a semi- 
infinite line. To begin with, we shall prove the following two lemmas. 


Lemmal_ If in Cauchy’s problem (2}-(3) the initial functions 
g(x) and y(x) are odd with respect to x = 0, the solution of this 
problem at x = 01s 


u(O, t) = 0 
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Proof Substituting . = 0 in d’Alembert’s formula which gives 
a solution of Cauchy’s problem (2)-(3), we obtain 


at 


u(0,t)= ae + x \ w(z) dz 


—at 





Since g(x) is an odd function, it follows that »(—at) = — (at). 
Therefore, y(—at)+ (at) = 0. Since y(x) is odd, the integral 


at 


| plz) dz 


—at 
is also zero. Consequently, u(0, t) = 0. 
Lemma 2_ If in Cauchy’s problem (2)-(3) the initial functions 


g(x) and p(x) are even with respect to x = 0, the derivative u,(x, ¢) 
of the solution of this problem at x = 0 


u,(0,t) = 0 


The proof of this lemma is similar to that given above. It is 
based on the fact that the derivative y’(x) is odd. 


3.4.2 Consider the homogeneous boundary-value problem 


WUxx = Un 
u(x, 0) = ¢(x), u(x, 0) = p(x), 0<x<a@ (21) 
u(0,t) =0 


We shall assume that (0) = y(0) = 0. To solve this problem we 
cannot use d’Alembert’s formula directly because the difference 
x—at in this expression may be negative, and the initial functions 
p(x) and y(x) are not defined for negative values of the argument, 
in accordance with (21). 

We shall proceed as follows. We shall continue the functions 
p(x) and (x) along the negative part of the x axis by defining new 
functions 





ee v20, p(x), x>0 
ess = p=); x= 0, wiO) = —y(—x), x <0 
The function 
x+at 
u(x,t) = Aen ahaa ae w,(z) dz 
7 2a x—at 
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will then be a solution of the boundary-value problem. In fact, it 
satisfies the homogeneous wave equation because it is a super- 
position of forward and reverse waves. It satisfies the boundary 
condition in view of Lemma 1. Let us verify the initial conditions: 


u(x, 0) = etn +30 | 2) de 
Giix)= 9), x20 


oe eae ie ] —fays(x) +ayi(x) 


= (x) =~), x20 


It follows that the initial conditions are also satisfied. 
The boundary-value problem 





au. = Ut, 
u(x, 0) = g(x), u(x, 0) = v(x), 0 < x < cO (22) 
u,(0,t) = 0 


can be solved in a similar way except that the functions g(x) and 
w(x) are now continued as even functions along the negative part 
of the straight line. 


3.55 REFLECTION OF WAVES AT FIXED 
AND FREE ENDS 


The solution of the boundary-value problems (21) and (22) can 
be written in the form (6): 


u(x, t) = ®(x—at)+F(x+at) 


We shall interpret u as a displacement. The displacement due to 
the forward wave is constant along the characteristic x—at = ¢,, 
i.e. ®(x—at) = P(c,). Along the characteristic x+at=—c, the 
displacement due to the reverse wave is also constant, i.e. F(x-+-at) 
= F(c,). It follows that the displacements propagate along the 
characteristic curves. 

Let us draw the two characteristics x—at = x—ato and x--at 
= Xy+aty through the point (x, f)) in the (x, t) plane. They will 
intersect the x axis at points —x, and x,, respectively (Fig. 3.3). 
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The displacement u(Xp, fo) at point x) and time fy consists of 
the displacement due to the reverse wave which arrives from the 
point x2 and the displacement due to the forward wave which 
arrives from the point —x,. However, at the point —x, there can 
be no displacement at ¢ = 0 because the initial conditions in the 





< Fig. 3.3 
~t, q 23 " 


problems defined by (21) and (22) are prescribed only on the semi- 
infinite straight line for which x > 0. However, from the boundary 
condition for the problem defined by (21) it follows that 


@(—z) = —F(z) 


Consequently, @(—x,) = —F(x,). It follows that instead of the 
forward wave arriving from the point —x, we can consider the 
reverse wave which has left the symmetric point x, at time ¢ = 0. 
This reverse wave will reach the point x = 0 in a time ¢,. From 
f= 1, onwards, it must be replaced by the forward wave which 
has left the point x = 0 at time ¢ = ¢, and has propagated with 
displacement —®(—.x,). It follows that when the boundary con- 
dition w(0, 1) = 0 is satisfied at x = 0 we have the phenomenon 
of reflection in which the magnitude of the displacement is conserved 
but its sign changes. 

It can be shown in a similar way that when the boundary con- 
dition u,(0, tr) = 0 is satisfied at x = 0, we have the phenomenon 
of reflection with the conservation of the magnitude and of the 
sign of the displacement. 

The method of characteristics can also be used to construct 
solutions of homogeneous boundary-value problems on a finite 
segment subject to boundary conditions of types I and II. To be 
specific, consider the first boundary value problem 


Uy x = Ug 
u(x, 0) = 7x), u(x, 0 =v), O<x</ (23) 
u(O, 7) = 0, u(/, t) = 0, t>0 
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To obtain the solution let us continue the initial functions ¢(x) 
and »(x) along the entire line and assume that they are odd with 
respect to x = 0 and x =/. Let ¢,(x) and y,(x) represent the 
functions continued in this way. The function 
x+at 
G¢2(X—at)+92(x-ar) 
2 


1 
aq \ w(z) dz 


x—at 


u(x,t) = 





+ 


will then be a solution of the boundary-value problem. This function 
satisfies the boundary conditions in view of Lemma 1. The initial 
conditions can be verified directly as in the case of the semi- 
infinite line. 

Note that if the function ¢(x) is odd (even) with respect to 
two points, say, x = 0 and x = /, then it is periodic with period 2/. 
In fact, since v(x) is odd with respect to x = /, we have the identity 
g(i—z) = —¢U+z). Substituting z=x+/, we obtain (—x) 
= —¢(x+2/). Since ¢(—x) = —¢(x), it follows that p(x-+2/) 
= q(x). The initial functions ¢(x) and w(x) can therefore be con- 
tinued to the segment (—/, 0) as odd functions and then periodically 
with a period 2/ along the entire straight line. 


3.6 PROPAGATION OF THE BOUNDARY VALUE ALONG 
A SEMI-INFINITE STRAIGHT LINE 


Consider the inhomogeneous boundary-value problem on.a semi- 
infinite straight line 


Ci tis 
u(x, 0) = x(x), u,(x, 0) = p(x), x>0 
u(O, t) = u(t), t>0 
It can be split into two problems, namely: 
1. the homogeneous boundary-value problem 
CO. = Vit 
v(x, 0) = g(x), v(x, 0) = p(x), x20 
v(0,t) = 0 
2. the problem involving propagation of the boundary value 
PW,. = Wy, 
w(x, 0) = 0, w,(x, 0) = 0 
w(0,t) = u(t), t>0 
We then have u = v+w. 
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We already know how to solve the problem for v(x, t). The 
propagation of the boundary value will now be considered. Since 
the only reason for the appearance of a perturbation is the situation 
at the boundaries, we shall seek the solution in the form of the 
forward wave 


w(x, t) = O(x—at) 
From the initia] conditions we find that 
w(x, 0) = P(x) = 0, x >0 
It is evident that w,(x, 0) = —a@’(x) = 0 will also be satisfied 
for x > 0. From the boundary condition we find 
@(—at) = w(t), t>0 
and therefore 


0, z>0 
@ = 
@) n{- 2) z<0 


or @O(z) = 4(—2/a)u(—z/a), where 7(&) is the unit step function 
(equal to unity for € > 0 and zero for € < 0). Consequently, 


, w(x,t)=7 (Ju (:- | 


The propagation of boundary conditions of type II can be 
discussed in a similar way: u,(0, t) = v(t). 

Using the phenomenon of reflection considered above, we can 
readily solve the problem of the propagation of the boundary 
conditions of type I or type II along a finite segment. 

The method of characteristics can also be used to solve a number 
of other problems, which can be formulated in terms of one-dimen- 
sional inhomogeneous wave equation. However, the problems 
which we have already discussed illustrate all the main features of 
the method and we shall therefore confine our attention to them. 


3.7. VIBRATIONS OF AN INFINITE MEDIUM. 
POISSON’S FORMULA 


Many problems leading to the two- or three-dimensional wave 
equations can be reduced to problems of the form already discussed. 
Let us consider some of them. 
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3.7.1 Cauchy’s problem for the homogeneous wave equation in 
three-dimensional space: 
Vu = Uy (24) 
u(M,0)=9(M), —u,(M7, 0) = y(M) (25) 


To solve this problem consider the auxiliary function u(r, t) which 
is the average of the required solution over a sphere S*, centred 
on the point M and having a radius r: 


- 1 
u(r, t) = ae (we, t)do, (26) 
SM 
where P denotes the variable integration point. 


Let dw be an element of solid angle subtended by the area 
do at M so that do = r? dw. It follows that we can also write 


u(r, t)= = \\ u(P, t)daw (27) 
SM 
Using the mean value theorem in Equation (26) and letting r tend 
to zero, we obtain 
uO, t) = u(M, t) (28) 
It follows that to find the function u(M, t), it is sufficient to find 


the function u(r,t). To do this we shall require the following 
lemma. 


Lemma 

Vu = V2(u) 
where on the left-hand side the Laplacian Vu is evaluated with 
respect to the coordinates of M, and the right-hand side is evaluated 


with respect to the coordinates of point r. Henceforth, we shall 
omit the subscript r. 


Proof Let Dj, be a region bounded by the spherical surface Sty. 
Using Gauss’s theorem we have 


ou ou Ou 
2 act ‘ meeps We Wackeaer po 
(\\ vavde =|) do \\ do =r \ oe do 


r r 7 
Du Sm Sy SM 
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Applying (27) to the last integral, we obtain 


(vu dr = Aamo 


or 
Diy 
On the other hand, 
\\\v Vu dt = jim do) dp = (4xp? V2u) dp 
Dit q 
and consequently, 
at Wn dp = yee 


Differentiating this with respect to r we obtain 


r) 
Bey ce ES 2 NS 2: 
Vu = oer (r7u,) = V?(u) 
This completes the proof of the lemma. 


Let us now suppose that the solution of the problem (24)-(25) 
exists. Averaging the identity 


CVU = Uy 
over the sphere Sj, and using the above lemma, we obtain 
CVU = Uy 


or 


or 
a (ru,,+-2u,) = ry 
Substituting v = ru, the last result can be rewritten in the form 
av,, = Ve 


It follows that the function v(r, t) satisfies the one-dimensional 
wave equation. 
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If we take the average of (25), we obtain 


Wr, 0) = BO) = ze 5 \\ p(P) do 





SM 
(29) 
T(r, 0) = Br) = goa \\ we) do 
SM 


Let 
eir)=rG(r) and y(r)= ry) 
It is evident that 
wv .O=ar), a7, 0=—vr), 20,1) =0 


Therefore, for u(r, t) we have the following problem on a semi- 
infinite straight line 


A Ve, = Un 
ur, 0) = pil’), v,(r, 0) = yi(r) 
(0, t)=0 


To solve this problem, the initial functions g(r) and »,(r)should, 
in accordance with Section 3.4, be continued as odd functions 
along the semi-infinite line (—co, 0),and the d’Alembert formula 
should be used for the continued functions g,(r) and y,(r). The 
continued functions g(r) and p(r) will be odd [we shall retain the 
previous notation for the continued function, namely, 9(r) and p(r)). 
The solution of the problem for v(r,t) will be of the form 


r+at 
a 





(7, 1) = ea a) | v.@) dz 
a 
r—at 
Consequently, 
is ( a t+ ( t) 1 r+at 
ee _ 2? _ vlr+at)+¢(r—a ab 2 
u(r, t) R oF + ae \ w(z) dz 
r—at 


If we substitute r= 0 in this formula, we obtain (0, t) = 0/0. 
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The function u(0, tf) can be evaluated with the aid of I’H6pital’s 
rule (bearing in mind the definition of gy, and y,): 


#0, 1) = 5 (Plat) + Hat) +-ath (at) ate’(—at)} 


1 7 = 
Wa {aty(at)+aty(—at)} 


Since the functions 9(z) and (z) are even, whereas ’(z) is odd, 
it follows that 


(0, t) = p(at)+arp’ (at) + tp(at) = S (1@(at)} + F9(a) (30) 


Using (28), (29) and (30), we obtain Poisson’s formula for the 
required solution of Cauchy’s problem (24)-(25): 


uM, =z — 2 (( eee 1 (lr) a, (31) 


4na ot at 4na 
gat gat 
M M 








Thus, if we assume the existence of the solution of Cauchy’s 
problem for the three-dimensional space, we find that it must be 
given by (31). Consequently, this is the only solution. 


3.7.2, We can now solve Cauchy’s problem in three-dimensional 
space for the inhomogeneous wave equation 


@Vutf(M, 1) = ty 
u(M,0)=9(M), = u,(M, 0) = y() 
We can split it into two subsidiary problems: 
1. Vu = Un, 
v(M,0)=97(M), —-o,(M, 0) = » (M) 
The solution of this problem is given by Poisson’s formula. 
2 ?Vw+f(M, t)= wy 
w(M,0) = 0, w(M,0)=0 


It is evident that uv = vw. 


Problem 2 can be solved by the method described in Section 3.3. 
In particular, we must first solve the auxiliary problem 


a’ VW — Wa 
Whar = 0, Walter = f(M, T) 
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and then from Poisson’s formula we have 


| J@2) ag 


1 
W(M, t,t) = —— We 


4na ve 
sii" 
As was shown above, 
t 
w(M, 1) =\ W(M, t, 2) de 


0 


wena zlf Sl LE aa 
SM 


or 


“0 


Substituting a(t—r) = r in the outer integral, we obtain 


‘ 
P,t-—— 
yo 
z 
Siu 
where r is the distance between the integration point P and the point 


M, i.e. r = ryp. This integral can, clearly, be written as an integral 
over the region D%f bounded by the sphere S¥: 


at 


l 
eh) = 4na* | 
0 


do | dr 





w(M,t)= 





. 
ce 
4na* JJ. r 
Dit 

If the external driving force /(M, t) is different from zero only 
at the single point Mo, where it is equal to f(t), the wave equation 


can be written in the form 
a’ Vu-+f(t)d(M, M)) = Un, 


where 6(M, M,) is the 6 function with a singularity at Mo (see 
Appendix). 

The solution of this equation which has zero initial values 
[and is therefore due only to the point force f(t)] can be written 
in accordance with Equation (32) in the form 


¥ 
i = ) ” Mo) 


Lon =ag{ ee a 
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Using the fundamental property of the 6 function, and remembering 
that for any continuous function y(M) 


0 if M,¢D 


INwwoce a aes if Moe D 


we obtain 


i where at <rumo 
l ] 


Fer ’MMo 


u(M, t) = (33) 








'MM 
(,— 0, where at > rymo 
a 


3.7.3. The solution of Cauchy’s problem for the homogeneous 
wave equation in two-dimensional space 


Vu = uy 


u(x, y,0)=9(%,y), u(x, y,0) = v@, y) (34) 


Fig. 3.4 





can also be obtained from Poisson’s formula. In point of fact, 

if the functions y(P) and y(P) in Equation (31) are independent 

of z, then the integrals over the surface S¢/ of the sphere can be 

reduced to integrals over the major circle S“; of this sphere in the 
at 


(x, y) plane (Fig. 3.4). The integral over the upper half of Sp is 
equal to 


\ | PE joe 
e at e 


: at cosy 
-a a 
upper Say oM 
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where y is the angle between the normals to the (x, y) plane and 
to the sphere S% at the point P. It is evident that 


|PP,| — V(at’—|P, MP 
|MP| at 
_ V@t-6—- 0-1? 


at 





cosy = 








where &, 7 are the coordinates of the point P, which is the projection 
of P or, to the (x, y) plane, and (x, y) are the coordinates of the 
point of observation M. Therefore, 


(py) (€,) dé di 
\ a sa Oy Cer OE: 


at at 
upper Sit mM 








and, similarly, 


PP) ae p(s, n) dé dy 
{| Pare fl 





at 292 f(y £)2__ (y—_y)2 
ie a Ver—@—Y—O—1) 
Using a similar transformation for the second integral in Poisson’s 
formula, we obtain a solution of Cauchy’s problem (34) in the 
form 





3 Ver—o—2"—-0—1 
=M 


rae fi v(E,n) dé dy 
at? —(x— f° —(y—? 


1 0 (( y &, 7) dé dn 


pes od 2na ot 





oa (35) 


if 
We are now in a position to solve Cauchy’s problem in two- 
dimensional space and for the inhomogeneous equation. It can be 
reduced to the problem just considered and to Cauchy’s problem 
for the inhomogeneous equation with zero initial values. The latter 
problem can be solved by the method described in Section 3.3. 
We shall not repeat all the steps leading to this solution and shall 
merely quote the final result 


t 
1 
wx, y= reel 
0 








\\ SE, 7, t) dé dy 


= dr (36) 
Va(t—1P— (x—2— 0 


a(t—t 
ad ae 
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We leave it as an exercise for the reader to obtain the solution 
due to a point force /(?). 


3.8 PHYSICAL INTERPRETATION OF POISSON’S FORMULA 


Let us return now to Poisson’s formula. Suppose the initial functions 
g@(M) and y(M) are non-zero only within a domain D bounded 
by the surface S (Fig. 3.5). Let us observe the state of the medium 


Fig. 3.5 





at a fixed point M. For sufficiently small ¢ the surface Sf of the 
sphere centred on M will not cut the domain D. The integrals 
on the right-hand side of Poisson’s formula will therefore be zero. 
Consequently, for these values of t we have u(M, t) = 0 (the distur- 
bance has not reached the point M). Let d, be the distance of the 
nearest point on the surface S from M, and let d, be the distance 
of the most distant point on S from M. For té (t;, 2) (t, = d,/a, 
t, = d,/a) the surface S% of the sphere will cut the domain D. 
Therefore, the integrals in Poisson’s formula will not be zero and, 
therefore, for these values of t we have u(M,t) #0. For t>h, 
the sphere S¥ will not cut the domain D and, consequently, u(AZ, t) 
will again be zero. 

Let us suppose now that from each point in the domain D 
disturbances are emitted and propagate with velocity a in all direc- 
tions (i.e. the Huygens principle). The above changes in the function 
u(M, t) with time can then be physically interpreted as follows. 
For ¢ < f, the disturbances have not reached the point M. At time 
t= f, the leading edge of the wave reaches the point M and the 
wave passes M for t, <¢ <t,. At time ¢t = ¢, the trailing edge 
of the wave passes M and from this moment onwards the point 
M remains at rest. 

Suppose that the initial functions g(x, y) and y(x, y) for the 
two-dimensional case are non-zero only in the domain D bounded 
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by the curve S (Fig. 3.6). For t<¢, the circle 5“, does not contain 
points belonging to D, and therefore the integrals in (35) are zero so 
that u(x, y,t) = 0. For any t >¢, the circle S“i contains the domain 
D or part of it and, therefore, u(x, y, t) # 0 for these values of t. 


5 Cs) 
Fig. 3.6 


The times ¢, and ft, are defined as before. Thus, in the two-dimen- 
sional case, the wave has a leading edge (it reaches the point M at 
time ¢ = f,) but no trailing edge. Huygens’ principle is then invalid. 
This is readily understood if we recall that the two-dimensional 
case which we have been considering is, in fact, a three-dimensional 
problem in which the region of non-zero values of the initial func- 
tions g(M) and (MM) is an infinite cylinder, whose generators are 
parallel to the z axis. It is evident that the spherical surface S%j 
will cut the cylinder for any t > ¢,, and therefore the integrals in 
Poisson’s formula will be non-zero for all t > ¢;. 


PROBLEMS 


1. An infinite string is excited by a triangular initial deflection 
in the range (c, 2c) with corners at the points c, 3c/2 and 2c. Draw 
the profile of the string for times t, = ck/2a, where k = 1, 2, 3. 

2. Solve Problem 1 if the initial deflection is in the form of 
a triangle lying in the ranges (—2c, —c) and (c, 2c) with corners 
at the points —2c, —1.5¢, —c, ¢, 1.5e, 2c. 

3. An infinite string is given an initial transverse velocity v 
= const in the range —c <x <c. Determine the vibrations of 
the string. Draw the profile of the string for times t, = ck/2a 
(k = 1, 2, 3). 

4. A semi-infinite string with one end rigidly fixed is excited 
by an initial deflection which is no-zero only on the segment (c, 3c), 
where it takes the form of a broken line with corners at the point 
c, 2c, 3c. Draw the profile of the string for times t% = ck/2a 
(k= 2, 4, 6). 
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5. At the initial time ¢ = 0 a semi-infinite string with one end 
rigidly fixed is given a transverse impulse at the point x = Xp. 
Determine the vibrations of the string. 


6. An infinite elastic rod consists of two semi-infinite homo- 
geneous rods, joined at the point x = 0. The densities and elastic 
constant of the two materials are p,, E,; and p2, £2, respectively. 
Suppose that the wave u,(x, t) = f(t—x/a,) travels along the rod 
from the region x <0. Find the reflected and refracted waves. 
When will they exist? Investigate the solution for £,-— 0 and 
E,— 0. 

7. A constant e.m.f. Ey is applied for a sufficiently long interval 
of time to the end x = 0 of a semi-infinite non-distorting trans- 
mission line (GL = CR), so that a stationary distribution of voltage 
and current is set up in the conductor. At time t = 0 the end of 
the conductor is earthed through a lumped resistance Ry. Find the 
voltage and current in the conductor for ¢t > 0. 


8. The ends x = 0, x=/ of a string are rigidly fixed. The 
initial deflection is u(x, 0) = Asin(a/)x (0<x</J) and the 
initial velocity is zero. Draw the profile of the string for times 
th = lk/2a (k = 1, 2, 4). 

9. Determine the vibrations of an infinite string under the 
action of a localised transverse force F(t) (t > 0) if the point of 
application of the force moves along the string at a constant velocity 
Up from the position x = 0 and uv < a. 

10. Ane.m.f. E = f(t) is applied at time ¢ = 0 to the end x = 0 
of a semi-infinite conductor with negligible resistance and leakage. 
Find the potential distribution u(x, ¢) in the conductor. 

11. A capacitance C) charged to a potential difference V is 
discharged at time t=O into an infinite conductor having an 
inductance L and a capacitance C. Determine the current in the 
conductor. 


12. A compression Sy = (p—fo)/Po is produced at time t = 0 
in a gas at rest. The disturbance is localised within a volume bounded 
by a given surface o. Find the compression S(M, t) as function of 
the area o, of the part of the surface of the sphere S¥f lying inside o. 


13. Which linear equations with constant coefficients of 
the form 4), Uy,-+- 244) Uy t+22Uy, +5, U,+52,u,+¢c¢u = 0 have solu- 
tions in the form of arbitrary travelling waves /(x—at), where 
a = const? (There is no dispersion.) 

14. Which equations of the form given in Problem 13 have 


solutions in the form of arbitrary damped travelling waves of the 
form e f(x—at)? 
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Separation of Variables 
(Fourier Method) 


Typical problems which can be solved by the method of separation 
of variables are boundary-value problems for hyperbolic and 
parabolic equations in bounded regions. The principle of the 
method is best illustrated by the simplest case, i.e. the case of 
homogeneous boundary-value problems. We shall consider in 
parallel boundary-value problems for hyperbolic and parabolic 
equations. 


4.1. PRINCIPLE OF THE METHOD. EIGENFUNCTIONS 
AND EIGENVALUES 


4.1.1 Suppose that it is required to find a function u(M, fr) satis- 
fying the equation 
div(kV eee (1) 
iv(k Vu)—qu = Bil 
for f > 0 in the domain D bounded by a closed piecewise-smooth 
surface S' which is continuous in the closed domain B = {Me D; 
t >0}, where D= D-+S, subject to the additional conditions 


ou 


(ne yeu) = 0 (2) 


and 
u(M,0)=9(M), u,(M, 0) = 9,(M) 


[respectively u(M, 0) = y(M)] (3) 
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Substituting L[u] = div(kVu)—qu, Equation (1) can be rewrit- 

ten in the form 
Pun 

L{u) = | 1’ 

[u] oar (1’) 

This equation and the boundary conditions given by (2) are linear 

and homogeneous. Consequently, if u, and u, are the solutions 

of (1), which satisfy the condition given by (2), then the functions 


u= CyUyF- C2 Up 


where c, and c, are constants will also be solutions of (1) subject 
to the conditions (2). 

We shall try to satisfy the initial conditions (3) by superimposing 
all the linearly independent initial solutions of this type (i.e. solu- 
tions satisfying the boundary conditions (2)). We shall thus seek 
non-trivial solutions of Equation (1), i.e. those which are not 
identically zero, which satisfy the boundary conditions (2) among 


functions of the form ®(1/) Y(t), where S(M) is continuous in D 
and Y(t) is continuous for 0 <t < oo. Substituting the function 
@(M) W(t) into (1) and dividing both sides of the equation by 
p(M) ®(M) Y(t), we obtain 


aS or a eeeneiual 5 
of = ari respectively 17 


In order that this equation should be an identity, i.e. the function 
@©(M)¥(t) should satisfy (1), it is necessary and sufficient that 
both fractions L[®]/p® and ¥’’/Y should be equal to the same 
constant, i.e. 


id ee ae ae 
pdb — 
The following identities must therefore be satisfied 
W'4yawW=0 (W427 =0) and L[Pj+ipS = 0 


Consequently, we can take the functions Y(t) and P(Af) to be 
the non-trivial solutions of the equations 


Wr 4jw—0 (respectively Y’+AY = 0) (4) 
L{[®]+A4pP? = 0 (5) 
where ©(M) must satisfy the boundary condition 
o@ ] 
ee | 6 
(7 On? fs (6) 
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The problem defined by (5)-(6) is called the Sturm—Liouville 
problem. It does not possess non-trivial solutions for all values of 4. 


Definition Those values of 4 for which the problem (5)-(6) has 
non-trivial solutions are called the eigenvalues of the boundary- 
value problem (5)-(6), and the corresponding non-trivial solutions 
®(M) of (5) are called the eigenfunctions of the boundary-value 
problem (5)-(6). 

We shall assume henceforth that k(A1), q(Af) and e(M) are 
continuous in D, k(M) > 0, p(M) 20 (but p(M) # 0), g(t) 2 0 
in D; y,(M) and 7.(M) > 0 on S and y3+y3 4 0. 

Subject to these conditions we have the following theorem. 


Theorem I There exists an infinite set of eigenvalues {Z,} 
(n = 1,2, ...) and corresponding eigenfunctions {®,(M)} of the 
boundary-value problem (5)-(6). 

We shall not reproduce the proof of this theorem here. 


We shall say that the function f(M) has piecewise-continuous 


first- and second-order partial derivatives in D if there exists a finite 
number of domains D,, D,, ..., D, which do not intersect in pairs 
and are such that (1) D=D,+D,+...+D, and (2) f(M) has 
continuous and bounded first- and second-order partial derivatives 
in each of the domains D,, D,, ..., Dy. 

Let A denote the class of functions which (1) are continuous 
in D, (2) have piecewise-continuous first- and second-order partial 
derivatives in D and (3) satisfy the boundary conditions (6). 

The eigenfunctions of the boundary-value problem (5)-(6) will 
clearly belong to class A but they do not exhaust all the possible 
members of this class of functions. 


4.1.2 The eigenvalues and eigenfunctions of the boundary-value 
problem (5)-(6) have a number of properties and we shall now 
summarise some of them. 


Expansion theorem Any function f(M) belonging to class A can 
be expanded into a Fourier series in terms of the eigenfunctions 
of the boundary-value problem (5)}-(6), and the expansion will 


converge absolutely and uniformly in the domain D. 


We shall not reproduce the proof of this theorem here (the one- 
dimensional case will be discussed in Chapter 9). 
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The Fourier series for the function {(M) in terms of the functions 
fee} 


{@,(M)} is defined as the series ) 'C,®,(M), in which the coefficients 
n=l] 
C,, are given by 
C= 1 \ sop (01) ®,(M) dr 
\ pide 3 ee 
D 





Having solved the Sturm-Liouville problem, let us return to 
Equation (4). For each eigenvalue 7, we have the general solution 


W(t) = C, cos Vintt-D, sin Want 
(where ¥,(t) = C,e”) 


Therefore, partial solutions of (1) which satisfy only the boundary 
conditions (2) are functions of the form 


un(M, t) = (C, cos \/2,t-+D, sin /A,t)B,(M) 
(where u,(A7, t) = C, oD (M )) 


These functions can be written in the form 
uy = B,Sin (V2nt+ 6,)Pn(M) 


where B, = /C?+ D2, 0, = tan71(C,/D,). 

Functions of this kind are said to describe natural vibrations 
and standing waves; u,(M,t) is the fundamental and u,(M, t), 
u3(M, t) are the harmonics. The numbers }/ A,, V2 are the natural 
frequencies of the vibrations. These frequencies do not depend on the 
initial conditions. This means that the frequencies of natural] vibra- 
tions are independent of the method used to excite them. They 
characterise the properties of the vibrating system itself and are 
determined by the material constants of the system (for example, 
the velocity of sound in the medium), geometrical factors (shape 
and dimensions) and the conditions on the boundary. 

The eigenfunction B,®,(M) specifies the profile of the standing 
wave. 


If we now take the sum of these special solutions over all the 
eigenfunctions 


(C, cos) 2,t+-D, siny/7,t)®, (M) (7) 


1 


u(M,t)= 


aw 
n= 
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we encounter the following problem: is it possible to choose the 
coefficients C, and D, so that the sum will be the solution of the 
problem (1)-(3)? The answer to this problem is given by the fol- 
lowing theorem. 


Theorem 2 The solution of (1)-(3) in a closed domain B = {Me D; 
t > 0} can be represented by the series (7) with 


C, = apt \ PP) PCP) OP) dtp 


“i | o(P)ps(P)®,(P) dtp 


D 


D, ae 





(@yl2 = \p(P)95(P) dep 


D 


The number |/®,|| is called the norm of the function ®,(/). 
Consider the functional 


Riw, ©] = — | wl [9] dep 
D 
The following lemma applies to this expression. 


Lemma _ The functional R[w, ®] is symmetric for the class 4A, i.e. 
R[w, &] = R[®, w], for any functions w and © belonging to class A. 


Proof Using the well-known result 
p div(E) = div(pE)—EVp, pw, E=kV@® 


we have (see definition of Z in Section 4.1.1). 
Riw, &] =\ k(Vw- V0) det \ quo dr—| div(k-w-V®)dr 
D D D 
o® 
In view of Green’s theorem, the last integral is equal to Seo 
and therefore 


R[w, 2] = \ k(Vw-V®)dr+ | qu dr— \ kw da (8) 
D D S 


dz, 


If we are dealing with the first or second boundary-value problem, 


we have | ko? dr = 0, so that wl =O Ll = 0}. In all 
P on e on is 
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these cases R[w, ®] must be symmetric. In the case of the third 


boundary-value problem, we have from the boundary conditions 


o® 
, and therefore R[w, ®] can be written in the 


Ss 





Ri[w, | = | k(Vwv-V)dr-+ \ qw® dr (22 koe da 
D D gu 


This expression is again symmetric. 


Remark For functions belonging to class A we must have 
R[®, O] > 0. 


Proof of Theorem 2. Suppose that u(M, t) is the required solution. 
Since this solution is continuous in D and satisfies the boundary 
conditions (2) for any t > 0, it must belong to class A. Consequently, 
in view of the expansion theorem it can be represented by the Fourier 
series 


u(M , 1) =D) Y(t) ®,(M) (9) 
n=1 
where 
1 
v(t) = roma ae u(P, t) Dy(P) dp (10) 


Using Equation (5) for ®,(M) we can transform the last formula 
to the form 


ate Riu, Py 
- ®,\ dt = : 
MoO = Fe) ole = FD 





and, using the above lemma, 


R[@,, u] = =I 


Pa) = TOI? Allyl? 





\ ®,(P) L[u) dr 


D 


Using (1) we obtain 


=] 
W(t) = \p Patt, d 
Y n(t) An |, ||? p n Ut, T 


D 
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and hence, if we compare this result with (10) we have 
a yor 
Y(t) = 7 e., ie. YA 4A, 0 = 0 
Therefore the function Y(t) is a solution of the equation Y” 
+2, = 0 and, consequently, can be written in the form 


Y(t) = C, cos Ant +D,, sin Vant 





where _ 
Gc cod ¥,(0), D, 1 a = ¥,,(0) 


Using (10), we find that 





1 
Cy = ¥u(0) = 35 jo, Pru 0)®,(P) dr 
= ae (PPC) PaP) dr 
_¥@) ae 
Dy ae Pn) W(P) dr 


which was to be established. 


By assuming the existence of the solution of (1)-(3), we have 
come to the conclusion that it can be represented by the series (7) 
and, therefore, it is a unique solution. 


4.1.3. Let us now consider the following properties of eigenfunc- 
tions and eigenvalues. 


Property] If @®is an eigenfunction corresponding to an eigenvalue 
4, then C® (where C is a constant) is also an eigenfunction corre- 
sponding to the same eigenvalue. 


Property 2 \f ®, and ®, are eigenfunctions corresponding to the 
elgenvalue /, any linear combination such as C,®,+C,®, is also 
an eigenfunction corresponding to the same eigenvalue 7. The 
validity of these statements is obvious. 


Property 3 Eigenfunctions ®, and ®, corresponding to different 
eigenvalues 2, and 2, (A: ¥ 42) are orthogonal in the domain D 
with a weight p(M), i.e. 


|p (P)®,(P)b,(P) dr = 0 
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Proof By definition of eigenfunctions and eigenvalues we have 


L[®1)-+4,p®, = 0 
L[®,]+2,p®, = 0 


Multiplying the first of these by ®, and the second by ®,, subtracting 
one from the other and integrating the resulting identity over the 
domain D, we obtain 


—R{®,, D+ RI, , ®] = (22-4) | p G1, de 
D 


Since the functional R is symmetric (the eigenfunction belongs 
to class A), the left-hand side of this equation is zero and, consequent- 


ly, \ p®,@,dr == 0, since A, 4 A,, which was to be established. 
D 


If to a given eigenvalue / there correspond r linearly independent 


eigenfunctions ®,, ®,, ...,®,, these functions will not necessarily 
be orthogonal. It is possible, however, to replace them by other 
eigenfunctions ®,, ®,,...,%,, which are linear combinations of 


the original eigenfunctions and these can be made to be orthogonal. 
In fact, let ussuppose that ®, = ©®,. If \p2,®, dr = 0, then &, = @, 
D 


and if | pO, G, dz # 0, then d, = 6,1.B,®,. The constant B, can 
D 
be found from the condition jp®, ®,dt = 0, i.e. from the equation 
D 
\ pFjdr+B, | of 0,0, dr = 0 
D 


If D, are orthogonal to @, and ®,, then we can set ®, = D; and, if 
they are not, we can set ~, = ®, + By,P,+ B33,. The constants By, 
and B;; can be found from the conditions Jo% d, dt = 0 and 
\ pb, @,dt = 0, i.e. from the equations 


\ p 8 dz-+B;, \p 4,8, d dt-- B33 \p p 1P,dt = = 0 
D 


D D 
\ pb,6 dr-+ Bs, Sods dr+ B;; \p 6,0 = 
D D 


and so on. 
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Continuing this orthogonalisation process, we can consider r 


eigenfunctions @,, ®,, ..., ®, corresponding to the given eigenvalue 
4 and these will now be orthogonal in pairs. Assuming further that 
this orthogonalisation process has been performed, we conclude 
that any two linearly independent eigenfunctions of the bound- 
ary value problem (5)-(6) are orthogonal in the domain D with 
a weight p. 


Property 4 A\ll the eigenvalues of the problem (5)-(6) are real. 
Suppose that A=a+if (8 #0) is an eigenvalue and 
@ = @,+i®, is the corresponding eigenfunction. We must then have 


L(®,+i®,]+ (a+if)p(P,+i®,) = 0 
and, consequently, 
L[{O,)+ap9,—fp®, = 0 
i{ L[®,]+ap,+fpG,} = 0 
Subtracting the second identity from the first, we obtain 
L{®,—i®,]+ («—if) p(®,—i®,) = 0 


Therefore, 7 = a—if and ® = ©,—i®, are the eigenvalue and 
eigenfunction of the problem, respectively. Using Property 3 we 
have 


\p(®,+i®,) (G,—iD,)de =0, where | p(Gi+93)dr =0 

D D 
which is impossible. 
Property 5 All the eigenvalues of the problem (5)-(6) are non- 
negative. 


To prove this, we multiply the identity L[®,]+-1, p®, = 0 by ®, 
and integrate the result over the domain D. The result is 


| ,L[®,] dr-+4, \p@2 de = 0 


D D 
and hence 


__ RP, > @,] 
. Il ®,, ||? 


Since R{®,, ®,] = 0, we have 4, > 0. 
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Remark For the first and third boundary-value problems all the 
eigenvalues are positive. For the second eigenvalue problem with 
q(M) = 0, we have 2 = 0 as the eigenvalue and ® = 1 as the corre- 
sponding eigenfunction. 


Example 1 Suppose that it is required to solve the problem 


Uys = Ug 
u(x,0)= 7x), 4(x,0) =e(x), u0,1)=ul,t)=0 (11) 
¢(0) = oD =0 
We recall that we solved this problem in Chapter 3 by the method 
of characteristics. We then continued the initial values g(x) and 
91(x) to the segment (—/, 0), as odd functions and then periodically 
over the whole straight line. We leave it to the reader to show directly 


that the solution obtained by the method of characteristics is the 
same as that obtained by the method of separation of variables. 


Solution Among the functions of the form ®(x)¥(t) there are 
solutions of (11) which satisfy only the boundary conditions of the 
problem. Substituting ®(x)¥/(t) into the equation, we obtain 


Consequently, Y’-+a’, ¥ = 0 and 
O"+iG=0, G(0)=S)=0 (12) 


This is the first boundary-value problem. All its eigenvalues are 
positive. The general solution of (12) can therefore be written in 
the form 


@(x) = A cos V2Ax+B sin } Ax 


From the boundary condition on the left we find that A = 0. 
Consequently, @(x) = Bsin }/2x and B #0. From the boundary 
conditions on the right we have Bsin j/2/ = 0. Consequently, 
sin ]/A/ = 0 and hence j/A/ = na and 

2 mp 2 


wn 
P 


In = (n = 1, 2,3, ...) 


These are the eigenvalues. The corresponding eigenfunctions are 
®,(x) = sin(na/)x. 
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Separation of Varianvies 
For each 4, we have 
ann . ann 
¥4,(t) = C,, cos > t+ D,, sin =e t 
According to Theorem 2 (Section 4.1.2), the required solution of 
the problem is the function 


@ 


u(x, t)= be cose ; "14D, sin 3" 1) sin —% 


n= 1 


where 
1 F 
2 ; 2 
C= > \ p()sin =e dé, D, = —_\ o()sin 2" dé 
3 ann A I 
i 
I 
@ \2 = \ 1 res = — 
| 2, |! sin? = Edé 5 


0 


Example 2 It is required to solve the problem 
u,. = th, u(x, 0) = (x), u,(0, t) = u,(/, t) = 0 
As in the preceding example, we find that 
G+ 7H = 0, 6'(0) = @'(J) = 0, W4igsY=0 (13) 


We thus have the second boundary-value problem g = 0. Conse- 
quently, 2 = 0 is an eigenvalue and ®(x) = / is the corresponding 
eigenfunction. 

The remaining eigenvalues and eigenfunctions can be found 
as in Example 1: 


D(x) = AcosyAx+Bsiny2x 


From the condition #’(0) = 0 we find that B = 0. Consequently, 
A#0 and D(x) = Acos V/Ax. From the condition 2’(/) = 0 we 


find that sin j/7/ = 0 and consequently j/2/= an and 2, = x2n?/[? 
(n = I, 2, 3, ...). It follows that 


Mathematical Physics 
are the eigenvalues and 


n 2 aun 
1, cos—x, coS——x, ..., COS-—X, .. 
l I l 
are the eigenfunctions. For each /, we can find the following eigen- 
functions 


W(t) = Cie (n = 0, 1,2, ....) 


The required solution of the problem will, in view of Theorem 2 
(Section 4.1.2) be the function 


u(x,t) = C, e~ Pant cos 
n=0 
where 
t 
] 2 3 
Cy = 7 \9@) dé, C,= = \ p(@cos ste dé (t= 1; 2,3 .4) 

0 ny 

t 
pli? = 1, |®,1p =\cost ede =F (w= 1,2, ..) 

0 


Example 3 It is required to determine the temperature distribution 
along a homogeneous rod of length / whose lateral surface is insula- 
ted and is subject to convective heat transfer (Newton’s law) at the 
ends. The surrounding media are at constant temperatures 4, and 
uz, respectively. The initial temperature is arbitrary. 

The mathematical formulation of the problem is as follows: 


rag] eee (14) 

u,(0, t)—h,{u(0, t)—u,] = 0 (15) 
ux, H+, [u(l, )—u,] = 0 (16) 
u(x, 0) = ¢@) (17) 


We shall seek the solution in the form w(x, tf) = v(x)+2(x, 4), 
where v(x) is the solution of (14) satisfying the boundary conditions 
(15) and (16), i.e. 


v” =0 (14,) 
v'(0)—/,[v(0)—m] = 0 (15,) 
v'(D)+h[vo)—u,] = 0 (16) 
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For the functions w(x, t) the problem may be formulated as 
follows: 


Dy, = W, (14,) 

w,(0, t)—h,w(0, t) = 0 (15,) 
w,(/, t)+h,w(/, t) = 0 (16,) 
w(x, 0) = 9(x) = (x)—v(x) (17,) 


The function v(x) describes the stationary state and w(x, t) a depar- 
ture from the state. 
Let us solve the problem for v(x) first. The general solution of 
(14,) is of the form 
v(x) = Cyxt+ C, 


The constants C, and C, are given by (15,) and (16,): 
C,—A,(C,—u,) = 0 
C,+h,(Cl+ C,—u) = 0 
and hence 


_ _fx@2—t1) © = CQ 
eg Te ES 0 


We have thus found the steady-state solution. The problem for 
w(x, t) will now be solved by the method of separation of variables. 
Among the functions of the form ®(x)¥(t) we shall require the 
solutions of (14,) which satisfy only the boundary conditions (15) 
and (16,). Substituting the function ®(x)¥(¢t) into (14,) and into 
the boundary conditions (15,) and (16), we obtain 


OD" +1D = 0 (18) 

©’ (0)—h, G(0) = 0 (19) 
@'()-+h,O(1) = 0 (20) 
w+ ai = 0 (21) 


In view of Property 5, the problem defined by (18)-(20) will have 
only positive eigenvalues. Therefore, the general solution of (18) 
can be written in the form 


@(x) = AcosyAx+Bsiny/4x 


From the boundary condition (19) we find that By 4 = h,A and 
consequently 


(x) = iW eosyix+h sin V2 x) (22) 
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The factor B(1/h,) will be included in ¥/(t). Substituting (22) into 
(20), we obtain the equation for the eigenvalues: 


ies 1 eee 
OS Kathy 


where /t = Val. Hy Hay «++ gy »-» are the positive roots of this 
equation. The eigenvalues will then be the numbers 





2 
Hn 
An = Te 


The eigenfunctions will be of the form 


®,(x) = Feos*x-+hysin ox 
They are orthogonal within the range [0, /] with a weight p = 1. 
Let us return now to Equation (21). Its general solution for 

A = /, is of the form 


W,(t) = C, ene! 
We then have 


w(x, t)= y C, e774 D, (x) 
n=] 


The coefficients C,, can be found from the initial condition using the 
orthogonality of the eigenfunctions ®,(x): . 


t 


= — he En » £ 
GC; op \nO( cos —é+/, sin rs)as 





t 


|, 2 = Ve: cox eae eines ‘) ds 


/ s 
Q 


Remark The method discussed in this example can be used for 
a broad class of boundary value problems with steady-state, i.e. 
time-independent, inhomogeneous parts, either in the equation 
itself or in the boundary conditions (or both). 


Example 4 Determine the transverse vibrations of a string, one 
end of which is rigidly fixed and the other free, if a localised mass 
Mg is attached to the free end and the initial excitation is arbitrary. 
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The mathematical formulation of the problem is as follows: 


VW Uys = Ug, a’ = Ee 
Po 
u(x, 0) a P(x), u,(x, 0) = V1 (x) 
u(0, t) = 0, Tu,(L, t) = mott,,(L, t) 


Among the class of functions ®(x)¥(t) we shall seek solutions which 
satisfy only the boundary conditions. Separating the variables we 
have 


w+ a7 = 0 (23) 
@" +16 = 0 (24) 
&(0) = 0 (25) 


The boundary condition on the right can be written in the form 
TS' (DY (t)h—m OD) ¥''(t) = 0 


Replacing Y’’(t) in (23) by Y(t) and dividing both sides of the 
equation by Y(t), we obtain 


@'()+hAG(l) = 0 (26) 
where h = a?m)/T. 


The solutions of (24) which satisfy (25) are of the form ®(x) 


= sin y 2x. From (26) we find the equation for the eigenvalues 
Ay > O: 


| = 
ee page w=Val 
The corresponding eigenfunctions are 


@,(x) = sin? x 
It is readily verified directly that these functions are not orthogonal 
with the weight p(x) = 1. This does not conflict with the general 
theorem on the orthogonality of eigenfunctions since the boundary 
condition (3) is not the usual boundary condition of type III because 
it contains explicitly (rather than through the eigenfunction) the 
eigenvalue 7. To elucidate this point we note that the equation for 
u(x, t) can be written in the form 


Tuy, = [Potmd(x—)]u, 
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Consequently, the equation for the eigenfunctions can be written 
in the form 


T®" +Ap(x)® = 0 
where 
P(X) = potnyd(x—l) 
The eigenfunctions ®,(x) will therefore be orthogonal with the 


weight p(x). This is readily verified by direct calculation. 
The next step is the same as before. First, we find Y(t) so that 


oo 


u(x, t) = ye (c, cos 8 1+-D, sin ae ‘ sin Px 





n=1 


From the initial conditions we can determine the coefficients C, 
and D,, using the orthogonality of the eigenfunctions in terms of 
the weight p = py ti 6(x—l): 

t 


olf \ 
=e, 1\ 200) ®,(€) dé+ mo (J) ®, UF 


0 


Ch 





i 
ey) di \ 
Pa = aida (PH @) Pale) 8-0 


1 


lI, |? = po | D3 (E) dé-+ 1, 93(1) 


0 


Let us now return to the properties of the eigenvalues and eigen- 
functions. We note, to begin with, that since for the functions ® 
belonging to class A we have R[®, ©] > 0, 


in ; 
ocd ||®l|? 


Property 6 (extremal property) This is expressed by the following 
theorem. 


. R{@,®] . d : z 
Theorem 3 If « = inf pick anal is valid for some function ® 
oc (Dll 
belonging to class A, then @ is an eigenfunction and y is the corre- 
sponding eigenvalue for the problem (5)-(6). At the same time, 


yp will, of course, be the smallest eigenvalue. 
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Proof For any function ® belonging to class A we have ae 
. R[®,, ®, 
—y > 0. In particular, 7,= aes >. Consequently, for 


@ c A, we have 

Y[O] = RIP, |—u|\@|? > 0 
whereas 

P[O| = RIS, F}—p |||? = 0 
Therefore, the functional ®[¥] reaches a minimum on ©. This is 
equivalent to ¢(a) = Y[®+a/], where fe A reaches a minimum 
for « = 0. However, we then have ¢’(0) = 0. Let us evaluate this 
derivative: 


#0) = {R[B+af, b+ af]—ulb-+af!"}.-0 


d 


do 


i 


{\ Ga) Lb-+af\dr—u \pG+afPar}._, 
D 


D 


I 


— | {L1G} + OL [f} dr—2 Sp Gf ae 


D D 


= — 2 | f{L[F]+upS} de 


D 


where we have used the symmetry property of the functional R[f, | 
for functions belonging to class A. 
Therefore, for an arbitrary function f belonging to A we have 


| f{L1P1+-np®} de = 0 
D 
Hence, it follows (from the fundamental lemma of the calculus of 


variations) that at points at which the function L[®] is continuous 
we must have 


L[@|+up® =0 
which was to be established. 


If the minimum of the functional is sought in a class of functions 
A, belonging to A and orthogonal with respect to the weight p in the 
domain D to the eigenfunctions ®,, ®,,...,®,-,, this minimum 


ds 


Mathematical Physics 


will be the k-th eigenvalue 4, and the function on which it is reached 
will be the corresponding eigenfunction ®,. The proof of this is 
similar to that given above. 


Property 7 The eigenvalues do not increase as k(M)[q(M)] 
increases. More precisely, if k,(M) > k,(M) in D, then A > 72), 
We shall give the proof for 4,. 

For any function ®€ A we have 


RIP, %) _ RL, P} 
IPF =~ PIP 
where R, and R, are the functionals R corresponding to the functions 
k,(M) and k,(M). Consequently, 
AM = inf Ful, PI ing Rel2 9) _ jon 


eed PIR ~oca PIP -* 





For the case q,(M) > q,(M) the proof is practically the same as 
before. 


Property 8 The eigenvalues do not increase with increasing p(M). 
More precisely, if p,(M) > p2(M) in D, then AQ) < 1%). 
We shall give the proof for 4,. For any function ® belonging 
to class A we have 
RIP, 9] _ RIP, 9] 
Ile, Pl 
where ||®||,, and ||®||,, are the norms of the function ® with weights 
p, and p,. We then have 


.- R[G,@ 
AG) = inf Bee) 
bea Pll, 


. R[@, ®] : 
< inf ——— = 4 
eca lll, 


which was to be proved. 

From Properties 7 and 8 it follows that in the one-dimensional 
case the eigenvalues 4, increase as n? with increasing n. In point 
of fact, in addition to the equation 


d ; 
ae [k (x) P'(x)]— (x) (x) +p (x) P(x) = 0 (27) 
let us consider the equations 
ky @" + (Ap,—q,)® = 0 (28) 
and 
k,®" +(Ap,—q)® = 0 (29) 
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where k,, q,, p2 are the maximum values of the functions k(x), q(x), 
p(x) in the range [0,/]; k,,q, and p; are their minimum values 
(either sup or inf). 

To be specific, consider the first boundary-value problem, i.e. 
let us determine the solutions of equations (27), (28) and (29) 
subject to the boundary conditions 


(0) =9)=0 (30) 


Since (28) and (29) have constant coefficients, the eigenvalues of 
the problems (28)-(30) and (29)-(30) can readily be found. They 
are given by 
an? q 
a = —-h, 4+ 3, = — 
hile oy pl? p2 
From Properties 7 and 8, the eigenvalues 2,, for the problem (27)—(30) 


, 


lie between 4, and 27’, i.e. 
fy An Py 


This confirms the validity of the above statement. The fact that 
there are an infinite number of eigenvalues and eigenfunctions 
in the one-dimensional case (Theorem 1, Section 4.1.1) is also 
a consequence of these inequalities. The reader is recommended 
to give the proof for the second and third boundary-value problems. 


Property9 The eigenvalues do not decrease with decreasing 
domain D, i.e. if D’ < D”, then 47, > 27’. 

We shall give the proof of this property only for 4, for the 
first boundary-value problem. To each domain D’ and D” there 
correspond their own classes of functions A’, A”. 

Suppose that some function ©’ belongs to class A’. It is zero 
(in view of the boundary conditions on the boundary of D’) on 
that part 2” of the boundary of D’ which is contained in D” (Fig. 4.1). 


Fig. 4.1 





The function ©” which is equal to @'’ in D’ and zero in D’”—D' 
(shaded region) will clearly belong to class A”. If we perform this 
operation for each of the functions in A’, we obtain the new class 
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of functions A’ which is a part of A”. For any function ®e A’ 
we have 


R'[®, 0] = — \ OL[] de = — | Lo) de = RIS, F} 
D” D’ 
and 
| p@dr = \ pede 
D” D’ 
since this function is identically equal to zero in D’’—D’. Therefore, 


mint REPO ine RU ine RA _ 
"eca’ WPI aca PIR wear PIB “ 


where |||], and ||®||. are the norms of © in D’ and D”, respectively. 


Definition An eigenvalue A will be called r-fold degenerate if there 
exist r linearly independent eigenfunctions with this eigenvalue. 


Definition An eigenvalue A will be called a simple (or non-deg- 
enerate) eigenvalue if any two eigenfunctions with this particular 7 
are linearly dependent. 


Property 10 All eigenvalues of the one-dimensional boundary- 
value problem (5)-(6) are simple eigenvalues. 


Proof Suppose that ®,(x) and ®,(x) are eigenfunctions corre- 
sponding to the same real eigenvalue 4. Both these functions are 
then the solutions of the same equation 


d ; 
Gy kP1-9b+Apo =0 


and satisfy the same boundary conditions on the left-hand side 
vi P; (0)—y2%, (0) = 0 
71 P;(0)—y, , (0) = 0 


These can be regarded as a system of linear equations for y, and 3. 
Since yj-+y3 # 0, the determinant of the system is zero. However, 
this is the Wronskian W(x) for the solutions ®,(x) and ®,(x) at 
x = 0. It is well known that the Wronskian consisting of the solu- 
tions of a given linear homogeneous equation is either identically 
zero or does not vanish anywhere. Since, in our case, W(0) = 0, 
it follows that W(x) = 0. This means that ®,(x) and ®,(x) must 
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be linearly dependent. We note that in multi-dimensional boundary- 
value problems this is no longer true. 


Example 5 Consider the vibrations of a square membrane with 
fixed edges under the action of an initial excitation. The edges of 
the square lie along the coordinate axes. 

Mathematically this problem may be formulated as follows: 


Vu = u,, u= u(x, y, t) (31) 
u(0,y,t)=ull,y,j)=0 (32) 
u(x,0,t)=u(x,/1,t)=0 (33) 

u(x,y,0)= (x,y), u(x, y, 0) = v(x, ») (34) 


Among functions of the form ®(x, y) Y(t) we shall seek solu- 
tions of (31) which satisfy only the boundary conditions (32), (33). 
Substituting this function into (31), (32) and (33) and separating 
the variables, we obtain the following Sturm-Liouville problem 


V’O+16 = 0 (35) 
G0, y)= Ol, y) =6 (36) 
(x, 0) = D(x, 1) =0 (37) 


This problem can also be solved by the method of separation of 
variables. We shall seek solutions of the form ®(x, y) = A(x) B(y). 
Substituting this function into (35) and separating the variables 
we obtain 


A” B” 
aoe: 





In order that this should be an identity it is necessary that 
A”/A = —py and B’/B+7 = yp, i.e. 


A” +uA =0 (38) 
B’+QA—yu)B=0 where B’+o2B=0 (39) 
From (36) and (37) we find that 
A(0)= A(D=0 (40) 
BOO) = BI) =0 (41) 
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Therefore, we have the boundary-value problems (38)-(40) and 
(39)-(41). The eigenvalues « and A—y should be positive (Pro- 
perty 5). As in Example 1, we find that 








ee sie en oe, 
Aq(x) = sin +x 
and 
= k= 1,2, ~) 


RE 


By(y) wT sin 1 y 


However, «, = A—y, and, consequently, 


2 
An,k = Oty or An, k = +k) 


where k and n assume the values 1, 2, ... independently of each 
other. We have thus found the eigenvalues of the problem (35)-(37). 
The corresponding eigenfunctions are 


ia x sin ne 
i Qo 


The eigenvalues A, and A,,, will clearly be equal and the cor- 
responding eigenfunctions 


®,,.(X, Y) = sin 


. an. ak . wh =. an 
®,,, = sim—xsin——y and ©, , =sin—vxX sin—— 


i l l ies 
are linearly independent. For example, 4,, = 4), = 5(2?/P) 
: ees er 
G.= sin -x sin y and @,,=sin x sin y 


Therefore, the eigenvalues of this particular problem are not simple 
eigenvalues. 
The solution of (31)-(34) can be represented by the series 


u(x, y,t) = STS (C,.ncosayAnat 
n=1k=1 


anh. otk 
—— ¥ $In —— 


+ D,,, sina V/A, et) sin j rg 
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in which the coefficients are given by 


il 
bese atk 
GES \\ oe, %) sin —E sin dé dy 
00 
1 
7n ak 


1 
: \\ gS, 7) sin sin ~— dé dry 
0 








4.2 SOME PROPERTIES OF A SET OF EIGENFUNCTIONS 


We shall now consider some of the properties of a set of eigen- 
functions {@,}. 


Definition A set of functions {®,} which are orthogonal in pairs 
in a given domain (with a weight p) is called complete in D if for 
any function f(M), which is square integrable in D, 


| pftdr = >" CRiI® eI? (42) 
D k=1 


where C, are the Fourier coefficients of the expansion of f(M) 
in terms of the functions {®;}. 


A sufficient test for the completeness of the system {®,} If a function 
F(M) is continuous in D, and for any e > 0 there exists a linear 
combination S, = a,%,+-...+4¢,®, for which \ p(F—S,)* dt < e, 
then the set {®,} is complete. Se 

Consider a fixed « > 0. For any function f(/) which is square 
integrable in D, we can find a function y(M) which is continuous 


in D and is such that \p(f—9¢)? dr < e/4. This requires proof but 
D 


we shall not give it here. For the function g(M/) and for the 
chosen e, it is possible by hypothesis to find a linear combination 
Ss, = a,0,+...+4,9,, for which 


\ p(p—S,)' de < a 


D 
Consider the integral 


| pf >) Ce, dr 
D k=1 
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n 


in which >) C,@, is the partial sum of the Fourier series for f(M). 
kel 


It is clear that 


\o (7 ‘ Cr »,) dr = \ pf? dr—2 a Cu \ of Oar Sy? CEI Pe |i? 
D k=] D k=] D k=I 


where we use the orthogonality property of the function ,. Since 
\ pf, dr = C,||®,'!2, it follows that 


(oly S'c ) dr = pfrdr— S” Celio 
D k=1 D k=] 


It is well known that the quantity 62 = \pf—S,) dris a minimum 
D 


if S, is taken to be 5) C,®,. Therefore 
k=) 


pfrdr—S Chiat = J o(f— Y Cua) ae 
k=] D k=] 


p(f—S,)P dr < | p(f—pt+e—S,F de 


o<| 
D 
<I 
D D 


D 


<2 | p(f-gytar+2\ p@—s,yrdr <2) 425—6 
D 


In this expression we have used the well-known inequality 
(A+ BY <2A?+2B? 
It follows that 


0 <Spftdr— >) CPi@xlP? <e 
D k=1 
and hence we have the completeness condition 


| pf2de = >" CHlalP 
D k=1 


Expansions of the Fourier type in terms of the complete systems 
of functions {@,} have the following remarkable property. 
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Theorem If a set of functions {®,\ is complete in a domain D, 
then the series of the Fourier type for any function which is square 
integrable in D can be integrated term by term independently of 
whether it is convergent or not, i.e. for any domain D’ c D 


| f(D de = > ron \ ®,(M) dr 


D’ 


n 


Proof Consider the difference 6, = | fdr— >° C, | &, de 
Db’ ke2] D’ 
l= S(Y— D Coo) ar 
D’ k=1 


rae S* c@y| de <Jif- Sct| ar 
D’ k=1 D k=1 


To estimate the last integral we shall use the Cauchy inequality 


f- SC de = Vet). 
D k= D k=1 VP 


< (o(- Neen) a \/ 


D 





\< 
pee 





D 


mes la dt 
=7/ Sora °caiar V/ 2 
; k=1 oP? 
The last integral is bounded and the difference 


n 
ae 
Vf? de— > ° CPi? 
D k=1 
tends to zero aS n— oo in view of the completeness condition. 


Consequently, 6, ~ 0 as n — oo, which was to be proved. 


Theorem The set of eigenfunctions of the boundary value problem 
(5)-(6) is complete. 
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Proof Consider the function f(M) which is arbitrary and con- 


tinuous in D. For any number «> 0, the functions belonging 
to class A (Section 4.1) will include a function g(M) such that 


\p(t-2) dt < z (43) 


The series of the Fourier type g(M/) = 5 C, ®, converges uniformly 
k=l 


in D. Consequently, for any ¢; > 0 we can find N(e;) such that 


|e Ds Ce, | <e, for n>N(e,) (44) 


We shall show je (f= pa C.P,) dr < e. By the above test for 


completeness {@,} must be coils It is evident that 


Jol Yrawrfae=[olp-ete~ door) ae 


<2 | p(f—g) dr+2 | ple arf a de 


Using (43) and (44) we obtain 


c 2 
Vol) c.0) dr <5 +264 (pdr <e 
D k= D 


where ¢, < Ve /2 VB and B= \p dt. 
D 


The last two theorems enable us to integrate the series expansion 
in terms of the eigenfunctions of the boundary-value problem 
(5)-(6) term by term for any function which is square integrable 
without bothering either about the uniform convergence of these 
series, or even whether they converge at all. 


4.3 SOLUTION OF INHOMOGENEOUS BOUNDARY-VALUE 
PROBLEMS BY THE FOURIER METHOD 


Knowledge of the set of eigenfunctions {®,} and the corresponding 
eigenvalues {7,} enables us to solve inhomogeneous boundary- 
value problems. Let us consider some of these. 
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4.3.1 It is required to find the solution of the problem 


L[uj+f(™, t) = pu,, (respectively u,) (45) 
u(M,0)=0, u(M,0)=0 (46) 

0 
(1, u) = 0 (47) 


which is continuous in the closed domain B = {MeD,t > 0}. 

The required solution u(M, t) belongs to class A and, therefore, 
in accordance with the expansion theorem it can be represented by 
series of the Fourier type in terms of the eigenfunctions {®,} cor- 
responding to the inhomogeneous problem (5)-(6): 


u(M, 1) = ))¥,(1) 9,(M) (48) 
n=l 
where 
1. 
VO = Tee Jour, 1) ®,(P) de (49) 


Using Equation (5) for p®, under the integral sign in (49), we 
obtain 


= I _ Riu, ¥,] 
vA) =n ryage \tHlPal dt = 71,12 
ZT | 
~ Ant @aIP Anil Pal J PnL[u] de 


Substituting for L[u] from (45), we obtain 
] \ 1 
Wt) = -—>S u; 0,de+ =a \ @,dt 50 
= TO so aN a 


The first term on the right-hand side of (50) is equal to — ¥%"/A,,. 
The second term is a known function and will be represented by 
Silt) /2n- Therefore, 





Consequently, ¥,(¢) is the solution of the equation 
Vn +4,%, =Sfilt) (respectively ¥744,%, =Sfi) 
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with the additional conditions 


l 
(0) = ie pu(P, 0)®,(P) dr = 0 


D 
fi — 1 =, 
Vu) = Tp,ie \Prl OOP) ar = 0 


The solution of this problem is of the form 


W(t) = - ‘= (sin Vin (t— 9) f,(9) dO 
mae 


(respectively ¥7,(t) = Je~Ant— f,(0) df) 


0 


Substituting the functions ¥/,(t) obtained above into (48), we 
obtain the required solution in the form of the series expansion 
in the eigenfunctions. If, in particular, f(M, t) = f(t) 6(M, M)), 


then 
ao es t= asa 


and 





©,(My) 0. 
Y(t e /i(t—0) f(0 
a Vaio. \rY = — 


®, (M, o) 


[respectively Wit) = \®, 2 \e Ant) £0) do} 
n 0 


Consider the problem 


Liu+f(M, t) = pu, (pu,) 
u(M,0)=97(M), =u, (M, 0) = gM) 


We shall seek the solution in the form of the sum 
u(M, t) = v(M, t)+w(M, t) 
86 


Separation of Variables 


where uv(Af,t) and w(M,¢t) are the solutions of the following 
problems: 


vi L(y] = prt — (p%) 
ov 
uM, 0) = 7(M), u,(M) = gi (M), (, ‘On tne), = 0 
w. L[w)-f(M, t) = pen, (pw,) 
Ow 
w(M, 0) => w,(M, 0) = 0, (1% +e} — 0 

a Ss 

We already know how to solve these problems. 


4.3.2 Suppose it is required to find the solution of the problem 


LE +f(M,) = py — (pu) (51) 
(, on tne) = B(M, 1) (52) 
u(M,0) = ¢(M), —-u,(M, 0) = 9,(M) (53) 


which is continuous in the closed domain B = {Me D; t > 0}. 
We shall consider the following method of solving this problem. 


Among the functions v(M, t) which are continuous in B and have 
in this domain piecewise continuous first- and second-order partial 
derivatives, we shall take the function v,(M, t) which satisfies the 
prescribed boundary conditions given by (52). We shall seek the 
solution u(M,t) in the form of the sum u = v,(M, t)+w(M, 6), 


where z(M, t) is continuous in B. The problem can then be formu- 
lated as follows: 


L{w|+fA(M, t) = Pe (p2,) 
w(M,0)=9(M),  w,(M,0)= 9,(M) 


where 
fi(M, 1) = f(M, t)+L [pv 
P(M) = 9(M)—v,(M,0), — @(M) = 7,(M)—v,,(M, 0) 


We have already considered this problem in Section 4.3.1. The 
form of the function v,(M, ¢t) is either guessed or it is found by 
Duhamel’s method (see Section 4.3.3). 
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Example 6 It is required to solve the problem 
cha) eats 
u(x,0)=9(x), u(x, 0) = o2(x) 
uO, t) = “4(2), u(1, t) = u(t) 


We shall assume that the functions u,(t) and w,(r) are twice dif- 
ferentiable and will take 





/— 
21(x, £) =m (N+ 5 ma (1) 


The solution will be sought in the form of the sum 
u(x, t) =v, (x, |+w(x, t) 
The function w(x, t) will clearly be the solution of the following 


problem: 


a 10,.-+ ] aaa ‘(QO- Hs “(t) = Wy 
wo(x, 0) = glx) + = 1 ()—* 1300) = G(x) 


w(x, 0) = 9 (x)+— 4 O- $1450) = G28) 


w0,t)=w(l,t) = 


The function w(x, ¢) will also be sought in the form of the sum 
w= R(x, t)+Q(x, t), where R(x, f) is the solution of the homo- 
geneous boundary-value problem 


a@ Ry = Ry 
R(x, 0) = 9, (x), R, (x, 0) = $,(x), R(0,t)= R(, t)=0 
and is given by (see Example 1) 


R(x, t)= > (C,, cosa VA,t+D,sinay/A,t) sin Ee 


n=1 
I 


22 
y=, C= 4 | 6@)sin7e ae 
i i i 
0 
I 
D, e \a ()sin—~ Edé 
ee eae P2 
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and Q(x, ¢) is the solution of the following problem 


VOx.tf(X, t) = Q,. 
Q(x, 0) = O,(x, 0) = 0 
Q(00,1)=Q,t) =0 


x—l ae x at 
7 My ()-F he (¢). 


According to Section 4.3.1, 


where f(x, t) = 





Q(x, t) = >. v0) sin x 
n=] 
The functions ¥,(t) are given by 


t 


: ( sin V4, (t— 9)f,( 0) dO 


Vang 


V(t) = 





where 





ms! bo 


fl) = 5 \ FE, 9) sin 7 


0 


pd = = ("4H") 


Remark 1 If the boundary conditions are of the form 


au, (0, t)—f,u(0, t) = y(t), nu, (1, t)+B,u(/, t) = H(t) 


the function v,(x, ¢), which satisfies these boundary conditions, can 
be taken to be 


v(x, t) = DX m(t)h-Ca—-lY*un) 
where 


] D | 
20,1468, 0 ’ ~— 2Qa,14-B2 1? 





c= 


Remark 2 Jt is sometimes easy to find the function v1 (x, ¢) which 
satisfies not only the prescribed inhomogeneous boundary condi- 
tions but also a given equation. 
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Example 7 It is required to solve the problem 


Uy = Uy (54) 
u(x, 0) =F (x), u, (x, 0) — $2 (x) (55) 
u(0, t) = 0, u(/, t) = Asinwt (2 # na) (56) 


Among functions of the form F(x) sin wt it is quite easy to 
find the solution v(x, t) of (54), which satisfies the boundary con- 
ditions (56). In fact, substituting this function into (54) and dividing 
both sides of the equation by sin wf, we obtain the equation for F(x): 


a@F"+o°F = 0 (57) 

From the boundary conditions (56) we find that 
F(0)=0, F()=A (58) 
The solution of the problem defined by (57)-(58) will be of the form 


. @ 
sin—x 
a 
F(x) = A ———— 
- @D 
sin-—1 
a 
and, consequently, 
. @ 
a a 
v,(x, t) = A———- sin of 
- @ 
sin—/ 
a 


The solution of the problem (54)-(56) will be sought in the form 
u(x, t) = v,(x, t)htw(x, t) 
where w(x, t) is the solution of the following problem: 


2 pean 
a Wxx —— Wry 


w(0,t)=0, w(l,t)=0 
. @ 
sin x 
w(x,0)= (x), w(x, 0) = g(x) do —*_— = Gx) 
sinz/ 
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This inhomogeneous boundary-value problem can be solved by 
the method of separation of variables. 


4.3.3. Duhamel’s method This can be used for boundary-value 
problems with inhomogeneous boundary conditions which can 
be reduced to the form 


L{u] = p(M) Le (59) 


u(M,0) = u,(M,0)=0 [respectively u(M,0)=0] (60) 


(22 4.64] = «(M,1) (61) 
fn Ss 
This involves the following steps. 

1. First we solve the problem defined by (59)-(61) with a sta- 
tionary inhomogeneity on the boundary condition, i.e. with a 
boundary condition of the form 


(x 2 +61) = 4 ()u(M, 2) 


(the stationary inhomogeneity «(M, t) on the boundary is switched 
on at time ¢ = 0], where z is a fixed number. Suppose that w(M, 1, t) 
is the solution of this problem, which is continuous together with 
the first-order derivatives and the derivative w,, in the domain 
(Me D,t >0). The solution of this problem must be treated 
as a generalised function because 7(t)u(M,r) is a generalised 
function. 

The solution of the problem (59)-(61), subject to the boundary 
and the initial conditions of the form 


0 
(1 2 4-64 = (t—t)a(M, 1), er = Mes = 0 
on Ss | 


[the stationary inhomogeneity m(M, 1) is switched on at t= 7] 
will be the function w(M, t—t, t) 7(t—T). We note that at internal 
points M of D we have 


w(M, 0,1) = w,(M,0,t) = 0 (62) 
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2. The solution of the problem defined by (59)-(61), subject 
to the boundary and initial conditions 


Wiese = Ulper a 0 
ou 
(22% + pu} = u(M, t)[n(t—t)—n(t—t—d7)] 
S 


{stationary inhomogeneity u(M, zt) on the boundary exists only 
for the time interval between ¢ = 1t and ¢ = t+dr] will be the 
function 


w(M, t—t, t)n(t—t)—w(M, t—t, t)n(t—t—dr) 


= © to(M, t—t, t)(t—t)] dt 


3. In the original boundary-value problem (59)-(61) the inhomo- 
geneity on the boundary acts only for the time interval between 
0 and t. One would therefore expect that the solution of (59)-(61) 
will be 


u(M,t) = |< [w(M, t—t, t)n(t—t)] dr (62a) 
8 


Direct verification will show that this is so. In point of fact, 
this function can also be written in the form 


t t 


u(M,t) = \n@—1)0(M, t—t,t)dt+ \w(M, t—t, t)d(t—t) dt 


0 0 
since (d/dt)n(t—t) = 6(t—t). Since 4(¢—t) = 1 for all t between 
0 and t, we have, using the properties of the 6-function, 


t 
u(M, t) = \w,(M, t—z, 1) de+-(M, 0, 2) (63) 
0 
From this expression and from the formulae for the derivative 


£ 


u,(M, t) = \wu(M, t—t, 1) dr-+-w,(M, 0, 2) (64) 


0 
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it follows directly that the initial conditions (60) are satisfied 
[(w(M, 0, t) = w,(M,0,t) =O for internal points of D]. The 
boundary condition (61) is also satisfied because 


Ou | _ 0 Ow 
(2 Se pu). = [242% +80) 9-9} dr 


0 


t 


0 2 
= | 5p to 2) °(t—1)} de 


{u(M, t)n(t—t)} dr 


lar 
(aca, 1) n(t—2) de 


- (aca, t)d(t—t) dt = u(M, ft) 
0 


Let us substitute (62a) into (59) and use Equations (63) and (64). 
For internal points in D we have, in view of (62), 


u(M, t) = (an (M, t—t, t)dr 


0 
t 

u,(M, t) = \ .(M, t—t,t)dt 
0 


Consequently, 
t 


ey = | tue(M, 12, 1) de-+m4(M, 0, 0) 


0 
From the identity 
Ll{w(M, t—t, t)] = p(M)w,.(M, t—t, t) 


and using the continuity of w,, in the region (MeD,t >0), we 
find that (for t—t —> 0) 


Llw(M, 0, t)] = p(M)w,(M, 0; t)=0 
since w(M, 0, ¢) = 0 for internal points of D and, consequently, 
L{w(M, 0, t)j| = 0. 
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Therefore, 
t 


(M, t) = | eM, t—t,t)drt 
0 


so that 


t 


0 
L{u)--puy, = | ap ell eens dr =0 
hy 


since L[z] = pw,,. This means that (62a) is the solution of (59)-(61). 
Consider the special case u(M, t) = Q(t). Proceeding by analogy 
with the above discussion, the solution can be obtained as follows. 


1. We first solve Equation (59) subject to the boundary condition 


ou 
(. a +A) = (0) 
i.e. for O(t) = 1. 
Let R(M,t) be the solution of this problem. The function 
Q(t) R(M, t) will then be the solution of the problem with the 
boundary condition of the form 


(. oe Au), = n(t)Q(2) 


where t is a fixed number. 


2. The function Q(t) R(M, t—t) 7(t—Tt) will be the solution 
of Equation (59) subject to the boundary and initial conditions of 
the form 


0 
(. = +Bu), = Q(x) n(t—1) 
U're = Ub eee =0 


We note that in view of the initial conditions, for all internal points 
of the domain D we have 


R(M, 0) = R,(M, 0) = 0 


3. The function 
O(t) [R(M, t—t)n(t—t)— R(M, t—t—dt)y(t—1t—d?)] 


= OLRM, 19 y(t) dr 
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will be the solution of (59) subject to the boundary and initial 
conditions of the form 


3 
(2% 460) =O hG2b <0 aol 
es |) Paee—a6| 


4. The solution of the original boundary-value problem will 
be the function 


t 
0 
u(M, t) = \o@) 5p RM: t—t) dt 
0 
This can be verified by direct substitution as in the previous case. 
It is thus sufficient, in this case, to find the solution R(M, r) for 


the problem with the very simple (stationary) inhomogeneity on 
the boundary condition Q(t) = 1. 


Example 8 Find the solution of the problem 
Digs u(x, 0) = 0, u(0, t) = 0, u(l, t) = Q(t) 


To begin with, we find the solution R(x, t) of the problem for 
Q(t) = 1. The function R(x, t) will be sought in the form of the 
sum R =v(x)-:-P(x, t), in which v(x) describes the steady-state 
conditions and P(x, t) the departure from the steady state. For 
the function v(x) the problem can be formulated as follows: 


ee tn v(0) = 0, vf) = 1 


The solution will be the function x//. For P(x, t) the problem can 
be formulated as follows: 

@Pi,=P,, P(x,0)=— + P(0, t) = Pl, t) =0 
Solving this problem by the method of the separation of variables 
(see Example 1), we find that 


nD 
22 
. on xn 
P(x, t= C,, e774n? sin 7% a Te 
n=] 


The coefficients C, can be determined from the initial condition: 


x . an 
i D Cosine 
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and are given by 2 (—-1)" 
C aaa 


Therefore, 





x 2 - —1 4 ~—a2 . wn 
RO ty = eee 2 e ‘=! sin 
n=1 


Consequently, the solution of the original problem will be 
0 
u(x, 1) =) 2 [RCe, 2) n(t—2)] de 


0 
or 


u(x, ft) = lomo Re, t—tr)dt+ (oc) R(x, t—1)6(t—t) dr 
0 8 


t 
= lows R(x, t—1) drt+Q(t) R(x, 0) 

0 
The function R(x, 0) is zero at all internal points within the range 
[0,7] and for x = 0, while for x = / we have R(x, 0) = I. 

If it is required to solve the problem 

Miz, =, ulx,0)=0, 40,N=O2(1), ult) = Q2(1) 
the solution can be sought in the form of the sum u = v+w, where 
forv and w we have the following two problems: 
v. VU, =U, u(x, 0) =0, v0, ‘h= 2,(¢), u(, th=0 
w: QW, = UW, w(x, 0) =0, w(0, th)=0, w(/, t) = Q,(t) 
Each of these problems can be solved by Duhamel’s method, 
as shown in the above example. This method can also be used 


for the solution of boundary-value problems on a semi-infinite 
straight line. 


4.44 UNIQUENESS OF THE SOLUTIONS OF 
BOUNDARY-VALUE PROBLEMS 


4.4.1 The uniqueness problem can be resolved as follows. If there 
are two continuous solutions of the problem (1)-(3) in a closed 


domain B= {MeD,t >0}, their difference 
u(M, t) = u,(M, t)—u,(M, fr) 
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is the solution of the homogeneous boundary-value problem 
Llu} = pr% (or pr,) 
v(M, 0) = v,(M, 0) = 0 


ford) 
(» 2 90) = 0 


In the class of functions 4 this problem has the unique solution 
v = 0. Consequently, uw, = u,. The conclusion that the solution 
of the homogeneous boundary-value problem for a function belong- 
ing to A was based on the validity of the expansion theorem. 
However, the requirement that the expansion theorem is valid is 
not necessary for the uniqueness of the solution of boundary- 
value problems. 

In the examples given below we shall prove the uniqueness of 
the solutions of boundary-value problems without referring to 
the expansion theorem. 


Theorem The solution of the boundary-value problem 


Shuler, ) = pun 
u(x, 0) = p(x), u,(x, 0) —= 91 (x) 


%,u,(0, t)—p, u(0, t) = ri(t), Of, Ux(I, t)+p,ud, t) — r,(t) 


where «;, 6; >0(i= 1, 2), k(x) > 0, p(x) > 0, which is continuous 
in a closed domain {0 <x </; t > 0}, is unique. 


Proof Let w(x, t) and u(x, t) be two solutions of this problem. 
The function v = u,—u, is the solution of the homogeneous 
problem 


a) 
Ox (kvx) = pur (65) 
a(x, 0) = 0; v,(x, 0) = 0, Om xl (66) 
a,0,(0,1)—B,v0,t)=0, = 0,0, 1) + B.v(/,t) = 0 (67) 


and is continuous in the domain {0 <x </, t >0}. We shall 
show that w(x, t) = 0. Consider the auxiliary function 


uy 


EO) = 5 \ K@eR(x, 0+ p@)o%(x, Olax (68) 
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It can readily be shown that E(t) is equal to the energy of vibra- 
tions described by the equation (0/dx)(kv,) =pv, for points 
within [0,/] and is therefore called the energy integral. We shall 
show that E(t) = 0. Consider the integral 


t 


E() =\ (koe t 90,04) dx 
0 


Integrating the first term by parts, we have 


t 
E'(t)=kv mA —(p, E (kv,) —pr} ax 
0 


Since the function w(x, t) satisfies Equation (65), the integrand 
is zero and, therefore, 


EX(t) = kv,v, = kD, tha, (1, )}—-k(0) 0200, 1)v,(0, 1) (69) 


If we are dealing with the first boundary-value problem, then 
v,(0, t) =v,(/, t) = 0 and, consequently, E’(t) = 0. If, on the other 
hand, we are dealing with the second boundary-value problem, 
then v,(/, ft) = v,(0, 1) = 0 and, consequently, E’(t) = 0. In such 
cases, E(t) = const = E(0). 

Using Equation (68) and the initial conditions (66), we find 
that E(0) = 0. Therefore, E(t) = 0 for both the first and the second 
boundary-value problems. 

In the case of the third boundary-value problem we must pro- 
ceed as follows. From the boundary condition (67) we find that 


B 


v,(0,t) = rea t),  2;(/, n= — Pov, t) 


and if we substitute these values into (69), we obtain 


E(t) = — Bret, tv, (1, no k(0)v(0, t)v,(0, t) 
It is evident that this expression can also be written in the form 
, fe 2 By Py 4 
E'(t)= = Oe (/, ee rR awe (0, t) 
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Integrating this relationship between 0 and f, we find that 


E(t)—E(0) = — EkORU, 1)—v*(/, 0)] 


— FL k(O)[e*O, 1), 0) 
Since E(O) = 0, v(/, 0) = v(0, 0) = 0, it follows that 
E(t) = ~ FE kOe*G, )-FLkOrO, t) <0 


However, it follows directly from the definition of E(t) that E(t) > 0. 
Consequently, E(t) = 0. Therefore, E(t) =0 for any solution 
of the problem defined by (65)-(67), 1.e. 


t 
| Keoz+perjdx = 0 
0 


Hence, it follows that 
k(x) v(x, t)+p(x)v7 (x, t) = 0 
[kK(x) >0 and p(x) >0, v,(x,t)=0 and a,(x,t)=0 


Consequently, v(x, t) = const. Since v(x, ft) is continuous in a closed 
domain, we have 


v(x, t) = v(x, 0) = 0 
which was to be proved. 


Remark The requirement that the solution should be continuous 
in a closed domain is important since otherwise the solution would 
not be unique. In point of fact, if we add a function u(x, t) to the 
solution of, say, the first boundary-value problem, which is equal 
to a constant C inside the domain {0 < x </, t > 0} and is zero 
on its boundary, we obtain a solution of this boundary-value 
problem for any value of C. 


4.4.2 Consider now the parabolic equation 
0 
Dx [etal = fits (70) 


The proof of the uniqueness of the solutions of boundary-value 
problems for parabolic equations is based on quite different ideas, 
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as we shall see below. To begin with, let us establish the fol- 
lowing theorem. 


Theorem Any solution u(x, t) of Equation (70) which is continu- 


ous in the closed domain D = {0 <x <],0<t<T} assumes 
its maximum and minimum values either on the lower boundary 


of the domain D (for t = 0) or on end boundaries (x = 0, x = l). 


Proof If u(x, t) = const, the validity of the theorem is obvious. 
Therefore, let us suppose that w(x, t) € const. To be specific, we 
shall prove the theorem for the maximum value. The proof for 
the minimum value follows the same course, except that u(x, fr) 
is replaced by —u(x, f). 

Let Mp be the maximum value of u(x, t) on the boundary 
t=0, x =0, x =/, and My be the maximum value u(x, f) in D. 
It is required to show that M, = Mp. Let us suppose that Mp > Mp. 
Consider the auxiliary function 


v(x, t) = u(x, t)+a(T—2) 


where a > 0 and a < (Mp—M,)/2T. The function w(x, t) is con- 
tinuous in D and, consequently, it reaches its maximum value in 
D atsome point (x;, ). It is evident that v(x,, t;) > Mp since 
v(x, t) > u(x, t) in D. 

The point (x,,7,) cannot lie on any of the three boundaries 
t=0,x = 0, x = /. In fact, 





|0(x, 0) < luCe, Otel < Mrt > (Mp—Mr) < Mp 
|v, 2), < [(0, t)|+a(T--t) <Mr+ > > (Mp— Mr) < Mp 


|v(/, t)| < Ju, 2)|+a(T—t) < Myt 5 (Mp—Mr) < Mp 


whereas v(x, ¢,;) = Mp. 

Therefore, the point (x,,¢;) belongs to the domain D= 
{0<x<l, 0<+t<T} and therefore the function u(x, t) should 
satisfy Equation (70) in this domain. However, 


U(X ’ ty) = Vy(Xy > ty) = 0, Uxx(Xy ) ty) == Uxx(X] 5) ty) <0 
(1,4) = U,(%1, 4)+a > 0, (or v,(X1, 1) 2 9) 
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and, consequently, u(x,t) does not satisfy Equation (70) at the 
point (x,, ¢,). This contradiction means that the original hypothesis 
must be incorrect and, therefore, Mp = Mr. 


This theorem is an expression of the obvious fact that heat 
(or diffusing matter) is transmitted only from points at the higher 
temperature (concentration) to points at lower temperature. Once 
the initial temperature (concentration) is specified on the boundary 
t= 0 of D,, this process begins from t = 0 onwards. It is evident 
that the temperature at internal points cannot become higher 
than the temperature at t= 0. The same applies when the tem- 
perature is prescribed at x = 0 or x = 1. 


Corollary 1 (Uniqueness of the solution of the first boundary- 
value problem). The solution of the first boundary-value problem 


(kus) +flo 1) = pis (71) 


u(0, t) = y(t), u(l, t) = H(t), u(x, 0) — p(x) 
which is continuous in the domain D,), D) = {0 <x <1, t >0} 
is unique. 
Suppose that u,; and u, are two solutions of this problem. The 
difference u = u,—u, is the solution of Equation (70) satisfying 
the following boundary and initial conditions 


u(0, t) = u(/, t) = 0, u(x, 0) =0 


This solution is continuous in any domain D= {0<x <i, 
0<t<T}, and therefore assumes maximum and minimum 
values on the boundaries of the domain (¢=0, x =0, x=/). 
It is evident that these values are equal to zero. Consequently, 


u(x, t) = 0 in D, which was to be proved. 


Corollary 2 If the solutions u,(x, t) and u,(x, t) of Equation (71) 
are continuous in the domain D, and on the boundaries of the 
domain (t = 0, x = 0, x =/) satisfy the inequality u,(x, t) <1,(x, £), 
then the following inequality is satisfied throughout D: 
u(x,t) < up(x, ft) 
In fact, the function u(x, 1) = uwz—m is a solution of (70); it is 


continuous in D and is positive on the boundaries t= 0, x = 0, 
x = 71, Consequently, the maximum and minimum values of 1(x, t) 


are positive. It follows that u(x, t) = u,—u, >0 throughout D, 
which was to be proved. 
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Corollary 3 (Continuity of the dependence of the solution of 
the first boundary-value problem on the boundary and _ initial 
values.) If in the boundary-value problems 


(ku) +f (x, 1) = pry 


u(0, t) = 4,(t), u(l, t) = p(t), u(x, 0) = p(x) 
and 


re = 
(kil) -+f (x,t) = pit 


uO, t) = 14(t), u(l, t) aa }o(t), u(x, 0) = P(x) 
the functions 4, 42, Hy, Ho, Y, @ Satisfy the inequalities 


|m()—-m(t)| <e, | w2(t)—pA(t) |< 


for all values ¢ > 0, and 


| p(x)—G(X) | <e 


at all points within the range 0 < x </, then for solutions u(x, f) 


and u(x,t) which are continuous in D, we have the following 
inequality everywhere in D 


| u(x, t)—u(x, t)| <e 


This follows directly from Corollary 2. 


PROBLEMS 


1. Determine the vibrations of a string 0 < x </ with rigidly 
fixed ends if, up to time ¢t = 0, the string was in equilibrium under 
the action of a transverse force fy = const, applied at x = xX 
at right angles to the undisturbed position of the string, and at 
t = 0 the force Fy is instantaneously removed. 


2. Determine the vibrations of a string with rigidly fixed ends 
under the action of an impulse P, applied to the string at time 
t = O at the point x = Xp. 

3. A rod with one end (x = 0) rigidly fixed is in equilibrium 
under the action of a longitudinal force Fy = const applied at 
the end x = /, At time t = 0 the force Fp is instantaneously removed. 
Determine the subsequent vibrations of the rod. 
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4. One end of a rod (x = /) is fixed elastically and the other 
(x = 0) is given a longitudinal impulse P at the initial time ¢t = 0. 
Determine the subsequent vibrations of the rod. 

5. Determine the temperature of a sphere or radius R whose 
surface loses heat in accordance with Newton’s law by convective 
heat transfer to the surrounding medium maintained at zero tem- 
perature. The initial temperature of the sphere is /(r). 


6. Investigate the cooling of a spherical shell Rj <r< R, 
which loses heat from its two surfaces in accordance with Newton’s 
law to an ambient medium at zero temperature. The initial tem- 
perature is u(r, 0) = f(r), Ri <r < R,. 

7. A closed spherical container of 0 <r<R contains dif- 
fusing material whose particles multiply at a rate proportional 
to the concentration. Determine the dimensions of the container 
(critical size) for which the process will diverge if (a) zero concen- 
tration is maintained at the surface of the container, (b) the wall 
of the container is impenetrable and (c) the wall is semipermeable. 


8. Find the eigenvalues and eigenfunctions of a rectangular 
membrane with boundary conditions of types I, II and III. Show 
that in the case of a square there are two eigenfunctions to each 
eigenvalue. 


9. Determine the eigenvalues and eigenfunctions of a rectangular 
parallelipiped for boundary conditions of types J, II and III. 


10. Determine the natural frequencies of acoustic resonators 
in the form of (a) a rectangular parallelipiped and (b) a sphere. 


11. Solve Problem 1 of Chapter 2. 


12. Determine the longitudinal vibrations of a rod 0 <x <1, 
one end of which is rigidly fixed and a force Fo = const is applied 
to the other at time t = 0. 


13. Determine the temperature distribution in a rod0 <x </, 
whose ends are maintained at a constant temperature (u, and u,) 
and whose surface loses heat, in accordance with Newton’s law, to 
the ambient medium maintained at a temperature u, = const. The 
initial temperature can be assumed to be arbitrary. 


14. Determine the temperature distribution ina rod O <x </ 
whose ends and surface lose heat in accordance with Newton’s 
law to ambient media at constant temperature. The initial tem- 
perature is arbitrary. 

15. The pressure and temperature of air ina cylinderO <x </ 
are kept at standard values. One end of the cylinder is open at 
time t = 0 and the other is kept closed. The concentration of 
a particular gas in the atmosphere is um = const. At time t = 0 
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the gas diffuses into the cylinder through the open end. Find the 
amount of gas Q(t) which diffuses into the cylinder if the initial 
concentration in the cylinder is zero. 


16. Solve Problem 15 by assuming that the diffusing gas propa- 
gates at a velocity proportional to its concentration. 


17. Determine the electric field in a conductor 0 <x </ with 
negligible leakage and self-inductance, one end of which is insulated 
and a constant e.m.f. Ey is applied to the other. The initial potential 
1S Y = const and the initial current is zero. 


18. Determine the electric field in a conductor with negligible 
leakage and:self-inductance if one end of it, x = /, is earthed and 
an e.m.f. Ey is applied to the other through a lumped resistance Rp. 
Assume that the initial current and potential are both zero. 


19. A conducting layer 0 << x </ is initially free of electro- 
magnetic fields. At time t = 0 a magnetic field Hy, which is parallel 
to the layer, is applied to it. Determine the magnetic field in the 
layer for t > 0. 


20. Determine the temperature of a rod 0 <x </ with ther- 
mally insulated surface if its initial temperature is zero, one end 
is maintained at zero temperature and the other is thermally insu- 
lated, given that a source of constant strength Q is applied at time 
t = 0 at the point x), where 0 < X% < 1. 


21. Determine the temperature of a uniform plate of zero 
initial temperature if a heat flux of constant density g is applied 
to it through the plate x = 0 beginning with ¢t = 0, and the face 
x = / is maintained at a temperature up = const. 


22. A constant current producing heat of density Q = const 
is passed through a conductor in the form of a flat plate of thickness 
/ beginning with time ¢t = 0. Determine the temperature of the plate 
for t > 0 if the faces of the plate lose heat in accordance with New- 
ton’s law to the surrounding medium. The temperature of the 
medium is tf = const and the initial temperature of the plate is zero. 


23. The initial temperature of a sphere 0 <r < Ris u% = const 
and its surface loses heat in accordance with Newton’s law to the 
surrounding medium maintained at a temperature wu, = const. 
Determine the temperature of the sphere for t > 0. 


24. A heat flux Q (per unit time) enters a beam of semicircular 
cross-section through its flat surface and leaves through the remain- 
der of the surface. Find the steady-state distribution of temperature 
over the cross-section of the beam, assuming that the heat fluxes 
entering and leaving are distributed with constant densities. 
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25. The pointer of an instrument is attached to the end of a rod 
of length /, fixed at x = 0. Determine the torsional vibrations of the 
rod if at the initial time t = 0 the pointer was deflected through an 
angle « and then released with zero initial velocity. The moment of 
inertia of the pointer with respect to the axis of rotation is Jp. 


26. A string, O <x </, with rigidly fixed ends, is subjected at 
time t = 0 to a continuously distributed force of linear density (a) 
@ = Psinot, (b) = B® cos wt, where = const. Determine 
the vibrations of the string in each case. 


27. Determine the vibrations of a string 0 < x </ with rigidly 
fixed ends subjected to a force F = Fosinwt (and Focos wf) applied 
at the point x = O at time ¢ = 0 in the absence of resonance. 


28. Determine the temperature of a rod 0<x </ with its 
surface thermally insulated if at time ¢ = 0 heat sources of density 
@(t)sin(/)x appear in the rod. The initial temperature is zero and 
the ends are maintained at zero temperature. 


29. A heat source moves with velocity v) = const along a rod 
0 <x </ whose surface loses heat to the surrounding medium 
in accordance with Newton’s law. The temperature of this medium 
is zero and the amount of heat received by the rod from the source 
per unit time is g = Ae~™, where fA is the heat-transfer coefficient 
in the heat-transfer equation for the rod u, = a’u,,—hu. Determine 
the temperature of the rod if its initial temperature is zero and the 
ends are maintained at zero temperature. 


30. Determine the longitudinal vibrations of a rod O<x </ 
if the end x = 0 is rigidly fixed and a force F= A sinwt (and A 
coswt) is applied to the other end (x = /) at time t = 0, where 
A = const. 

31. Determine the temperature distributioninasphereO <r<R 
if its initial temperature is % = const and, beginning with ¢t = 0, 
a constant heat flux of density g = const enters the sphere through 
the surface. 


32. A rod 0 <x </ with thermally insulated lateral surface 
and constant cross-section consists of two homogeneous rods 
0< x <X%,X% <x </ with different physical properties. Deter- 
mine the temperature distribution in the rod if the initial temperature 
is f(x) and the ends are maintained at zero temperature. 


33. Determine the temperature distribution in a homogeneous 
rod with its surface thermally insulated containing a thermal capacity 
Cy at the point x,. The initial temperature is arbitrary and the ends 
are maintained at zero temperature. 
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34. Determine the potential distribution in a conductor with 
negligible self-inductance and leakage if one end of it (x = J) is 
earthed through a lumped capacitance C, and a constant e.m.f. E 
is applied to the other (x = 0). The initial potential and current 
are Zero. 

35. Find the solution of the first internal boundary-value prob- 
lem in a circle of radius R for the Laplace equation subject to the 
boundary conditions: 

(a) u(R, p) = Acosy, (b)u(R, y) = A+Bsing, (c) ular = Axy, 
(d) u(R, ~) = Asin?9+Bcos’ 9g. 

36. Solve the second internal boundary-value problem in a circle 
of radius R for the Laplace equation with boundary conditions: 
Ou Ou 


= eee —!' = 4 2342 
n lo A, (b) on if Ax, (c) On lc (x J )s 





@ ee = Asing+Bsin*y. Which of these problems is correctly 
Nic 


formulated? 


37. Solve the first internal boundary-value problem in a ring 
R, <r< _R, for the Laplace equation subject to boundary condi- 
tions ul,2r, = “1, Ul,-R, = M. Use the solution of the problem to 
determine the capacitance of a cylindrical capacitor per unit length. 

38. Determine the capacitance of a spherical capacitor filled 
with a dielectric of permittivity 

e=eé, fora<r<cande=e, forc<r<b. 

39. Determine the electrostatic potential in a sphere of radius 
R, which is first charged to a potential uy) and then placed in an 
infinite medium of permittivity e=e, for R<r<c and e¢=e, 
forr > c. Consider the special cases c = 00, €2 = © ande, = & =e, 

40. Find the solution of the internal boundary-value problems 
inaring R, <r< R, for the equation V2u = A subject to the boun- 
dary conditions (a) ul,-rR = uy, Wlpar, =, (6) Mor, =, 
Ou | 
On |r=R, 

41. Find the solution of the boundary-value problem V*1 = 1, 
ul---R, = 9, ul-ar, = 0ina spherical layer R} <r < R). 

42, Determine the potential distribution (x, y) inside a box of 
rectangular cross-section —a << x <a, —b < y < bif two opposite 
faces of the box (x = +a) are at a potential Vo and the others are 
earthed. 


= Up. 
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The Method of Green’s Functions 
for Parabolic Equations 


In Chapter 4 we considered solutions of boundary-value problems 
for parabolic equations. In this chapter we shall discuss Cauchy’s 
problem for the simplest parabolic equations for which the method 
of characteristics will no longer be suitable. 


5.1 UNIQUENESS OF SOLUTIONS FOR PROPAGATION OF 
HEAT ALONG AN INFINITE STRAIGHT LINE 


Uniqueness theorem The solution of Cauchy’s problem 
Bilt (x; t) = U, (1) 
u(x, 0) = (x) (2) 


which is continuous and bounded in the closed domain D, = {— 00 
< x+00, t > 0} is unique. 


Proof Let u,(x, t) and u,(x, t) be two solutions of the problem. 
By hypothesis, there exists a number M such that |u,| <M and 
|uz| < M throughout D,. Consider the function w(x, ¢) 
= u,(x, t)—u,(x, t) which is the solution of the problem 


DV x5 =U, (3) 
v(x, 0)=0 (4) 
and is continuous in D,, where |v(x,t)|<2M throughout D,. 
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Consider the domain D, = {|x| <6,t>0} and the auxiliary 
function 
4M | x? 
w(x, ft) =—,-|~ +t 
It is evident that w(x, t) is a solution of (3) which is continuous in 


the domain D,. Moreover, on the boundaries of D, we have 
lu(x, t)| < w(x, t). In fact, 


lv(x, 0)| =0 <w(x, 0) = oe 


4M 4M 
ju(t+ b,t)| < 2M <w(+ b,?t) = ae (ee +a*t i) = 2M+ pert 
Therefore, Corollary 2 (Section 4.3) applies to the functions 
v(x, t) and w(x, t)in the domain D,. Accordingly, |v (x, t)| < w(x, t) 
throughout D,. Consider now an arbitrary point (x1, t;) of D,. For 
any sufficiently large 5 this point will belong to D,. Consequently, 
4M [x4 
u(x, 4) < AM (si +a*t, 


If we take an arbitrary « > 0 and sufficiently large b, we shall have 


v(x, ty)! < 4M (xt +a] <e 


Consequently, v(x,, t,) = 0. Since the point (x, ¢;) 1s arbitrary, we 
have v(x, t) = 0, ie. uw. = u, throughout D,. 


5.2. THE FUNDAMENTAL SOLUTION (GREEN’S FUNCTION) 
ON A STRAIGHT LINE 


5.2.1 Definition The fundamental solution G(x—Np,t) of the 
simplest equation of heat transfer along an infinite straight line is 
defined as that solution of Cauchy’s problem 


isa Pea (5) 
u(x, 0) = 6(x—X9) (6) 


which is continuous throughout D, except for the point (Xp, 0). 
The fundamental solution is frequently also referred to as Green's 
function. 
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Let us derive this function. Consider, to begin with, the following 
special Cauchy problem 


Pu, = tt, (7) 


fO, x<0 


u(x, OS ON AN (8) 


x20 


We shall seek a solution of this problem among functions of the 
form /(x/t*). Substituting the function u = f(x/t*) into (7), we 
obtain 

4 

{% 








ar at. OF 
via f (z) = — > Ff), for z= 


In order that this should be an identity in z, it is necessary that 
a = 1/2. The equation for f(z) is of the form 


P+ x “f'@) = =0 (9) 
From the initial conditions (8) for u(x, t) we have 


f(—o)=0, f(+o)=1 (10) 
This formulates the problem for f(z). 
Integrating Equation (9) we obtain 


2 


Inf(@)=—jattnc, for f'@)= ee 
and hence 
Zz z/2a 
fZ=C \ ee de aC \ e” dp 


This function satisfies the first condition in (10). From the second 
condition we obtain a relationship for C: 


|= 2ac \ e~" dy = 2aC yx 
from which C = 1/2aj/z. Therefore, the solution of the problem 
(7)-(9) is of the form 


u(x, t) =s| = —— : e-” dy 
) 
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It can also be written in the form 


or 





Zz 


fe \ e~”’ dy is the error function. 
Vx3 
If the condition given by (8) is written in the form 


where ®(z) = 


u(x, 0) = toy (x—X9) 
the solution of (7)-(8) will be the function 


ve, d=F[L+0( ] 








Vaatt 
If, on the other hand, u(x, 0) = w[y(x—x,)—n(x—x2)], 
1) = [ o(=1)_ 922 
u(x,t) = > jo a o| Ae 1 (11) 


Suppose now that an amount of heat Q is liberated uniformly 
in the segment [x,, x2] at the initial time t = 0. This is equivalent 
to specifying an initial temperature 


Q 
cp (X2—™1) 
In view of (11), the corresponding solution of Cauchy’s problem is 
a ciara -0( | 
) 4a°2 V 4a’t 


X2—-AXy 


u(x, 0) = 





[In (X— 21) —-(X—X2)] 





(12) 





u(x,t) = = 


If we now allow the segment [x,, x,] to contract to a point Xo, 
keeping Q constant, the function (12) will tend to a limit given by 


= Orave 
eh AY uae Lee Dee 
cp oz \y/4at 


4a2¢ 





rex, €P Wana 
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Direct verification will show that the function 


1 _ &— Xo)? 


e 4a2s ad 2a) 





G(x—X, t a or 
a V 4x01 


satisfies Equation (5). Moreover, G(x—x, 0) = d(x—X), since 


by allowing f to tend to zero in the sequence {t,}, where ¢, = 1/4a’n, 
we obtain a sequence of values of the function G(x—Xo, t,) 


= y/n|x e—"@—*o) which defines the 6 function 6(x—x9) (see Appendix). 


The continuity of the function G(x—x , t) throughout D,, except 
for the point (Xp, 0), is self-evident. Therefore, G(x—Xp, t) is a solu- 
tion of the problem (5)-(6) and, consequently, is the required fun- 
damental solution. The function G(x—é, t) gives the temperature 
of an infinite straight line (for example an infinite thin rod) for 
t > 0, in which an amount of heat O = cp is instantaneously released 
at t=O at the point x = &. When QO # cp, the temperature is 
Q/cp[G(x—6, t)]. 


Remark If amounts of heat Q, and Q, are released instantaneously 
at €, and &, at the initial time, the temperature of the infinite straight 
line due to these sources will be 


Q: Q, 
mee Tae os ee t) 


5.2.2 Definition The fundamental solution of the simplest 
equation of heat transfer (Green’s function) on a semi-infinite 
straight line subject to the boundary condition u(0, t) = 0 [or u,(0,¢) 
= 0] is defined as that solution of the problem 


WUyx =u, 
u(x, 0) = 6(x—xX9)— 46 (x+-X0) 
[or, correspondingly, of the problem a*u,, = u,, u(x, 0) = 6(x—Xp) 
-+6(x-+.2x»)] which is continuous throughout the closed domain D, 
except at the points (—xo, 0) and (Xp, 0). 
Using the above remark, we find the solution to be 
G*(x, Xo, t) = G(x—Xo, t)—G(x+X, t) 
l _ &—x%0)? _ +0)? 4 
=2 wes e 4a2t —e 4a 
V 4xa*t 
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or, correspondingly, 
G** (x, Xo> t) oF G(x—X, I)+G(X+ 0, r) 
l _ (e-x0)? _ (#0)? 
—- —_———-le 4a2t Le 4a2zt 
= >= =I 
V/4n0"¢ 








5.33. PROPAGATION OF HEAT ALONG AN _ INFINITE 
STRAIGHT LINE 


5.3.1 We are now in a position to formulate the solution of 
Cauchy’s problem. Consider, to begin with, the homogeneous 
equation 


2 u,. = Us (13) 
u(x, 0) = p(x) (14) 


We shall use the temperature interpretation of the problem. 

Consider an element of length dé containing the point x = ¢ 
on the line tf = 0. The amount of heat liberated at time ¢ = 0 in this 
element is cpg(&)dé. This amount of heat can be referred to the 
point €. We thus have a point source which liberates the amount of 
heat dQ = cpy(é)dé at time ¢ = 0 at the point x = £. The tempera- 
ture distribution along the infinite straight line for t > 0, which 
results from this source, is 


d : 
proms t) = p(6)G(x—€, tds 


This also applies to any other element of length d& along the line 
t = 0. In view of the remark in Section 5.2, it is natural to suppose 
that the temperature due to the action of all such elements, i.e. the 
temperature due to the initial temperature distribution u(x, 0) = (x) 
is given by 


fee) 


u(x, = ) p@G@-s, dé (15) 


—A 


If this is correct, the function given by (15) will, in fact, be the solu- 
tion of Cauchy’s problem (13)-(14)..To verify this statement, it is 
sufficient to show that this function satisfies Equation (13) for all x 
in the range — 0c <x < oo and ¢ >0 and the initial condition 
given by (14). 
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To begin with, let us verify the condition given by (14). According 
to (15) and in view of the fact that G(x—é, 0) = 6(v—§), we have 


fo a) @ 


u(x, 0)= | ¢@E—g,0 ds = J pOse—sadé = 0) 
The last integral is equal to ¢(x) from the fundamental property 
of the 6-function. It follows that the function (15) does, in fact, 
satisfy the condition given by (14). 

To establish that the function (15) is a solution of (13), it is 
sufficient to show that this function can be differentiated with res- 
pect to x (twice), and with respect to , under the integration sign. 
In fact, if 


sx = ) p()Grx(x—§ dé and u = J p)GAx—-§, N48 
then 
@uzz—u, = \ ¢(8){a’Grx—G,} dé = 0 


since the function G(x—é, f) is a solution of (13). 
It is clearly sufficient to show that the integral (15) converges, 
whereas the integrals 


| G48, | e@G.dé and | y@OGeedé (15a) 


converge uniformly in D, = {— 0 <x < 0,t >¢} for arbitrary 
e > 0. 

We shall suppose that ¢(x) is bounded, i.e. |p(x)| <M. 

Let us substitute « = (—x)/)/4a’t in the integral (15). We then 
have (see Equation (12a)) 


u(x,t) = oe \ ¢(x+2aa Vt) e~? da 
Va 2. 


1 ¢ 2S 
ju(x,t)| < Vn \ lo(x+-2act y/t \le~?? dex 
M iv a) 
= cael ea 
qe \ e* da = M (16) 
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Therefore, the integral given by (15) does, in fact, converge (more- 
over, it converges uniformly) in the domain D, and |u| < M. If we 
assume, in addition, that g(x) is continuous throughout, jt will 
follow that the function (15) is continuous in the closed domain D,. 
(This involves the additional assumption that the function ¢(x) 
is bounded. If g(x) is piecewise-continuous, the function (15) is 
continuous throughout D, except for the points on t = 0 at which 
y’ (x) is discontinuous.) 


Remark It follows from (16) that if the initial values ¢,(x) and 
y2(x) differ by less than e, i.e. |~\(x)—¢2(x)| < e« for all x, then the 
corresponding solutions of Cauchy’s problem, u,(x, ¢) and u(x, ¢), 
will also differ from each other by less than ¢, i.e. 


luy(x, t)—u2(x, t)| <e 


It follows that the solution of Cauchy’s problem depends continu- 
ously on the initial values. 
Consider now the first of the integrals in (15a) 





fea) fe a) < 
| v(t)G,dé= — \ PO Ges, nds 
[o) £2 
+ | Me G8, Nae 


The substitution « = (¢—wx)/y4a’t will reduce the first integral to 


ise) 1 _ 
——9(x+2any/t en"? d 
Vaart any t je OL 


This integral converges uniformly in the domain D, for arbitrary 


e > 0, since the function (M /2y/xe)e-* majorises the integrand and 
the integral of the former converges. The second integral in (15a) 





00 2 o 
can be reduced to \ = o(x+2aay/t)e-@* da by the same substitu- 
sae Vet 


tion. This integral converges uniformly in the domain D, for arbi- 
trary « >0O since, in this domain, the function (M Jey/2)o?e-® 
majorises the integrand and the integral of the former converges. 
The third integral in (15a) can be treated in a similar way. We have 
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thus shown that (15) does, in fact, give the solution of Cauchy’s 
problem (13)-(14). 

The solutions of the following problems can be obtained in 
a similar way: 


1. City =U, Uulx,0)=e9(x%) (O<x<o), u0,1)=0 
u(x,t) =) pG*(x, 85 1) dé (17) 

0 
2. tl. = Ue, u(x, 0) = 0 (0 <x <x), u,(0, t) = 0 


u(x,t) =) G**(x, & Dp(dé (18) 
0 


The proof that the functions given by (17) and (18) are solutions 
of Problems | and 2 is quite similar to the proof given above. 


Remark 1 It follows from (15) that the heat propagates along the 
rod instantaneously. In fact, suppose that the initial temperature 
g(x) is positive over a finite segment (x,, x2) of an infinite rod and 
is zero outside the segment. The temperature at an arbitrary point x 
is then given by 


x2 


u(x,t) = J p()G(x—&, 1) dé 


X) ¢ 


It is evident that this function is positive for any x and any small 
t > 0. We have reached this conclusion because the physical assump- 
tions which we have used in the formulation of Cauchy’s problem 
were not strictly accurate [for example in writing Equation (13)]. 


Remark 2. Formula (15) can be regarded as the convolution (see 
Appendix) of the fundamental solution 


with the initial function g(x), i.e. 
u(x, t) = G(x, t) * (x) 


If the initial function y(x) in this formula is taken to be an arbitrary 
finite generalised function, then u(x, t) will also be a solution of 
Cauchy’s problem. 
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5.3.2. Consider a number of examples. 


Example 1 Solve the Cauchy problem 
Ww, x<O0 


2 — es ——— 
ti, = Ue; u(x, 0) = p(x) =o 


In accordance with (15) 


u(x,t) = } 9(8)Ge—§, 1) dé 
0 (oe) 
=u | G(x, t)dé+m | Gx—é, dé 


—o 0 


Substituting a = (x—£)/)/4a’t we obtain 

















V dais co 
u(x, t) =— aa \ en? da— \ e~? da 
Vn § Vn ¢ 
Y 42 
a 
oO yy 4a%t 0 =x 
u u 
=-se()+ | )-ge(S +4) 
V oO 0 Vx im x 0 
V/ 4a2t 
U--ilg | Uyg—1y x 
AS a 4- @ —— 
2 2 ( \/4a°r 
Example 2 Solve the Cauchy problem 
Gt, =,  u(x,0)= Ae 


From (15) we have 


u(x,t)= A \ e-PG(x—£, 1) dé 
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Substituting « = (—x)/]/4a’t, we obtain 


u(x, t) = e \ en +2a0I/t 2 g~a2 dy 
) 


—ao 





fee) 


= \ e—4xaxy/t —(4a2r + 1)a2 da 





— 0 





4x2a2t 2axyt 
Ae 1+4a% \V/i4-4a2 
= re e Wit 


V 7 —@ 


If we now substitute 2axy/t/V1+4a?t + Vl+4at +4@0t a= pa in the 
last integral, we obtain 


2 
4+y¥1+4a% | 
da 





—x2 0 —x2 


A ir4a% 
unxn,f)=-~ e SS | e-Fa => SF 
re \/x V1+4a2 9 : V1+4a"t 


5.3.3 Consider now the inhomogeneous equation. The solution 
of Cauchy’s problem 
Cu. tf(x, th = uy (19) 
u(x, 0) = v(x) (20) 
will be sought in the form of the sum 
u(x, t) = v(x, t)+w(x, t) 


where the functions v and w are the solutions of the following 
problems: 


U. BU xx =, ux, 0) To p(x) 
w: AW, +f(x, t) = &, (19) 
w(x,0)=0 (21) 


The function v(x, t) is given by (15). 

To obtain the solution of the problem defined by (19), (21), we 
shall use again the temperature interpretation of Equation (19). 
In this equation cp/(x, t) is the density of heat sources per unit 
time. Consequently, the element of length dé containing the point & 
will liberate the amount of heat dQ = cpf (é, t)dé dt in the time 
interval (zt, t+-dr). If this amount of heat is considered to be released 
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at the point € instantaneously at time t, the temperature due to 
this source is 


“2 pe &,t—t) = f(, 1) G(x—é, t—t) dé dr 


In view of the remark in Section 5.2, it is natural to suppose that 
the temperature distribution due to all such sources distributed 
along the line in the time interval between 0 and ¢ will be given by 


t © 
w(x,t)=\ | fe, 1)G(x—, 1-1) dé de (22) 
0-—a 

This formula is, in fact, the solution of the problem (19), (21). The 
condition given by (21) will, of course, be satisfied. To verify that 
the function given by (22) does, in fact, satisfy Equation (19) can 
be confirmed by analogy with the analysis given in connection with 
Equation (15). 

If the heat source acts only at the point é), but is a function of 
time, the function f(x, ¢) in (19) is of the form 


f(x, t) = f(D 4(x—4)) 
The solution of the problem (19), (21) is then of the form 


w(x,t)= 


er 


J d(E—&) f(D) G(x—&, t—1) dé dr 


= \f()G(x—£o, t—t) dr 


Ou me OO 


where we have used the properties of the 6-function. 


Remark 3 The solution of Cauchy’s problem for the inhomoge- 
neous equation which is initially zero, 


uy, +f(x,t) = u,, u(x,0)=0 
can also be written as the convolution (two variables!) of G(x, ¢) 


with f(x, ¢): 


u(x, 1) = G(x, 1)* f(x, =) | G—é, ra f(E, 1) dé de 
o- 


— oO 
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Remark 4 The solution of the problem (19), (21) on the semi-infi- 


nite line with the boundary condition w(0, ¢) = 0 [or w,(0, t) = 0] 
can be obtained in a similar way and is given by 


w(x.t) =) \ sE, DG*(x, &, 1) dé de 
00 


ta 


(or w =) \ fG**dé dz). 


00 


5.4 PROPAGATION OF HEAT IN THREE-DIMENSIONAL 
(TWO-DIMENSIONAL) SPACE 


Consider now the Cauchy problem for the equation of heat conduc- 
tion in two- and three-dimensional space. To begin with, consider 
the homogeneous equation 


Vu = 4, (23) 


Definition The fundamental solution G(M, Mp, t) of (23) is defined 
to be the solution which 


1. satisfies the initial condition 
u(M, 0) = 6(M, Mo) (24) 
and 


2. is continuous throughout the closed domain D; = {—0 
<x, y,zZ< 0,t >O}, except for the point (Xo, Yo, Zo, 0). x, ¥,Z 
and Xo, y, 2) are the coordinates of M and Mo, respectively, and 
5(M, M,) is the d-function with the singularity at the point M). To 
determine G(M, Mo, ¢) let us establish the following lemma. 


Lemma Vf in the Cauchy problem 
aVu=u,,  u(M,0) = ¢(M) 
the initial function g(M) is 


P(M) = 91(x) p2(y) paz) 
the solution of the problem will be the function 
u(M, t) = u(x, tury, t)u3(z, t) 


where u(x, t), u(y, t), u3(z, t) are the solutions of the corresponding 
one-dimensional problems: 


WU xy = Uy, u(x, 0) = gi(x) 
and so on. 
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Proof By hypothesis 
AV? (16; Uy) = Uy U3Q?Uy xy Uy Ug @Uzyy + Uy Uy @Usz 
S Uy U3U yy Uy Ugly, + Uy Up Uz, = (Uy UUs), 


and therefore u = u,u uy; satisfies the given equation and, clearly, 
the initial condition also. 


We note that 6(M, My) = 6(x—Xp) 6(v—9) 6(z—2Z). Applying 
the above lemma to the problem (23)-(24), we obtain the required 
fundamental solution 

G(M, M),; t) = G(x—Xp, NGV—yo, t)G (z—2Zp, t) 


Using the formulae for the one-dimensional fundamental solutions 
G(x—NXp, t), etc., we obtain 





3 (X= X0)?+(Y— Yo)? H(z — 20)? 
4a 

for the three-dimensional space, and 

_ (4=%0? +0 -YoP 


1 2 
G M, M »()=|—-—-] ¢ aate 
a) F al 


for the two-dimensional space. 

If an amount of heat equal to Q is liberated at the point My at 
the initial time ¢t = 0, the temperature at an arbitrary point M due 
to this source for t > 0 will be Q/cp[G(M, Mp, t)]. Using this fact, 
it is easy to construct the solution of the Cauchy problem for the 
homogeneous equation 

av? u= U;, u(x, JZ, 0) a g(x, J z) 


The solution will be the function 


Oo no © 


W5¥20=) | J eG 20607486068 dy dt (25) 


—- 30 —@® — oO 


The solution of the problem 
CV u--f(xX,y¥,2Z,0=%; u(v,y, 2,0) = 0 


will be the function 


oOo 
I | AMS NGO 2, 2 89, S34 dEdyde de 


f{ @ 
u(x, 7, 2,0) = J \ 
0--0c —w—o (26) 


120 


Green's Functions for Parabolic Equations 


The solution of the Cauchy problem for the inhomogeneous 
equation 


aVutf(M,th=u,, u(M,0)= 9(M) 
is equal to the sum of the functions (25) and (26). 
The proof of these statements is almost the same as for the one- 
dimensional case and will not be reproduced here. 
Remark 5 The solution of the Cauchy problem 
CV u = u,, u(M, 0) = (x, y, Z) 


can also be written in the form of the convolution (in three variables!) 
of the fundamental solution 








l 3 xt+y2+22 
—— e. 4art 
V4xat 


and the initial function o(x, y, z): 


G(x, y,Z,t) =( 


u(x, ¥,Z,t)= G(x, y, 2, t)* p(x, y, 2) 
=) 5) G8, yn, 2-0, DoE, 1, Dds dy de 


—@ 


We have illustrated the application of the method of source 
functions to the solution of problems in infinite space and half-space. 
It is also possible to use this method to solve boundary-value prob- 
lems in bounded (in the space variables) regions. For example, 
if we define the fundamental solution of the first boundary-value 
problem as the solution of the problem 


Uy = U, 
u(0,t)=0=u(/, t), u(x, 0) = 6(x—Xp) 


which is continuous throughout the domain D, ={0<x</t>0} 


except for the point (xo, 0) [we shall denote this solution by G(x, Xo, 
t)], the solution of the problem 


Cuz, = Uy 
u(0,t)=u(,t)=0, u(x,0)= p(x) 


can be written in the form 
I 


u(x, t)=\p@G(x, & nde 


0 
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We note that if we solve this problem by the method of separation 
of variables, we find that 


oO 


= 2X... 3n 2 RH. tant 
G(X,2);t) = oa sin pm sin 7 *osin a 


n=1 


The situation is quite similar for the second and third boundary- 
value problems. However, this method is not ideal for bounded 
regions and is not usually employed. 


PROBLEMS 


1. The initial current and voltage in a semi-infinite uniform con- 
ductor 0 <x <oo are both zero. The self-inductance per unit 
length of the conductor is negligible. A constant e.m.f. E> is applied 
to one end of the conductor at time t = 0. Determine the voltage 
in the conductor for rt > 0. 

2. Determine the temperature distribution in infinite space 
given that Q uniformly distributed units of heat were released instan- 
taneously at time tf = 0 on a spherical surface of radius rp. 

3. Find the concentration of diffusing matter in infinite space 
if the initial concentration of the material is u|,.9 = % = const 
forO0 <r< Rand u)j,.5 = 0 forr > R. 

4. Solve Problem 3 for the half-space z > 0 assuming that 
Z < R where (0,0, z)) are the coordinates of the centre of the 
sphere in which the initial concentration is uw. Consider the case 
where (a) the plane z = 0 is impermeable to the diffusing material 
and (b) zero concentration is maintained on the plane z = 0. 

5. Determine the temperature distribution in a semi-infinite rod 
0 <x < o with thermally insulated ends and lateral surface, due 
to heat sources of density Q(t) on the segment (a, b) (0 < a <b) 
beginning with time t = f. 

6. Use the source function found in Problem 2 to solve the 
boundary-value problem 


(rt Z| 49 =m; OF, £0 


ur, 0=p(r), lul<o, r= +y+2? 


7. Find the temperature distribution in infinite space using the 
fact that Q uniformly distributed units of heat are instantaneously 
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released at ¢ = 0 on each unit of length of an infinite cylindrical 
surface of radius ro. 


8. Use the source function found in Problem 7 to solve the 
following boundary-value problem: 


1 
@(uettu) tse. =m, O<r,t<a 


u(r, 0) = 9(r), jul << oo, r= x+y? 


9. Determine Green’s function for a point source on an infinite 
line for the equation 


7u,,—hu =u, 


6 


The Method of Green’s Functions 
for Elliptical Equations 


In this and in the following chapter we shall be concerned with 
the principal methods for the solution of boundary-value problems 
for elliptical equations of the form V7u = /(M), and with the unique- 
ness of these solutions. 


6.1 GREEN’S FORMULA. SIMPLEST PROPERTIES 
OF HARMONIC FUNCTIONS 


All the results which are derived in this chapter can be deduced 
from a small number of formulae and relationships. These will 
first be derived. 


6.1.1. Suppose that the functions u(M) and v(M) have the following 
properties: 

1. These functions and their first-order derivatives are continuous 
throughout a closed domain D, bounded by the surface S, except, 
possibly, for a finite number of points. 

2. The functions and their first-order derivatives are integrable 
in D. 

3. The functions have second-order partial derivatives which are 
integrable in D. 

Subject to these conditions, we have 


Rlu,v] = — | eL[ dt 
D 
Ou 
2 \ k(Vu-Vo)de + \ quv dr— \ ko de (1) 
D D 5 e 
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where L[u] = div(A Vu)—qu. Subtracting R[u,v] from R[v, uj, we 
obtain Green’s formula 


{oL[u]—uL[v]} dt = (ese or | do (2) 
S 


D 


For the one-dimensional case this assumes the form 


: ‘I 
\ {vL[u]—uL[v]} dx = (oS = 


dx" dx 
0 


(21) 


lo 


Corollary Suppose that L[u] = div(k Vu). If we set v = 1 for 
this operator in (2) and take u(M) to be the solution of the equation 
L[u) = f(M) which, together with the first-order partial derivatives, 


is continuous in the domain D = D-+-S, then 


\ pee ags \ f(M) dt (3) 
S 


on 
D 


For a doubly-connected region D’, bounded by two concentric 
spheres Sp and Sz,(R; < R), centred on the point My, Equation (2) 
can be written in the form 


ou ov 
\ fox tq—ut tel} dz-= \ koe =| do 
D’ Se 
Ou ov 
=> \ eg do (4) 
SR, 


The minus sign in front of the integral over Sp, has appeared 
because on this surface 0/on = —d/or. 

Suppose that L{u] = V’u. The continuous solutions of the 
Laplace equation V*u = 0 are called harmonic functions. Direct 
verification will show that in three-dimensional space the function 
1/r is harmonic everywhere except for the point r = 0. In the two- 
dimensional case, the function In (I/r) is harmonic everywhere 
except for the point r = 0. 

Using (3) for functions which are harmonic in a domain D 
and are continuous together with their first-order partial derivatives 
in D+S, we obtain 

Ou 
\ ai da= 0 (5) 


Ss 
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6.1.2 Mean value theorem If the function u(M) is harmonic in 
a spherical domain Dg and is continuous, together with its first- 


order partial derivatives, in Dep = Dg+Spg, then its value at the 
centre M, of Dx is equal to the arithmetic mean of its values on 
the sphere Sz, 1.e. 


t 
u(Mo) = Goa \ u(M) do (6) 


SR 


Proof Let us substitute L[u] = Vu in (4), so that 





a T Mos | (atom = = V (xX +O — Yo)? + (Z—2) ) 
and take u(M) to ie a function which is harmonic in Dp, bounded 
by Sp and continuous together with u,, uy, uv, in De+Sp. Subject 
to these conditions, the integral over D’(D’ < Dr) is equal to 
zero. The integrals over Sp and Sx, of the product v du/dr are also 
zero in view of (5) (the function v is equal to 1/R and 1/R, on 
these surfaces, respectively, and k = 1). We therefore have 


0/1 0 {1 
\. oa) ar | “5(5] deat 
SR Sr, 


Evaluating the derivatives and applying to the last integral the 
mean value theorem for integrals, we obtain 


l 1 
—; ( u(M) do = —, 4aRju(M*), M*eSpR 
R’. Ri : 

SR 
If we now go to the limit R, > 0 we obtain Equation (6). 

We have considered harmonic functions in three-dimensional 
space. In two-dimensional space (plane) the mean value theorem 
is given by 


u(My) = _ \ u(M) ds (7) 
CR 


where Cp is a circle centred on M,. To derive this formula we 
must take v = In(1/rjy,4) in the relationship analogous to (4). 


6.2 UNIQUENESS OF SOLUTIONS OF BOUNDARY-VALUE 
PROBLEMS 


In this section we shall consider the uniqueness of the solutions 
of the first and second boundary-value problems. It will be nec- 
essary to distinguish between internal and external boundary-value 
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problems. The formulation of the former problems is given in 
Chapter 2. The first external boundary-value problem involves 
the determination of the function which satisfies the equation 
L[u] = f(M) at points lying outside the closed surface S, and 
assumes given values on S, i.e. u|; = g(M). The second boundary- 
value problem is formulated in a similar way. 


6.2.1 Consider to begin with the uniqueness of the solutions of 
internal boundary-value problems. 


Theorem (maximum and minimum values) A_ function u(M) 
which is harmonic in a finite domain D bounded by the closed 
surface S and is continuous in D = D+S reaches its maximum 
and minimum values on the boundary S. 


Proof Let Hs represent the maximum value of uw on S and Hp 


the maximum value of win D. It is required to show that Hp = Hs. 
Let us suppose that this is not so. We then have Hp > Hs and 
u(M,) = Hp at some point M,(M, € D). 

Consider the eae! function 


o(M) = u(M)+ 22s Sores * [(x— Xo) (y—Yo)’ + (Z—20)"] 


where d is the diameter of D, i.e. the upper limit of the distance 
between points in D; (Xo, Yo, Zo) and (x, y, z) are the coordinates 
of the points M, and M, respectively. It is evident that for all 
points Me D 


(x—X0)? + (y—Yo)? + (ZZ)? < d? 


and v(M,) = u(M,) = Ay. On the other hand, at a point M on 
S we have 


Sh Sg Ba HS gy, 
2 Z 

Consequently, the function v(M), which is continuous in D, should 

reach its maximum value at some internal point M, of D. At this 

point we should have V*v <0 since, at the point where the maxi- 

mum is reached, none of the derivatives v,,, Uyy, Vz, can be positive. 


On the other hand, 


—Hs = 3 Ho Hs 


pe! 2 
Vu= tie ese ai “2 


>0 
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This contradiction shows that the original hypothesis, namely, 
Hy > Hs, was incorrect. Consequently, Hp = Hs. By applying 
this result to the function —u, we obtain the proof of the theorem 
for the minimum value. ; 


The uniqueness of the solution of the first internal boundary- 
value problem for the equation V7“ = f/(M) follows directly from 
this theorem. 


Uniqueness theorem The solution of the first internal boundary- 
value problem 


Vu=f(M), —uls = p(M) 
which is continuous in the closed domain D = D+-S, is unique. 


Proof Suppose that the two functions u, and uw, are the solutions 
of this problem. Their difference uv = u,—w, is a function which 
is harmonic in D, continuous in D and zero on S. In view of the 
above theorem, the maximum and minimum values of wu are zero 
and, consequently, wu = u,;—u, = 0 throughout D. 


It is readily shown that the solutions of the first internal boun- 
dary-value problem depend continuously on the boundary values 
for the equation V7u = f(M). 


Theorem Let u,(M) and u,(M) be the solutions of the first internal 
boundary-value problem for the equation V7u = f(M), which 


are continuous in D and assume the values 9,(M) and ¢,(M) on 
the boundary S of the domain D. If then the inequality |p,—q.|< ¢ 
is Satisfied everywhere on S, the inequality 


|, (M)—u,(M)| <e 
is satisfied throughout D. 


Proof The function u=u,—u, is harmonic in D, continuous 
in D and uls = 9,—g. Since —e < 9, —-¢, <¢, it follows from 
the previous theorem that the maximum and minimum values 
of uw(M) lie between —e and e. Consequently |u| <<, i.e. 
|«,(M)—1(M)| < e. The following theorem is also valid. 


Theorem If a sequence of functions 1, 1, ..., %,, --., Which are 


continuous in a closed and bounded domain D and are harmonic 
in D, converges uniformly on the boundary of the domain, it will 
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also converge uniformly in D. The reader is recommended to 
prove this theorem using the Cauchy criterion for the convergence 
of the sequence. 


6.2.2. Theorem All the solutions of the second internal boun- 
dary-value problem 


ou 


L{ul = div (AVu)—qu=f(M), --— i =9(M) (k>0,q¢g>0) 


on 
which are continuous together with their first-order partial deriva- 
tives in a closed domain D = D+ S, can differ from each other 
only by a constant, i.e. for any two solutions uw, and u,, we have 
the identity u,—u, = const. For different pairs of solutions these 
constants will, in general, be different. 


Proof Let wu, and u, be two solutions of the problem. The function 
wW = u;—uz is a Solution of the problem 


dw! 
L{w) — 0, onls 
Using (1) for u = w andv = w we obtain 
| k(Veo)?de+ \gutde— | ke de = — | cob [a dr = 0 
B B Ret oe B 


In view of the boundary conditions, the integral over S is zero 
and, therefore, 

| {k(Vw)?-+4+-qu?} de = 0 

D 
whence k(Vw)?+ qu? = 0. Consequently, k(Vw)* = 0 and qu’ = 0. 
If ¢ #0, then w = u,—u, = 0. If g = 0, then from the identity 
k(Vw) = 0 it follows that Vw=0 since k >0O and, hence, 
w = u,;—u, = const. This proves the theorem. 


Remark For arbitrary functions y(M) and f(M) (even if they 
are continuous), the second boundary-value problem cannot have 
a solution. In fact, let L[u] = div (KVu). The relationship given 
by (3) must then be satisfied for the solution u(M) of the second 


boundary-value problem, which is continuous in D= D+S, 


ashe : ped : Ou 
together with its first-order partial derivatives. Since 3a = 9(M), 
Nis 
we have 


[a de =| eH do = | kp(M) do 


D s Ss 
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Therefore, the functions f(M) and y(M) must be related by 
\ SM) dt = \ kM) do (8) 


D Ss 
In particular, if f(4/) = 0, the function ¢(M) must satisfy the 
condition 
\ kp do = 0 (9) 
S 
The physical significance of (8) and (9) is readily understood 
if u(M) is interpreted as the steady-state temperature distribution 
and k(M) as the thermal conductivity. The relationship given by (8) 
then expresses the following self-evident fact: in order to obtain 
a steady-state solution it is necessary that the amount of heat 
released by internal sources in the domain D during time Ar be 
equal to the total heat flux which has passed through the boundary 
S of the domain during the same interval of time. 
The uniqueness of the solution of the third internal boundary- 


value problem which is continuous in D, together with its first-order 
derivatives can be proved in a similar way. The reader is recom- 
mended to establish the proof for himself. 


6.2.3 To ensure the uniqueness of solutions of external boundary- 
value problems, these solutions must satisfy additional conditions 
with regard to their behaviour at infinity. In fact, if we seek the 
solution of external boundary-value problems, these solutions 
must satisfy additional conditions with regard to their behaviour 
at infinity. For instance, if we seek the solution of the first external 
boundary-value problem for r > R, subject to the boundary con- 
dition u|,.p = C, where C is a constant, the solutions will be 
UW, = C,u, = Cr/Rand u = Au,+Bu,, where A and B are arbitrary 
constants such that A--+ B = 1. 

Let D, denote the domain of points lying outside the closed 
surface S. In three-dimensional space we then have the following 
theorem. 


Theorem The solution u(M) of the first external boundary-value 
problem for the equation V7u = /(M), which is continuous in 


the closed domain D, = D,-+S and tends uniformly to zero 
as M tends to infinity, is unique. 


Proof Let u, and wu, be two solutions of the problem. The function 


U = U,—Uy is harmonic in D,, continuous in D, and ujs = 0. 
Let us construct a sphere Sp centred on some given point, 
M), of D, which is bounded by the surface S and is large enough 
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for § to lie entirely in D, (Fig. 6.1). The function u is harmonic 
in the domain D,, bounded by the surfaces S, and S, and is con- 


tinuous in D,. Consequently, in accordance with the theorem on 
the maximum and minimum values, the function 1 assumes maxi- 
mum and minimum values at points on the surfaces Sp and S. 


Fig. 6.1 





Let us choose an arbitrary « > 0 and take R to be so large that 
Sp has |u| < e. This is possible because u(M) tends uniformly to 
zero as M tends to infinity. Since u|; = 0, the theorem just mentioned 
will ensure that |u| < e everywhere in D,. Since e« is arbitrary, this 
means that u = u,—u, = 0. This proves the theorem. 


In the two-dimensional case, instead of the condition that 
u(M) must tend uniformly to zero as M tends to infinity, it 1s neces- 
sary that the solution be bounded in D,. The proof of the uniqueness 
theorem for this case will not be reproduced here. 

in the case of the second external boundary-value problem 
in three-dimensional space, the solution must both tend uniformly 
to zero at infinity and its second-order partial derivatives must 
follow a certain prescribed behaviour at infinity. Thus, if the required 
solution tends uniformly to zero at infinity, whilst the partial 
derivatives u,,u,,u, tend to zero (as M tends to infinity) as A/r?, 
the solution of the second external boundary-value problem 
is unique. 


6.3 THE METHOD OF GREEN’S FUNCTIONS 


We shall now consider methods for solving boundary-value problems 
for equations of the elliptic type: 


L[u) = f(4) (10) 
Q 
(a uta, Se) = 9(M) (11) 
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where 
a =a4(M), o=4(M), w,% 520 and aj+az 40 


One of these methods is the method of separation of variables. 
We shall illustrate it by the following two examples. 


Example 1 Find the function u(r, y) which is harmonic within 


the circle Dp of radius R, continuous in the closed domain Ds 
and assumes on the boundary of this region (r = R) the prescribed 


values f((), i.e. 
Vu=0 (12) 
u(R, v) = f(Y) (13) 


Since the required solution u(r, p) is unique, it must be periodic 
in y with a period of 22, i.e. 


u(r, p+22) = u(r, ¢) (14) 


Since the solution is continuous in the closed domain Da, it follows 


that it must be bounded in Dg. 

We shall seek the solutions of Equation (12) in the form 9(r) 
Y(¢~) which are bounded in Dz and are periodic in y (with a period 
of 27). Let us write down the Laplacian in polar coordinates 


LO 1 
+ Dp dt aoe = 0 (12a) 
and separate the variables so that 
d 
—(r@')—1 = 15 
ra. P)—76 = 0 (15) 
w+ AW = 0 (16) 


Using (14) we find that 
VY (p-+2n) = ¥ (9) (17) 


For 4 < 0, Equation (16) does not have solutions satisfying (17). 
Consequently, 4 > 0. For A > 0 we find that 


W(~) = Asin V/A~+B cos VA 


From (17) we find that \/A 2x = 2nn and hence 4, = n’, where n Is 
an arbitrary non-negative integer. Therefore, the eigenvalues of 
the problem (16)-(17) are 


A, =H? (= 0545 25-3) 
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and the corresponding eigenfunctions are 
1, sing, cos, ..., Sinn@, cosng, ... 
For 4 = 0 the general solution of (16) is 
Y(p) = Appt Bo 


It is only for Ay = 0 that this will satisfy the condition given by 
(17). Therefore, 2 = 0 corresponds to the eigenfunction ¥(¢) = I. 
Consider now Equation (15). For 2 = n* we have 


PO'1+r@d 7? = 0 
The general solution of this equation is of the form 





®() = Cr+" (n> 0) (18) 
@,(r) = Co+Dy In— (n = 0) (19) 


Since the required solution is bounded, we must set D, =0 
(n = 0, 1, ...) in Equations (18) and (19). 

Therefore, the bounded solutions of (12:) which are of the 
form ®(r) Y(y) and satisfy the condition given by (14) will be the 
functions 


u, = r"(A,cosng+B,sinng) 


The solution of the problem (12)-(14) can now be written in the 
form of the series 


‘| 8 


u(r, ~) = r"(A,cosng-+B, sinng) (20) 


a= 


S 


The coefficients A, and B, can be found from (13) using the ortho- 
gonality of the eigenfunctions within the range [0, 27] with the 
weight p = 1: 


f(y) = (A, cosng-+B,sinng)R" (21) 
n=0 
2n 2n 
Il 1¢ 
A= 5, \ F040), ana! S(é) cos né dé 
2n 
B, = \7e sinnédé (n~1,2, ...) (22) 


0 
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Remark ] The series (20) with the coefficients given by (22) can 
readily be summed. However, we shall not do this here since the 
problem (12)-(14) will be solved by another method in Section 5.4. 
This method yields the result in a closed form. 


Remark 2. The solution of the boundary-value problem (12)-(14) 
outside the circle can be represented by the series 


foo) 


1 ; 
u(r, y) = ae (A, cosng--B, sing) 


n=0 
whose coefficients can be determined from the condition given 


by (13). For the annular region between two concentric circles R, 
and R,, the solution can be represented by the series 


—- D 
u= > Cyr? + =e] (A,cosng-+-B,sinng)+-Ay+Bylnr 
n=1 
whose coefficients (Aj, By, CrAn, C,Bn, DnA, and D,B,) can be 


determined from the boundary conditions 


W(Ri,~) =A), uy) =A) 


The reader is recommended to write out the corresponding for- 
mulae for these coefficients. 


Example 2 Solve the boundary-value problem 


Vr 0 (23) 
uO, y) =u, y)=0 (24) 
u(x, 0) = fix), u(x, b)=f2(x) (25) 


in the rectangular domain {0 <x </, O<y <b}. 

We shall seek the solutions of Equation (23) in the form @(x) 
W(y) which satisfy only the homogeneous boundary conditions 
(24). Substituting this form into (23) and separating the variables, 
we obtain 

gp" yer 
oe Ys oe 
SG’ 


This will be an identity if @’/@ = —A, W/W = 4 = const. 
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We thus obtain the following equations for the two functions: 





@”"+16 =0 (26) 
wr _4yw — 0 (27) 
From (24) we find that 
. 00) = (I) =0 (28) 
The problem defined by (26), (28) has only positive eigenvalues: 
R= ef (n = 1,2, ...) 


The corresponding eigenfunctions are ®,(x) = sin(xn//) x. 
Consider now Equation (27). For 4=4, it has the general 
solution 


¥,(y) = C, cosh Vany+D, sinh |/Any 


Consequently, the solutions of (23) which satisfy the boundary 
condition given by (24) are of the form 


u(x, y) = ®,(x) YA) 


The solution of the problem defined by (23)-(25) can be represented 
by the series 


u(x, y) = > (C, cosh ‘4, y-+-D,sinh /4,y) sin re 


n=1 


The coefficients of this series can be determined from the boundary 
conditions (25): 


A) = oy C, sin=* x 
n=1 


and 


ao 


f(x) = se (c, cosh <Tb+Dr sinh 9) sin x 





n=1 


Hence, 
! 


C, = NA© sin~=E dé 


0 
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and 
I 
TH 


C, cosh <b-+D,sinh Tb = 5) fo{8) sin “8 dé 





In Sections 11.1 and 12.4 we shall quote other examples of the 
application of the method of separation of variables for equations 
of the elliptic type, which will require the use of special functions. 

Another method of solving the boundary-value problems for 
elliptic equations is the method of Green’s functions. It consists 
of the following. To begin with, one finds the solution of the prob- 
lem (10)-(11) for special values of the functions f(M) and ¢(M). 
In particular, one solves the problem 


L(G) = —6(M, P) (29) 


(G-+a,%) 59 (30) 
on Ss 


This solution is called the Green’s function for the problem (10)-(11). 

We shall require that the required function G(M, P) be con- 
tinuous (together with its first-order partial derivatives if «, # 0) 
everywhere in a closed domain D except, perhaps, for the point 
P at which G may have a singularity. 

If Green’s function has been found, it can be used to find the 
solution of the original problem (10)-(11). This can be done with 
the aid of Green’s formula as follows 


Ou | do (31) 


Here and in the ensuing analysis the derivative 0/dn is evaluated 
in the direction of the outward normal to S. Since in the domain 
D, L{ujJ=f(M) and L[G] = —46(M, P), the last expression can 
be written in the form 


0 
| ranom, P) dty+ ( ucanyoc, P) Atay =\«(o ot ay oy | 
D D S 


The second integral on the left-hand side is equal to u(P) in view of 


the properties of the 6 function. The last relationship can therefore 
be written in the form 


u(P) = \k (eon a dou—\G(M, PY) dew G2) 
Ss D 
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where the integration is performed over the coordinates of the 
point M. 
For the first boundary-value problem («, = 1, a = 0) 


Gis=0, uws=o 
and from Equation (32) we obtain the solution of the problem 
(10)-(11): 
0G 
uP) = — \k 9) SS day— GUM, PAM) drm (33) 
Ky D 


For the second boundary problem (a, = 0, «, = 1) 


Ou 
Ole o.com 


and from (32) we obtain the solution of the problem (10)-(11): 





Pe cee, 





u(P) = | k@(M)G(M, P) doy— | GUM, P)f(M) dty (34) 


Ss D 


For the third boundary—value problem (a, # 0, «, # 0) we have 
M 
4 PM) 


'S a 


—¢ 
mai; 

















, = 
Ss On|s Oo S 


and, in this case, (32) yields 


u(P) = ar 
s 2 





G(M, P) doy— \ G(M, P)f(M) dty (35) 
D 


Therefore, the original boundary-value problem (10)-(11) has been 
reduced to the determination of Green’s function. Methods of 
finding these functions will be discussed later. 

We shall now consider some of the properties of Green’s func- 
tions. 

Green’s functions are symmetric, i.e. 


G(M, P) = G(P, M) 


To prove this let us use Green’s formula for G, = G(M, P,) 
and G, = G(M, P,) where P, and P, are arbitrary fixed points in the 
domain D. We have 


0G 0G 
\ {G, L[G.]—G,L[G,]}} dtu = k (<1 ae —G, oa don, 
D s 
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The left-hand side is equal to 
— | {G(M, P,)6(M, P,)—G(M, P,)5(M, P,)} dts, 
D 


= G(P,, P2)-—G(P2, Py) 


and, consequently, 


G(P;, P.)—G(Po, P,) = \k 


Ss 


0G, 0G, 
(ai an = SG, DA +) dow 


The integral on the right-hand side is zero; in fact, if we are 
dealing with the first (or second) boundary-value problem, this 
follows from the boundary conditions for G, and G,(G;; = 0 or 
dG/dn|s = 0). If we are dealing with the third boundary-value 
problem, then by expressing 0G,/dn and 0G,/dn in terms of G, 
and G,, and substituting these values into the integrand, we obtain 


0G, 0Gi\ , = 
(6,262 G i ies ee { Boe => 0 


2 On 


Therefore, G(P,, P:) = G(P>, P)). 

We must now investigate the properties of Green’s function 
at the point P. We shall confine our attention to the case when 
L{u] = V’?. In this case, Green’s function has a singularity of 
the form 1/4zry;p in three-dimensional space or (1/27)(In(1 /ra;p)] on 
a plane. 

In view of the structure of the equation V7G = —0(M, P), which 
is satisfied by Green’s function, one would expect that this function 
may be written in the form 


G(M, P) = y(rapp)-- 7 (M7, P) 


where v is harmonic in D (as a function of M), and wp(ragp) has 
a Singularity at the point P, 1.e. at ry4y;p = 0, and should satisfy the 
equation V7 = —6(M, P). 

To be specific, consider the ticee-ciinehdonal case. Let DR 
represent the spherical region bounded by the surface S8 and centred 
on the point P. Let the radius of the region be R. If we integrate 
the identity 


Vy = —d(M, P) 
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over the domain DE (DE c D), we obtain 
( V-y dtyy = —1 
Dp 


By Green’s formula the integral on the left-hand side is equal to 


oy dy 
doy = ( =~ don, 
0 0 
se ‘ sf : 


and, therefore, 


On the sphere Sf the function dy/dr has a constant value and, 
therefore, 


1 
y(R) = 4aR 
It follows that Green’s function G(M, P) is given by 


G(M, P)= ot +v(M, P) (36) 


and, consequently, it has a singularity of the form 1/4zryp at the 
point P. 
On the plane, the function G(M, P) is of the form 


G(M, P) = x in Ee oC P| (36,) 


The function v(M, P) is defined as the solution of the problem 


a; 
Oy sleeps ru p I 


maa on ds 4a 








dv 
Vu = 0, (j0-+a, - | = 


It is unique for the first (and the third) boundary-value problem 
and is determined to within an additive constant for the second 
boundary-value problem. 
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Green’s function is determined in a similar way for external 
boundary-value problems. It is again symmetric and has the same 
singularities for L[u] = V?u+qu. 

Using Equation (36) one can readily provide a physical interpre- 
tation for Green’s function in the case of the operator V7u. We shall 
do this for the first boundary-value problem. 

Suppose that the surface S bounding the domain D is in the form 
of an earthed conductor. Let us place an electric charge of magnitude 
1/4x at the point P inside D. This charge will induce a certain charge 
distribution on S and the potential in D will be equal to the sum 
of the potential 1/47r,,p due to the point charge and the potential 
u(M, P) due to the induced charge. This sum is, in fact, equal to 
G(M, P). 

It follows that G(M, P) can be interpreted as the potential due 
to a point charge placed inside an earthed closed conducting surface. 
In this interpretation the symmetry of Green’s function is an expres- 
sion of the reciprocity theorem for the point at which the charge 
s located and the point of observation. 


Remark 3  Green’s function determined in this way does not 
always exist. For example, Green’s function for the second internal 
boundary-value problem for the Laplace operator L[u] = V*u does 
not exist since one cannot find a function v(M)(G = 1/42r+v) 


which is harmonic in D, continuous in D together with its first- 
order partial derivatives and satisfies the condition 


ov 1 of 1 
oe ~ ae online) 


This is because the necessary condition \ pdo = 0 is not satisfied. 
S 


In this case, Green’s function can be determined as the solution 
of the boundary-value problem 

ae] 1 

On|s So 

where Sp is the area of the surface S. This function exists and is 


defined to within an additive constant. Using (32), we can find the 
solution u(P) of the second boundary-value problem (10)-(11) 


VG = —0(M, P), 


u(P) = | kMG(M, P)p(M) dow 
S 
ku 
= \ G(M, P)f(M) dt y,— | do 
D oe 
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or 
u(P) = N09 G(M, P)¢(M) doy— \ G(M, P)f(M) dty+C 
RY D 
where 
= _— u(M) 
C = const jc -_ Jeo S, dow | 


6.4 DERIVATION OF GREEN’S FUNCTIONS. 
POISSON’S INTEGRAL 


One of the methods of constructing Green’s functions is the method 
of images. We shall illustrate it by the following examples. 


Example 1 Derive Green’s function for the first boundary-value 

problem for a half-space bounded by a plane Q (we can assume 

without loss of generality that this plane lies in the z = 0 plane). 
Let P be the singular point of Green’s function. Since 


G(M, P) = 





+4U 


4nrup 


the problem reduces to the determination of a function v which 
is harmonic in the half-space under consideration (for example, 
z > 0) and is equal to —1/4zryp on its boundary. It is clear that 
this function is v = —1/4aryp,, where P, and P are symmetric 
with respect to the plane Q. In fact, the function —1/4ryp, is 
harmonic in the half-space z > 0 and is equal to 1/4zryp at the 
points Me@Q since for such points ryp = ryp,. Therefore, the 
required Green’s function is 


1 1 


4arup drm, 


G(M, P) = 





This method of deriving Green’s function for a half-space 
bounded by a plane is suggested by the physical interpretation of 
Green’s function given in Section 6.3. In point of fact, if we place 
point charges 1/4z and —1/4x at the symmetric points P and P,, 
the potential produced by these will then be a function which is 
harmonic everywhere except for the points P and P,, and is zero 
on the plane Q. 
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Similarly, for a half-plane bounded by a straight line J, Green’s 
function is of the form 
1 
G(M, P) =—-In Deeds In 


27 up 27 rep, 





where the points P, and P are symmetric with respect to the straight 
line /. 


Example 2. Derive Green’s functions for the first boundary-value 
problem in the case of two straight rays /, and J, forming a right- 
angle. 





Fig. 6.2 


Let P be a singular point of Green’s function. The images 
of Pin /, and /, will be the points P; and P, (Fig. 6.2). Let P, be the 
image of P, and P, with respect to the continuations of the two lines 
/, and J,. Green’s function will then be given by 

] 1 1 1 ] ] ] 


-In —— —-,—In ———lIn . In 
22 Peep 20 mp, 2t up, 2% rMP, 








G(M, P)= 
In fact, in this case, the function v is equal to 
1 1 “ | 1 1 | 1 


2 PMP, Qn 'mMP, 270 MP, 








It is harmonic within the right-angle D (as a function of the point 
M)and is equal to —(1/2z) [In(1/r,;p)] on its sides. This follows from 
the fact that if Med, then ryyp =ryp,, ap, ="ap, i Meh, 
then rap = arp, 'mp, = 'Mp;- 


Example 3 Determine Green’s function for the first (internal) 
boundary-value problem for the circle 


G(M, P) Bei eer, 


2% rep 
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The problem reduces to the determination of the function v, which 
is harmonic within the circle and is equal to —(1/2z){In(1/ryzp)] on 
its boundary. 

Let P be the singular point of Green’s function, and let P, be 
the image of P with respect to the boundary of the region (the circle 
C). P, is the image of P with respect to the circle C if both these 
points lie on the same ray drawn through the centre of the circle 


Fig. 6.3 





and the product of their distances, p, and p, is equal to the square 
of the radius, i.e. pp; = R?. If the point M lies on C, then it is evident 
from Fig. 6.3 that 


rup, = poe (37) 


since the triangles OMP; and OMP are similar. Therefore, the 
function 


v= — In . 
2n Plmp, 





is the required function. Consequently, Green’s function for 
the first (internal) boundary-value problem for a circle is of the 
form 





G(M, P) = —In—— — 5—In- (38) 


Example 4 Solve the first internal boundary-value problem for 
Laplace’s equation V2u = 0 in a circle. 
The required solution is given by 


u(P) = — (9s) $2 ds (39) 
Cc 
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which is obtained from (33) with {(M) = 0. In the case under con- 
sideration, Green’s function G is given by (38). Let us evaluate 
0G/don: 

0G OG 


—- = — COS (N, tr) = cos (#, Fr > oe 
On or ( ’ ) ( mp) In Pigs 


From the triangles OMP and OMP, (Fig. 6.3), we find that 
R+ripp—p* R?+-ryyp, —pi 
2Rr vy p - 2Rragp, 











COS (7, ¥ 
on rup ( , MP) 


cos (#, Fyyp) = cos(H, fp,) = 


and, therefore, 


OG! 1 (Rother Rigi 
onic 22\ 2Rrzep 2Rrrp, 








Substituting for ryp, from (37) and for p, from the formula 
p, = R*/p, we obtain 

0G} 1 Rp 

on Cc — 27R Visp 
From the triangle OPM we find that ri,» = R?+ p’—2Rpcos(6—y) 
and therefore 








ve) 2. ier oem 
On|le 2n2R R?+p*—2Rpcos(d—y) 
Substituting this value into (39) we obtain the Poisson integral 
22 


4 (R?—p’)p( 9) 46 
u(P) = a= \ R?-+p?—2Rpcos(6—y) 








om (40) 
9 


where (p, y) are the polar coordinates of P, and (&, 0) are the polar 
coordinates of the point M on C. 


PROBLEMS 


1. Derive Green’s function for the first external boundary-value 
problem: (a) for a circle and (b) for a sphere (L[v] = V*u). 

2. Derive Green’s function for the first internal boundary-value 
problem for a circular sector 0 < g <2/n (L{u] = V*u). 

3. Derive Green’s function for the first internal boundary-value 
problem for (a) a spherical layer R, <r < R, and (b) for a ring 
R<r<R,. 
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4. Derive Green’s function for the first internal boundary-value 
problem for a plane layerO <z <h (L[u] = V7u). 

5. Using the principle of the maximum and minimum of harmonic 
functions, show that Green’s function for the first boundary-value 
problem for the domain D is positive in D (L[u] = V7u). 

6. Using the Poisson integral prove the following theorems. 

(a) Any harmonic function which is positive on a plane is equal 
to a constant. 

(b) Harnak’s theorem. Let {u,(x, y)}, i= 1,2, ..., be harmonic 
functions in a finite domain D bounded by the contour J’, which 


3 


are continuous in D. If the series by u;(x, y) is uniformly convergent 


j= 


on J’, it will converge uniformly in D and its sum will be a harmonic 
function in D. 


7 
Potentials 


The method of separation of variables and the method of Green’s 
functions was discussed in Chapter 6 in connection with elliptic 
equations. The third method for solving boundary-value problems 
is the method of integral equations, in which the solution is sought 
in the form of certain special integrals (potentials) with unknown 
charge (mass) density distributions. In the present chapter, we shall 
consider the simplest properties of potentials and their application 
to the solution of boundary-value problems. 


7.1. VOLUME POTENTIAL 


7.1.1 The electrostatic potential (in space) due to a charge e at 
a point P is given by (at an arbitrary point M) 


e 


u(M) = 





MP 
where rp is the distance between M and P. 
If there are charges e,,¢2,...,¢, at the points P,, Po,..., Pr, 
the electrostatic potential due to these charges is given by 
e e e 
u(M) = —*-4+—*-4+ ..4+ (1) 


TMP, TMP, MP, 





Suppose that charges are distributed with a density p(P) in a 
domain D. A small volume element dz, containing the point P will 
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contain the amount of charge p(P) dtp. The potential due to this 
charge is approximately equal to 


p(P) ae 
up 


The potential due to all the charges in D is given by 


u(t) =| PO ae 2) 


mp 


This integral is called the volume potential. In two-dimensional 
space (plane) the volume potential assumes the form 





u(M) = \ p(P) in| a 


D 


iss G3) 


7.1.2 The volume potential is thus an improper integral. Consider 
the more general improper integral 


u(M) = | f(M, P) dtp (4) 
D 


where f(M, P) is a continuous function of the two points M and 
P, M # P, which becomes infinite as M— P. We shall call the 
integral (4) uniformly convergent in the neighbourhood of the point 
M, if for any « > 0 there exists a number 6 such that: 


1. for any domain D%,; containing My) and having a diameter 
d less than 4, i.e. d(Di,,) < «, and 


2. for all points M separated from M, by a distance less than 
6(M M, < 4), 


|| f(M, P) dtp] <e 
Dit, 


This idea lies at the basis of proofs of a number of properties of 
potentials. The main property of a uniformly convergent improper 
integral is expressed by the following theorem. 


Theorem An improper integral which is uniformly convergent 
in the neighbourhood of a point M, is continuous at that point. 


‘Proof Consider the difference 
u(M)—u(Mp) = u,(M)—u,(Mp)+ (u2(M)—u2(Mo)} 
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where 


u(M) = \ f(M,P)dtp, u(My= | f(M, P)dep 


6 5 
Dygy D—-Dyq, 


Since the integral (4) converges uniformly in the neighbourhood 
of M,, it follows that for arbitrary ¢ > 0 it is possible to find a num- 
ber 6 such that for the domain D%,, with d(D%,,) < 6 and for all 
points M, separated from M, by a distance less than 6, we have 
the following inequalities 


€ 


E 
[uy (M)| < z |u,(M,)! < 3 


(5) 


Since M, ¢ D — D,,, the integral u,(M) is not an improper integral 
and the function u,(M) is continuous at M). Consequently, for the 
same € we can find a number 0, such that for all the points M, 
separated from M, by distances less than 6,, we have 


€ 


|u2(M)—u2(Mo)| < 3 


(6) 


Let 6, = min {6, 6,}. For all points M, such that MM) < 62, we 
then have inequalities (5) and (6) and, consequently, the inequality 


lu(M)—u(M,)| <e 


This proves the theorem. 


We note that the uniform convergence of an improper integral 
ensures that it is convergent at the point My. 


7.1.3 Let us now consider the simplest properties of the volume 
potential with density p(P), | p(P)| < A. 


Property 1 The volume potential exists and is continuous every- 
where. 

If the point M, does not belong to D, the integral u(M)) is not 
an improper integral. Since the integrand, regarded as a function 
of M, is continuous at Mo, the integral u(M) must be continuous 
at this point. If 4) € D, then according to the theorem of Section 7.2 
and the remark at the end of Section 7.2 it is sufficient to know that 
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the integral converges uniformly in the neighbourhood of M). 
Consider the integral 


\ PCP) 
e 'up 
DMo 


It is evident that 
P 
| BED esl | 4 a <A \ are | \ ae 
$ e 


| y IMP y (MP rMp 5 ‘MP 
D D D 
Mo Mo Mo 








where 722 is a spherical region centred on M and of radius 26 
(D3,, < T#?). Transforming to polar coordinates, we have 





62 22 
A $20 4\\ | pint eddy = 84a (r = rmp) 
28 up a 
Therefore OCP) a <8Ax6&. To ensure that this integral 
‘MP 
Der 


is less than a given number e, it is sufficient to take 6 < y/¢/87A. 


Property 2 The first-order partial derivatives of the volume 
potential with respect to the coordinates of the point M are every- 
where continuous. 

If My ¢ D, the integral u(M,) is not an improper integral. Since 
the integrand, regarded as a function of the point M, has continuous 
first-order partial derivatives with respect to the coordinates of M 
at the point M), the integral u(M) will also have this property and 
the derivatives can be evaluated by differentiating under the integral 
sign: 








du ( (E—x) ou ( (@—Y) 

ae =| a p(P) dtp, er | ae p(P) dtp 

0 C— 

oan Nee : — p(P) dtp (7) 


where (&, 7, ¢) are the coordinates of P. 

If Me D, then it is sufficient to show that the integrals of the 
derivatives on the right-hand sides of (7) converge uniformly in the 
neighbourhood of M). One can then differentiate under the integra] 
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sign and the formulae given by (7) are valid for du/dx, du/dy and 
Ou/0z. To be specific, consider the integral 


(€—x)p(P) on 


3 
'MP 


It is evident that 














&—x ( |£—x| dr dr 
|| E—*) A(R) dtp < A ee ed ae ( ss 
Los lupe . up up ru p 
DM DMo DM 


since [€—x/ryp| = |cos(r, n) | <1. Next 








26 nm 2n 
d ; 

| ate <a | re 4\\ sin 0dr dO? dy = 82A6 
Dey, ’up m3 'up 666 


To satisfy the inequality 


(§—x)p(P) 
Lo 





Di, 
it is sufficient to take 6 < e/87 A. 


Property 3 The volume potential is a harmonic function outside 
the domain D in which the charges (masses) are located. 

This property follows from the fact that for points M ¢D the 
integral (2) is not an improper integral and, therefore, the Laplace 
operator can be taken out from under the integral sign: 


a ({ BE) are] es \ pr) v(1 | dtp = 0 
i l'up : rm p 


since for points M ¢ D we have V?(1/ry,p) = 0. 


Property 4 At points in the domain D the volume potential sat- 
isfies the equation 


V7u = —4xp(M) (8) 


We shall suppose that p(P) has bounded and integrable first- 
order partial derivatives dp/0£, dp/dn, 0p/d¢. 
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Proof The second-order derivatives 0°u/0x?, 0?u/dy?, 0?u/dz? can- 
not be obtained by differentiating the right-hand side of (7) under 
the integral sign since this yields divergent integrals, for example: 


a eee 3 Ex) (P) P 


x rep l'Mp 





To establish the existence of the second-order derivatives we shall 
proceed as follows. Suppose that M, € D; T},, is a spherical region 
of radius 6 centred on the point M, and bounded by the spherical 
surface S%,,, where T%,, < D. For points M and T%,, we can write 


u(M) = u(M)-+1,(M) 
where 


) 2 PP) g 


mp 


u,(M) = dtp, u,(M) == 


5 
Ty, D —-Ty, 


The integral w,(M) is not an improper integral. 

In view of Property 3, it is harmonic at the point Mp, ie. 
V7u| “=m, = 0. Consequently, Vulm-m, = %4V*lwom, and there- 
fore it is sufficient to consider the function u,(M). 

The derivative 


Ou, | a oe \ 1 
Ox IMP was ) p(P) alae -| ee» 


Mo TMo 





can also be written in the form 








0p 
Ou, ap i \ OE \ 0|[ p 
ees ad = ae facil d 
OX e pP ea =)er aa at i e og Mp . 
TSho TSt Toh 
Applying Green’s formula to the second integral, we obtain 
0p 
a) = we dt p-—- ( ae) cosa dap (9) 
Ox : up . yep 
TMo 5 Mo 


where a is the angle between the direction of the outward normal 
to S%,, and the x axis. 

The first integral on the right of (9) is a volume potential with 
charge (mass) density p,(P)=0p/d& Therefore, in accordance 
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with Property 2 it has a continuous first-order derivative with 
respect to x. The second integral is not an improper integral and 
therefore possesses a continuous first-order derivative with respect 
to x for any internal point M of T},,. Consequently, du,/dx has 
a continuous second-order derivative with respect to x in T%,,. 
At the same time, 








op 
(€—Xy) = 
_ \ OF dtp — oP) (£—xp) cosa dop 
6 





Mo Mo 


However, (—X,)/rmu,p = cosa, and therefore 











Op 
2 (E—%) = 
aes aes \ eS e ae PE) 32 2adop (10) 
Ox M=Mo : 'M oP itor 
THY Mo 
Similarly, we find that 
op 
‘3 (v0) SP 
au) | Son a (2 cectpder (1 
oy |M=Mo ‘ l'Mop ‘ VMoP 
Tao Mo 
‘ p 
2 (¢—2) 
o af = \ a fs \ o. cos’y dap (12) 
oz M=Mo 5 FM oP 5 UMoP 
Ty Sao 


where f and y are the angles between the normal to S%,, and the » 
and z axes, respectively. 
Combining (10), (11) and (12), we have 








ee Op 
2 2 i 
V’ulmem, = VoUilm=m> = \ 3 cosadtp + =— cosB dtp 
“ aa s VMoP 
Tayy Mo 








op 

oc d 

~ cosy dtp — \ = (13) 
, "Mop . 

Taro SMo 
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If we repeat the analysis leading to Property 2, we find that each 
of the integrals over the domain T%,, in (13) will not exceed 47B0, 
Where B is the upper bound of the functions |dp/dé|, |dp/dn|, 
\Op /d¢|, ie. 


Oo 
TMo 





<47B6 (14) 


Using the mean value theorem in (13) we obtain 


\ ae dop = 4xp (P*) (15) 
S$, i 


where P* € S%,,. Proceeding to the limit in (13) as 6-0, and 
bearing in mind (14) and (15), we obtain 


V-ulm=My = —4p (Mo) 
In the two-dimensional case the analogue of (8) is 
V-u = —22p(Mo) (16) 


Property 5 As the point of observation tends to infinity, the 
volume potential tends to zero (in the three-dimensional case, D 
is a bounded domain). 

To prove this property let us apply the mean value theorem to 
(2). We obtain 





where P* € D, m = \pdtp is the total charge. This proves Property 5. 


Example Let us find the volume potential due to a uniformly 
charged sphere D of radius R. Jt is evident that the required 
potential is a function of the distance R from the centre of the 
sphere to the point of observation: 


u(M) = u(r) 


Outside the sphere D we have V*u =O and, consequently, 
u=C,/r+C,. In view of Property 5 we have u(r) > O(r > 00). 
Consequently, C, = 0. Inside the sphere D we have V7 = —4p 
or d(r?u’)/dr = —4apr?. Consequently, u(r) = (—2/3)ar2p-+(A/r)--+B 
for r < R. Since the volume integral is bounded everywhere, it 
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follows that A = 0. From the condition that the potential and its 
first-order derivatives must be continuous, we find that 


1 


ee C 4 
— ak p+ B= and 3 7Re = —— 
and hence C, = (4/3)a R’p, B = 22 Rp. Therefore, 


x 3R—r)p r<R 
ait rD>R 


Remark The volume potential can be written in the form of the 
convolution (in the variables x, y, z) of the fundamental solution 
1/4ar = (1/4n)(0?+y?+27)-? of the Laplace equation V7u = 0 
[V7(1/4ar) = —d(x, y, z)] and the function 4zp(x, y, z): 


l p(é, 7, 6) dé dy dé 
M = |— * = oo 
a (; ° IN V/ (x—£P + Q—7P?-+ (2-0 
= \ p(P) dtp 
5 'mp 


All the above properties of the volume potential can be deduced 
immediately from this expression. For example, 


rs v(4 9} = v(1\e, = —4n6(M) * p(M) = —4xp(M) 


since V2(1/r) = —426(M) and 6(M)*p(M) = p(M). 


7.2 POTENTIAL DUE TO A SIMPLE LAYER 


Suppose that charges (masses) are distributed on a surface S with 
density p(P). The potential due to these charges is given by 


DE) ae 


Yep 


v(M) = | (17) 


This integral is called the potential due to a simple layer. We shall 
suppose henceforth that the function p(P) is bounded, |p(P)| < A, 
and the surface S$ is a Lyapunov surface. The surface S is defined 
as a Lyapunov surface if it has the following properties. 
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1. The surface S possesses a tangential plane at each point on it. 

2. For each point P on S there exists a neighbourhood Sp which 
is such that any straight line parallel to the normal at P intersects 
Sp not more than twice. 

3. The angle y(P, P,) = (mp, mp,) between the normals mp and 
Np, at the points P and P, satisfies the following condition: 


y(P, Pi) < Arpp, 


where A and 6 are constants andO <6 <1. 
Let us consider some of the properties of the potential due to 
a simple layer. 


Property 1 The potential of a simple layer is defined everywhere. 

For points M not belonging to the surface S this is self-evident. 
If M eS the integral given by (17) is an improper integral in’ the 
two-dimensional region S. It is known that the improper two-dimen- 
sional integral 





\ dop 
MP 

converges absolutely if « < 2. In our case, « = 1 and, consequently, 
(17) converges. 


Property 2. The potential due to a simple layer is continuous 
everywhere. 

If M ¢S, the integral given by (17) is not an improper integral 
and its continuity follows directly from the continuity of the inte- 
grand, 1/rpp. 

If M, € S, it is sufficient to show the uniform convergence of (17) 
in the neighbourhood of M,. Consider the integral 


“ops | 2Ose 
e rue 
SM, 
taken over the surface S%,, (Six, < S) containing the point M, 
and having a diameter less than 6, d(S%,,) < 6. We shall use a set 
of coordinates with the origin at M, and the z axis parallel to the 
normal to S at this point. Let M(x, y, z) be an arbitrary point sepa- 
rated from M, by a distance less than 6(M M, < 6). Let X4%, repre- 
sent the projection of the surface S%,, on to the (x, y) plane and let 
O37, be the circle on the (x, y) plane, centred on the point M,(x, y, 0) 
and of radius 26. It is evident that %4,, < Q}?. The projection of 
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a surface element do on to the (x, y) plane is ds = do cos y, where y 
is the angle between the normal to S and the z axis. It is clear that 


dop 








w(M)| <H | 
mi \ Vo—"+ O—-1 + @—0? 





Mo 
dop 
<H —————— 
S VO-97+0- 1 
Mo 








—H ds 
cosy (x8 +0 
Mo 
From the third property of Lyapunov surfaces, 5 can be taken to 
be so small that for points P € S},, we have cos y > 1/2. We there- 
fore have 





ds 
o(M)| < 2H ee 
) V@—+0—1y 


<2H | ae 
dy VO-F+O=9) 


If we now introduce a polar set of coordinates with the origin at 
M,, we can readily evaluate the last integral. It is equal to 


20 22 


2H s = 2H \ drdp = 82H5 
06 


In order that the integral |v,(M)| be less than the given number e, 
it is sufficient to take 6 < 1/82H. 


Property 3 The potential due to a simple layer is a harmonic 
function everywhere except for points on the surface S. 

This property follows immediately since for points Af ¢ S the 
integral (17) is not an improper integral and therefore 


V0 = \ p(pyv? (a) 80° =0 
§ ruep 


Property 4 If the surface S is bounded, the potential of the simple 
layer tends to zero as M tends to infinity. 
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To prove this, let us apply to (17) the mean value theorem: 


v(M) = 


A 








(18) 


PM p* Insp 


| p(P) dop = - 


where P* € S,m = \pdao is the total charge. 
$ 
Property 4 follows directly from (18). 


Property 5 The normal derivatives of the potential due to a simple 
layer have a discontinuity of the first kind at points on the surface 
S, and the magnitude of the discontinuity is 4ap(M). 

We shall not reproduce the proof of this property here. 

For the two-dimensional case (plane) the potential of a simple 
layer is of the form 


v(M) = or) In ( 7 dsp 


u 





Properties 1-3 are valid for this function. As M tends to infinity, 
u(M) tends to infinity as Inryp. The discontinuous change in the 
normal derivatives at points on the curve C is 2xp(M). The proofs 
of all these properties are similar to those given for the three-dimen- 
sional case and will not be reproduced here. 


7.3 POTENTIAL DUE TO A DOUBLE LAYER 


7.3.1. Consider charges —e and e at points P, and P,, respectively 
(Fig. 7.1). The electrostatic potential due to this dipole is given by 


w(M) = e( : - 1 


'MP2 PMP, 





or 


Be oe ene ( | | 
on yup P=pPp* 
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where P* is a point on the segment P,P, and the derivative is evalu- 
ated in the direction m of the segment drawn from P, to P, (axis of 
the dipole). The quantity / is the distance between P, and P,. The 
dipole moment is defined by eh = ». If we allow the points P, and 
P, to approach each other at constant » (by increasing the magnitude 
of the charges e), then in the limit as h > 0 we obtain a point dipole 
located at P. The potential due to this dipole is given by 





0 1 
aM) “On ( up 
where the derivative is evaluated with respect to the coordinates of 
P and in the direction of the dipole axis. 

Let S be a two-sided surface with continuously varying tan- 
gential plane. This means that if at some point P on the surface we 
choose the positive direction of the normal 7p to the surface and 
allow P to move along a closed curve (lying on S), then if the direc- 
tion of the normal varies continuously, as we return to the initial 
point the direction of the normal will become the same as the original 
direction. One of the directions of the normal to the surface can be 
taken as positive since the unit vector in this direction will be con- 
tinuous on the surface. We shall assume that this positive direction 
has been chosen. 


7.3.2 If ona two-sided surface S there is a distribution of dipoles 
with dipole moment density »(P) such that the axes of thedipoles 
at each point coincide with the positive direction of the normal, 
then the potential due to these dipoles is given by 


w(M) = \(P)5,(—) don (19) 


Vy 
é {P 


Let S be a two-sided surface with chosen positive direction of 
the normal. Let us imagine that we have drawn lines of length / 
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along the positive direction of the normal at each point. The geo- 
metric locus of the end-points of these lines is a surface S, which 
is separated from S by the distance . Suppose that on S there are. 
negative charges distributed with density +(P)/h and on S, there are 
positive charges with the same density (Fig. 7.2). 

We thus have a double layer of charges of opposite signs, which 
can be regarded as a set of dipoles distributed over S and S, with 
the density »(P)/h. The potential due to the dipole on an element 
do of S and S; is »(P)(0/dn) (1/ryp)do. The potential due to all the 
dipoles is therefore given by 


rf) 1 
cr hae | dor 


Ss 





If we let A tend to zero, we obtain a double layer on S, whose 
potential is given by (19). 


Since 
0 1 __ COs@p 
on rump a hop 
where ¢ is the angle between the positive direction of the normal 


to S at P and the line PM, the potential due to a double layer can 
also be written in the form 





cos 
dap (20) 
'mMp 





w(M) = \ v(P) 
s 


Let dwyp be the solid angle which dop subtends at M so that 
rigp dwyp = COS dop 


This formula follows directly from the fact that, by definition, doy,p 
is equal to the area of an element on a unit sphere centred on M 
which is cut by the cone with apex at M and base dop (Fig. 7.3). 
dwy,p is positive if the angle is acute, and negative if it is obtuse. 





Fig. 7.3 
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The double-layer potential can, therefore, also be written in the 
form 


w(M) = \ »(P) dome (21) 


Ss 


7.3.3 It follows from (21) that the potential due to a double layer 
is defined also at the points M on the surface S. We therefore have 
the following two properties. 


Property 1 The potential due to a double layer is defined every- 
where. 


Property 2. At points M which do not lie on S, the potential due 
to the double layer is a harmonic function. 

To show this, we can use Equation (20). If M¢S, the integral 
given by (20) is not an improper integral and, therefore, 


vey ({, ne yet |] re erty, | a jan 


0 2{ | = 
. | OY on " | Mp i edie 


Property 3 As the point of observation M tends to infinity, the 
double-layer potential tends to zero. We are assuming that the 
surface S has a finite area and lies in a finite region. 

To prove this, let us use Equation (20). Applying the mean value 
theorem to this integral, we obtain 














w(M) = (P) 2 | \ dop 


Fe pre 
MP [Pa 7 


where P* € S. The validity of the property follows at once. 

We shall assume henceforth that the surface S is closed. The 
positive direction of the normal will be taken to be the direction 
of the inward normal to S. 

Consider the special case of the potential due to a double layer 
when the dipole moment density is a constant, 19. For this potential 
we have the following results: 


4ary, Af inside S 
w(M) = )\22%, MonS 
le M outside $ 
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To prove this, let us use (21). Suppose that M lies inside S. Let 
us suppose to begin with that a ray drawn from ™ cuts the surface 


S at one point only. The integral \ dwazp 1s then equal to the total 
5 


solid angle subtended by Sat an internal point, i.e. 42. Consequently, 
in this case, w(M) = 4271. 

If some or all rays drawn from the point M intersect the surface 
Sina finite number (< k) of points, the solid angles dwyp subtended 
by the surface element dap defined by rays drawn from inside S 
(Fig. 7.4) will be positive, whereas the solid angles dwy p subtended 


St 


4 


by the surface element dop defined by rays drawn from outside S$ 
will be negative. Hence, the angle » between the inward normal and 
the direction of PM will be obtuse and, consequently, cos ¢ will 
be negative. It is, therefore, evident that 


Fig. 7.4 


\ domp+ \ daup = 0 


S; S2 


The algebraic sum of all solid angles dwyp will therefore also be 
equal to 4z. 

It follows that, in this case again, w(M) = 4x). If the point M 
lies outside S, the solid angle dwyp corresponding to elements dop 
on S; (Fig. 7.5) will be negative, whereas the solid angles dwyp 
corresponding to elements dop on S, will be positive. Therefore, 


\ domp = \ dwyp + \ dwyp = 0 
s si Sy 


It follows that if the point M lies outside S, then w(M) = 0. Simi- 
larly, it can be shown that w(M) = 22» if MeS. 
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We can now understand the properties of the potential due to 
a double layer in the neighbourhood of the point M lying on the 
surface on which the double layer is situated. 


J 


Fig. 7.5 


M 


Property 4 If the dipole moment density »(P) is continuous on S, 
the potential of the double layer, w(M), will have a discontinuity 
of the first kind at points on S and the discontinuity is 


Wext (Mo)—Wint (Mo) = 4x»(M)), My eS 


where w,,,(M,) is the limit of w(M/) at Mo, when M tends to M, 
from outside the surface and w,,, (Mp) is the limit of w(M) at M, 
when M tends to M, from inside. 

We shall suppose, for simplicity, that each ray drawn from the 
point M intersects S not more than k times (although this statement 
is not valid for an arbitrary Lyapunov surface). Let M, be a fixed 
point on S and consider the auxiliary function 


%(M) = \ {9(P)—»(M)} dour = w(M)—*(M) (22) 


Ss 


Lemma The function w(M) is continuous at M). 


Proof Let S” represent the part of S which lies in a 6-neighbour- 
hood Di, of Mo, and let S’’ represent the remaining part of S. We 
may then write 


w(M) = w,(M)+w,(M) 


where 


2(M) = \ {v(P)—»(My)} dom 


s§ 


t(M) = \ {v(P)—»(M,)} dome 


Ss” 
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The function w,(M) is continuous at M,. Therefore, for arbitrary 
e > 0 the quantity |w,(M)—w,(M,)| will be less than ¢/3 if MM, 
is sufficiently small. Next, 


(MI = | } {»(P)—» (M,)} doue| < J I» (P)—» (Mo) |deoacel 


Since »(P) is continuous at M,, the quantity |»(P)—7(M,)| is less 
than ¢/12 kz if 6 (i.e. the radius of the neighbourhood D§,, of Mg) 
is sufficiently small. 

Next, 


\ |dwagp| < 4nk 


Ss’ 


and, consequently, 


'w,(M)| < ( |v (P)—v» (M))| |doue| < = 
& 


and 
(Mo) <> 
Therefore, 
[20 (M)—(Mo)| < [21 (M1) + 1%, (M)| + |@2(M1)—#,(M)| < € 
if the point M is sufficiently close to M,). This proves the lemma. 


Proof of Property 4 Let us pass to the limit in Equation (22) by 
allowing M to approach M, from outside and inside S. This yields 


Wext (Mo) = Wext(Mo)—4.¥ (Mo) = w(Mp) 
= W(Mo)—229(Mo) = Wiar(Mo) = Mint (Mo)—0 


where w(M,) and w(M,) are the values of w(M) and w(M) at M, 
on S. From these equations we have 


Wext(Mo) = w(My)-+-227 (Mp) (23) 
Wint(Mo) = W(Mo)—2%7(Mo) (24) 
Wext(Mo)—Wint(Mo) = 42» (Mo) (25) 
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For the two-dimensional case it can be shown, in a similar way, 
that at points M, on the carrier curve C we have 


Wext(Mo) = w(My) +27 (My) (26) 
Wiyt(My) = w(My)—29(M)) (27) 
Wext( Mo) —Wint(Mo) = 227 (M) (28) 


7.4. APPLICATION OF POTENTIALS TO THE SOLUTION 
OF BOUNDARY-VALUE PROBLEMS 


The above properties of potentials can be used for the solution of 
boundary-value problems. We shall illustrate this by considering 
the first internal boundary-value problem 
V7u = f(M)at D (29) 
uls = 9(M) (30) 
where u(M) is continuous in D = D+S. 


A special solution of (29) is the volume potential (in view of 
Property 4 in Section 7.1) 


u(M) = — 2 |Z ae, 


4aJdr 
yg TMP 





It is therefore natural to seek the solution of (29)-(30) in the form 
of the sum 


u(M) = u,(M)-+-u,(M) ~ 


where the boundary-value problem for the function 12(47) will be 
formulated as follows: 


Vu, = 0 (31) 
tly = PCM) —m4(M)|, = FCM) (32) 


We shall seek the solution of this problem in the form of a double- 
layer potential 


cose 
2 dap 
rMp 





wo(M) = \ (0) 


with suitably chosen »(P). For any »(P) this potential is harmonic 
in D (in view of Property 2, Section 7.3). To satisfy the boundary 
condition (32), it is necessary that the relationship w,,,(M@) = FM) 
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should be satisfied at points M e S. Using Equation (23) of Section 
7.3, this condition can be written in the form 


w(M)-+-227(M) = F(M) 
or 





1 
\e »(P) mae wn) ort 2n»(M) = F(M) (33) 


The solution of the boundary-value problem (31)—(32) will be the 
double-layer potential with dipole moment density »(P) satisfying 
the condition given by (33). 

It follows that the boundary-value problem under consideration 
reduces to the solution of the integral equation (33) for »(P). 


Example Let us solve the first boundary-value problem for a cir- 
cular region of radius R bounded by the circle C: 
Vu = 0, ulc = F(s) 
where s is the length of arc on the circle. 
At points M on the circle (Fig. 21) 





COSP i 
fup 2 Co 


We shall seek the solution in the form of the double-layer potential 
= eds = y cosp 
u(s) = \re On (; dé = ; v(é) a dé 


Using (34), the boundary condition leads to an integral equation 
for v(s): 


=e) dé+2(s) = F(s) (35) 
C 
We shall seek the solution of this equation in the form 


»(s) = ~F(s)+A 


where A is an unknown constant. Substituting this function into 
(35) we obtain 


\ alt re+4| dé-+F(s)-+2A = F(s) 
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and hence 


1 cept ae : 
aaR \Fo dé+272A=0 and A= FPR | F(é) dé 





It follows that 


\re dé 


v(s) = + Fs) - _ 





Fig. 7.6 Fig. 7.7 


Consequently, the solution of the boundary-value problem is of 
the form 


u(M) = \ 9(@) 2? ag 








or 


1 S| ee rf 


Spr Fe) dé 


166 


Potentials 
From the triangle OPM (Fig. 7.7) we find (OM = p): 
2Rrceosp—r? _ R’—p? 
2Rr? ~ 2R[R?-+-p?—2Rpcos(d—y)] 
and therefore 
1 21 (R?— p”) F(R 8) dd 
u(M) = =| R?4-p?—2Rpcos(§—y) 
0 





We have thus obtained Poisson’s integral. 

The solution of the second boundary-value problem for the 
Laplace equation can be sought in the form of a potential due to 
a simple layer with unknown density p(P). 


PROBLEMS 


1. Find the volume potential due to the mass distribution of 
density p(r) in the spherical layer R,; <r < R,. Consider also the 
case p(r) = Po = const. 

2. Find the potential due to a spherical simple layer of constant 
surface charge density po. 

3. Find the electrostatic field due to charges distributed uniformly 
inside a sphere placed above a perfectly conducting plane z = 0. 

4, Find the potential due to a circle of constant line density 
of charge. 

5. Find the potential due to a simple layer in the form of a seg- 
ment of constant charge density. 

6. Find the potential due to a double layer in the form of a seg- 
ment of constant dipole-moment density. 

7. Use the double-layer potential to solve the first boundary-value 
problem for the Laplace equation (a) outside the circle and (b) on 
a half-plane. 


8 
Integral Equations 


We have seen (Section 7.4) that the first boundary-value problem 
for elliptic equations can be reduced to a linear integral equation. 
In this chapter we shall discuss some of the basic properties of linear 
integral equations of the second kind. For the sake of simpli- 
city, we shall consider only the one-dimensional case (except for 
Section 8.1). All the results will also be valid for the multi- 
dimensional case. 


8.1 CLASSIFICATION OF LINEAR INTEGRAL EQUATIONS 


Equations of the form 


o(M)—A | K(M, P)p(P) dep = f(M) 
D 
where ¢(P)is the required function, f(/) and K(M, P) are unknown 
functions, D is a fixed domain and 4 is a numerical] parameter, are 
called Fredholm’s integra] equations of the second kind. When 
J(M) = 0, the equation is called homogeneous; in al] other cases 
it is referred to as inhomogeneous. 
Equations of the form 


o(M)—2 | K(M, P)p(P) dtp = f(M) 


D(M) 


where D(M) is a variable domain which depends on the point M, 
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are called Volterra integral equations of the second kind. For 
example, in the one-dimensional case 
x 


pA) K(x, s)9(s) ds = FQ) 


When /(A1) = 0, the equation is called homogeneous; otherwise 
it is referred to as inhomogeneous. Equations of the form 


| K(M, P)g(P) dtp = f(M) 


D 


where D is a fixed domain, are called Fredholm’s integral equations 
of the first kind. 
Equations of the form 


| K(M, P)¢(P) dep = f(M) 
D(M) 
are called Volterra integral equations of the first kind. The function 
K(M, P) is called the kernel of the integral equation. 


Remark Volterra equations are special cases of Fredholm’s 
equations. Thus, if in the one-dimensional case we let 
- RSD 
A= ae a<s<x 
the Volterra equation , 


x 


p(x)—4) K(x, s)@(s) ds = S00) 


a 


can be rewritten as the Fredholm equation with a kernel K,(x, s): 
b 


9(x)—2) Kix, 5) 9(s) ds = f(x) 


a 


The kernels K;(x, s) are called Volterra kernels. 


8.2 PROBLEMS LEADING TO INTEGRAL EQUATIONS 


8.2.1 Cauchy’s problem for a linear ordinary differential equation 
of order n can be reduced to a Volterra integral equation of the 
second kind. To be specific, consider the second-order equation 


y’+a(xyy’ +b) y = f(x) (1) 
y(0) = yo, y'(0) = % (2) 
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Let 


y"(x) = 9) (3) 
We then have 


y'(x) = vot \ p(s) ds (4) 


y(x) = Yot Sy") dé (5) 


Substituting (4) into (5) we obtain 


Cte KH Ot 


p(s) ds dé 


Cl > Um 


x 
HX) = yor xyot J 
0 


If we rearrange the order of integration in this expression we obtain 
YX) = yotxys+ | (xs) (5) ds (6) 
0 
We have thus expressed the function y(x) and its derivatives 
y'(x) and y’’(x) in terms of the function y(x) defined by (3), (4) and 
(6). Substituting these values into (1) and taking the functions a(x) 
and b(x) under the integral sign, we obtain the following Volterra 
integral equation of the second kind: 


P(x) + | {a(x + e—8)b(x)} 9(8) ds = f(a) (7) 
0 
with the kernel K(x, s) = a(x)+(x—s)b(x), where 
fix) = F(X) — yoa(x)—yob(x)—xy0b(x) 


The procedure for reducing the Cauchy problem to an integral 
equation for the equations of the n-th order is quite similar. 


8.2.2 We shall now show that the Sturm—Liouville problem ona 
finite segment can be reduced to a Fredholm integral equation of 
the second kind. To do this, we shall introduce Green’s function for 
the boundary-value problem and investigate its simplest properties. 


Definition Green’s function G(x, s) for the boundary-value pro- 
blem 


Lb = $k) 1-4)» = SO) 


ay (O)—6:y0)=0, my Oty) = 0 
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is the solution of the boundary-value problem 
Ly] = —6(x—s) 
uyO)—A.yO0)=0, my'D)+hyl) = 0 


which is continuous in the segment [0, /]. We shall now summarise 
some of the properties of Green’s function G(x, s). 


1. Green’s function is symmetric, i.e. 
G(x, s) = G(s, x) 


Proof Let us apply Green’s formula to the one-dimensional 
case (Section 6.1) to the functions v = G, = G(x, s,) and u = G, 
= G(x, s,). We have 


1 


\ {G(x, 52) 6(x—s,)—G(x, 5,) 6(x—s2)} dx =k(x) (6,22 
0 





(8) 


Using the properties of the 6 function, the integral on the left- 
hand side of Equation (8) is equal to G(s,, 52)—G(s), 5,), whereas 
the right-hand side is zero. For the first and second boundary-value 
problems this follows directly from the fact that the functions 
G, and G,, or the derivatives 0G,/0x and 0G,/dx, vanish at the 
ends of the segment (x = 0 and x = /). For the third boundary- 
value problem we can express the derivatives 0G,/dx and 0G,/0x 
at the end of the segment in terms of G, and G;: 











0G: Bs 0G, Ar 
Ox ae a, GO, $1), ox ia o Oy — G(0, 52) 
0G; = 0G2 =f 

re Lae -G(I, 5), Ox lear G(/, s2) 








and substitute these values into the right-hand side of (8). We 
obtain 


ae GUL, GU, 9) +2 Be 2 GU, GU, 50) 


fs G0, 5) GO, s:)— “G0, 82) 60, s) = 0 
It follows that, in fact, 
G(s2, 51) = G(s, 52) 
171 


Mathematical Physics 


2. The partial derivative of Green’s function G,(x, 5) has 
a discontinuity of the first kind at x =s and the magnitude of 
this discontinuity is 


G,(s+0, s)—G,(s—0, s) = (9) 


a ue 
k(s) 
To prove this, let us integrate the identity 


L{G] = —6(x—s) 


with respect to x between s—e and s+e, where ¢ > 0. We obtain 





S-he Le 
\ L{[G] dx = \ fe [A(x) G(x, 8)]—q(x) G(x, of dx = —] 
or 
Ste 
Se 
k(x) G,(x, 5) oe \ q(x) G(x, s)dx = —1 


On passing to the limit in this equation as e > 0, we obtain 


I 

G,(s+0, s)—G,(s—0, s) = — 1. 
Ste 

since lim | q(x)G(x, s) dx = 0. 


e>0 s—s 
8.2.3. Theorem The Green’s function is unique. 
To begin with, let us establish the following two lemmas. 


Lemmal There exists a solution y,(x) of the equation L[y] = 0, 
which satisfies the boundary condition «,y’(0)—,)(0) = 0. 


Proof It is known that Cauchy’s problem for the equation 
L{y] =0 with any initial values y(O) = yo, »’(0) = yg has a solu- 
tion. It follows, in particular, that there exists a solution with 
initial values y(O) and y’(0) which are related by a, y’(0)—8,1(0) = 0. 
This proves the lemma. 


Lemma 2. Any two solutions y,(x) and y,(x) of the equation 
L{y] = 0 which satisfy the same boundary condition differ from 
each other only by a constant factor, i.e. y,(x) = Cyy,(x). 
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Proof The functions )\(x) and yi(x) are solutions of the second- 
order linear equation L[y] = 0 and satisfy the conditions 


a1¥'1(0)—B, (0) = 0 
a1 ¥(0)—Bi (0) = 0 


These relationships can be regarded as a system of equations 
for a, and #;. Since at least one of the numbers «, and f, is not 
zero, the determinant of the system (10) is zero: 


yi) y©)| 
yi(0) ¥(0)| 


This determinant is the value of the Wronskian at x = 0 for the 
solutions y,(x) and y,(x). It is known that the Wronskian made 
up of the solutions of a given linear homogeneous equation either 
is identically zero, or is everywhere non-zero. Since in our case 
w(0) = 0, the Wronskian for y,(x) and y,(x) is identically zero. 
Hence, it Follows that y,(x) = Cy,(x). 


(10) 


w(0) = 





We shall now prove the above theorem. We shall suppose 
that 4 =0 is not an eigenvalue of the boundary-value problem 


Lilyj+iy = 0 
a,y'(0)—B,y0) =0, wy(N+h.yx() = 0 


Let y,(x) be the solution of the equation L[y] = 0 which satisfies 
the boundary condition «,y’(0)—f,)(0) = 0. This solution exists 
in view of Lemma |. Any other solution satisfying the same 
boundary condition will be of the form C,),(x), in accordance 
with Lemma 2. All this shows that there exists the solution y(x) 
of the equation L[y]=0 which satisfies the boundary condition 
ay (/)+h,y7) = 0. Any solution of L[y]=0 which satisfies 
the same boundary condition must be of the form C,y,(x). 

The functions y,(x) and y2(x) are linearly independent. If this 
were not so, we would have y,(x) = Cy,(x). However, the function 
y2(x) would then be a solution of L[y] = 0, satisfying both boundary 
conditions. Consequently, 7 = 0 would be an eigenvalue of the 
boundary-value problem (10a), which contradicts the original 
assumption. 

By choosing C, and C, in a suitable way, we can construct the 
Green’s function from the functions C,y,(x) and C,y,(x). Let 


(10a) 


fOr), x < S 
(Cry2(x), x2s 


iS 


G(x, 5s) = (11) 
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Since Green’s function is continuous at x = s, we have 


Ciyi(s) = Czy2(s) 
Hence, 
yes) —-ys(s) 


Consequently, C, = Cy.(s), C, = Cy,(s). The coefficient C can 
be determined from (9) which must be satisfied by Green’s function: 


Cy.) ¥i()—y.) v8] = — ey (12) 


The expression in the square brackets is the Wronskian of the 
solutions y,(x) and y,(x) and is equal to D/k(s) (D = const). Since 
the functions y,(x) and y,(x) are defined to within constant factors, 
they can be chosen so that the Wronskian of the solutions },(s) 


and y,(s) is equal to —1/k(s), i.e. we can suppose that D = —1. 
The relationship given by (12) then assumes the form 
oe et al 
k(s) Gs) 


and hence C = 1. Green’s function is therefore of the form 


yr(s)yi(*%), x<Ks 
G(x, 5s) = 13 
us) es NBs -) 
From (9) and (13) it follows directly that 
1 
G,(x, x—0)—G,(x, x +0) = — ky (14) 


8.2.4 We shall now prove two theorems due to Hilbert. 


Hilbert’s first theorem For any integrable function /(x), the 
solution y(x) of the boundary-value problem 


Lily} = —f() (15) 
ay O)—-AyO)=0, wmyOt+hry() = 0 (16) 
can be represented by the formula 


I 


yx) =\ GW, OfO dé (17) 


0 
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Proof Let us apply Green’s formula for the one-dimensional 
case (Section 6.1) to the functions uv = y(x) and v = G(x, 5). 
We obtain 


4 


I 


| (G(x, s) Lb Jy) LIGH} dx = k(OIG(x, 8) y’(0) 


0 
—y(x) G(x, sp 
or 


I t 


—\ G(x, 8) fx) dx+ | (x) 5(x—5) dx = k(IG(x, 5) yx) 


0 0 
—¥(xX) G(x, s)]o 
From the boundary conditions (16) for y (x) and G(x, s) it follows 
that the left-hand side of this equation is zero. Consequently, 


I 


| G(x, s) f(x) dx = y(s) 


Q 


Changing the symbol used for the integration variable and using 
the symmetry of Green’s function, we obtain the formula stated 
in the theorem. 


Hilbert’s second theorem For any integrable function f(x), the 
function 


I 


yx) =) Gx, fd (18) 


0 


is a Solution of the boundary-value problem (15)-(16). 


Proof It is clear that the function y(x) is continuous in the range 
[0, /] and 


t 


y'(x) =\ Gx(x, HO dé (19) 


0 
It follows that 


I 


21 y'(0)—B1 »(0) = J {1 G.0, 6, GO, H} / dé = 0 


0 
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since, by definition of Grcen’s function, the integrand is identically 
zero. Similarly, 


ay (+b) = 0 (20) 


It follows that the function y(x) satisfies the boundary con- 
ditions (16). 
Let us evaluate Z[y]. We have 


t i 


Ly) = | Lia f® dé = — | 60) SO dé = —F) 


0 0 


It follows that y(x) satisfies (15) and this proves the theorem. 


8.2.5 Let us apply Hilbert’s theorem to the Sturm-Liouville 
problem 


Liy]+4p(x)y = 9 (21) 
“ay O)—AiyO)=0,  my'(N+hy(l) = 0 (22) 
From Hilbert’s first theorem the solution of this problem is given by 


t 


yx) = AN G(x, 5) p(s) y(9) ds (23) 


0 


i.e. the required solution is a Fredholm integral equation. Con- 
versely, by Hilbert’s second theorem, (23) is a solution of the 
Sturm-Liouville problem (21)-(22). It follows that the Sturm— 
Liouville problem is equivalent to the integral equation (23). 

We have considered the case when 2 = 0 was not an eigenvalue 
of the boundary-value problem (10a). When 4 = 0 is an eigenvalue 
of (10a), Green’s function F(x, s) for the boundary-value problem 


Lily} = -f@) 
ay (0)—Ay0)=0, my O+Ahry) = 0 
will be defined as the solution of the boundary-value problem 
L[y] = —d(x—s)+ P(x) Po(s) 


ay (0)—-A,y0)=0, my )i hy) =0 
176 


Integral Equations 


which is continuous in [0, /] and is orthogonal to the eigenfunction 
®,(x) corresponding to the eigenvalue 2 = 0, i.e. such that 


1 
| Bo(x) G(x, s) dx = 0 


0 


The corresponding properties of Green’s function, in this case, 
can be established in a similar way. 


8.3. INTEGRAL EQUATIONS WITH DEGENERATE KERNELS 


A kernel K(x, 5) is called degenerate if it is of the form 


K(x, 8) = >) a(x) b(s) (24) 


i=1 


where a,(x) are linearly independent functions. 

The solution of Fredholm’s equation of the second kind with 
a degenerate kernel can be reduced to the solution of a system of 
linear algebraic equations. 

In point of fact, substituting (24) into 


b 


o(x) = 2.) K(x, 8) 9(s) ds-+f(x) (25) 
we obtain 
ox) = 2.) Cai(x) +f) (26) 
i=] 


b 
where C; = \ bi(s) p(s) ds are unknown numbers. 


It follows that the solution of (25) with a degenerate kernel 
must be sought in the form given by (26). Substituting this function 
into (25) and comparing the coefficients of the same functions 
a(x), we obtain the following system of linear algebraic equations 


CHA) Cy th = 1,2, 50) (27) 
j=l 
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where 
b 


b 
aij =\als)b(s)ds, fi = \ f(s) bi(s) ds 


By solving this system we can find C; and, consequently, the 
solution of (25). 


8.4 EXISTENCE OF SOLUTIONS 


8.4.1 1f the kernel is degenerate, then the existence of the solution 
of the Fredholm integral equation reduces to the question of the 
existence of the solution of the corresponding system of algebraic 
equations (27). We shall prove the existence of the solution of 
(25) (for sufficiently small values of |4|]) by the method of successive 
approximations in a more general case. 

We shall assume, for simplicity, that™(1) the kernel K(x, s) 
is continuous for a <x, s <4, in which case it is bounded by 
a certain constant A, |K| < A, and (2) the function f(x) is continuous 
in the range [a, b] so that it is bounded in this range by a certain 
constant B,|f!< B. Consider the sequence of functions 


P1(X), P2(X), «+> Pn(X), --- 


such that ; 
pi(x) = f(a) +2) K(x, 8) p0(s) ds (28) 
where o(s) is an arbitrary fixed nia: function 
b 
2x) = f0)+4) K(x, s)pi(s) ds (29) 
bet terde ee 
onlX) = F(X) +A) K(x, 5) Pras) ds (30) 


a 


Theorem The sequence of functions given by (28)-(30) converges 
uniformly in the range [a, b] to the function g(x) which is a solution 
of (25). 


Proof Substituting y,(x) into the formula for (x) we obtain 


5 6 b 
palx) =f) +4) K(x, 5) f(s) ds +2 | K(x, 8) K(s, tot) dt ds 
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If we change the order of integration in the last integral, we obtain 


5 b 
pal) = SO)+Z) Kix, 8) f(s) ds+7\ Ky(x, t)po(t) dt 
where 
5 


K(x, 5) = K(x, 5), K,(x,t) = | Ky(x, s)K,(s, t)ds 
Similarly, we find that 
b b 


glx) = f(x)-+2) Kilx, f(s) ds +22 | Ka(x, 8) f(s) dst... 
b b 


= 2" K(x, Mf (s)ds+4" J K(x, Opo(t) de 


a a 


where K,(x, t) = \ K,(x, 5)K,_1(s, ds. The limit of the function 
b 


Y,(x), if it exists, is equal to the sum of the series 


6 5 
B(x) =f (+A) Kilx, f(s) dst. +A" K(x, f(s) ds+... 1) 


We shall now prove the uniform convergence of this series. Consider 
the integral 


b 
\ K, (x, s) f(s) ds 


a 


It is evident that 


Cr 


a 


Kale, 5) <JIK Cx, )Kp_als, OD] ds <A"b—ay"! 


eS Se i i i Sa 
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and, therefore, 


b 5 
| Kale, f(s) ds} <A%b—ay"-"S [f(9)| ds < A"B—a)" 


Consequently, the numerical series 


S| BA A"(b—a)" (32) 
n=1 


is the majorant series for (31). If |a| < 1/A(b—a), then the series 
(32) will converge. Consequently, for such 4 the series (31), and 
together with it the sequence of functions g,(x), will converge 
uniformly to the function g(x). This function is a solution of (25). 
In the limit, as m > oo in (30), we obtain 


b 


G(x) = A) K(x, 8) G(s) ds +(x) 


a 


The transition to the limit under the integral sign is legitimate 
since the sequence converges uniformly. We note that the limit 
lim @,(x) = (x) is independent of the choice of g(s) (zero-order 


approximation). The uniqueness of the solution of (25) readily 
follows from this. In point of fact, if there exists a further solution 
y(x) of (25), then, assuming g(x) = p(x) in the procedure for 
constructing the functions (28)-(30), we obtain 


P(X) = v(x), a(x) = V(X), --,  GPa(X) = YO), -- 


This sequence has the function G(x) as the limit. However, it is 
also evident that 


a Pn(X) = p(x) 
and, therefore, 
G(x) = v(x) 
8.4.2 Since the series given by (31) converges for |A| < 1/A(b—a), 


it follows that for these values of 4, the series y A" |a\"""(b—a)"* 
n=1 


will also converge. However, this series is the majorant series for 
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S* 2°-1K,(x, 5) so that >° 2"-!K,(x, s) converges uniformly. The 
n=1 


n=] 


series given by (31) can therefore be written in the form 


6b © 
B(x) = fl) +2) {SK 9} F@)as 


n 


ll 
= 


or 
5 


G(x) = f@O+A) RE, 5, AL (9) ds (33) 


foe] 


where the function R(x, s,2) = >) 2"! K,(x, s) is called the resol- 


n=1 
vent of (25). 

It follows that if we know the resolvent of (25), we can use (33) 
to obtain its solution. We have defined the resolvent only for small 
values of |2|. However, it can also be defined for any finite domain 
in the complex plane of the variable 2 by analytical continuation 
(except, perhaps, for a finite number of singular points in this 
domain). If this has been done, then (33) yields the solution of 
(25) for any 2 except for these singular points. We shall not pause 
to consider this in any detail. 


8.4.3. If we apply the above procedure to the Volterra equation 


x 


g(x) =2) K(x, )o(s)dst+f~) |@<x<b) (34) 


a 


we obtain the following sequence of functions 


gylx) = fx) +25 K(x, 8) p0(s) ds 


x 


glx) = SO)+2) K(x, s)px(s) ds 


a 
x 


pal) =S0)+2) Ke, 5) gn-a(s) ds 


a 
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The sequence converges uniformly in the range [a, 5] for any 
values of 2. In point of fact, it is clear that 


x 


leu] <|POOI+1Al | LK Cx, 8) llpo(s)1 ds 


<B+|A| AB(x—a), where |go(s)! < Bo 


IPA! <IFOI+1AS KG, 5) ler(s)1 ds 


x 


<B+|A\A | {B+|Al4By(s—a)} ds 


= B+|A|AB(x—a)+||?A2Bo icra 
In general, 
(yay? 
- n—1 n-1 : da 
lpn(x)| <B+|A| AB(x—a)+ ... + |A""|A SS iy! 
(x 9 


+|A\"A"Bo 





Since the series 3 BiA\"A"(x—a)"/n! converges uniformly in {a, 5}, 


n=] 
and its partial sums are the majorants for the functions ¢,(x), it 
follows that the sequence {y,(x)} will also converge uniformly; 
v(x) = lim ¢,(x) is, clearly, the solution of (34) and, in fact, the 


unique solution. 


8.5 APPROXIMATE METHODS OF SOLUTION 
OF FREDHOLM’S INTEGRAL EQUATIONS OF THE SECOND 
KIND 


The method of successive approximations described in Section 8.4 
can serve as an approximate method for the solution of integral 
equations. As the approximate solution we must take the functions 
P(X) given by (28)-(30). 

A second method for solving integral equations involves the 
approximation of the kernel K(x, s) by the degenerate kernel 


n 


R(x, 8) = Daa) bils) 


i=1 
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The solution of the equation with the kernel K(x, 5s) will be the 
approximate solution of the original equation. 
A third method consists of the following. The ranges [a, 5] 
of the variables x and s are divided into a grid of n identical parts 
b 


by points x;,s,;, and the integral | K(x, s)y(s)ds in the integral 


equation is replaced by an integral sum. As a result, 


w(x) D1 Ke, 5) 5 V5 4.f) 


Assuming in this expression that x is equal to x,;(i = 1, 2, ..., 7), 
let us consider the set of equations 


p= A> Ky pV tf @= 1,2, 7) (35) 
j=l 


where 


p=9(%), Ky=Kxs), L=fx), Vs = 5741-5; 


Solving this system for g;, we obtain the values of the approxi- 
mate solution at the grid points. We shall not pause to consider 
these approximate methods in any detail and refer the reader to 
specialist literature. 


8.6 FREDHOLM’S THEOREM 


In this section and in the next chapter we shall confine our attention 
to Fredholm’s integral equations of the second kind 


b 
p(x)—a | K(x, s)p(s) ds = f(a) (36) 
8.6.1 The homogeneous equation 
b 
o(x) = 2) K(x, s)@(s) ds (37) 


a 


has the trivial solution g(x) = 0 for any value of the parameter A. 
However, for some values of A, it may also have non-trivial solutions. 


Definition The values of 4, for which Equation (37) has non-trivial 
solutions (i.e. solutions which are not identically zero), are called 
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the eigenvalues of (37) [the kernel K(x, s)] and the corresponding 
solutions y(x) are called the eigenfunctions of the equation (kernel). 
We now have the following theorem. 


Theorem 1 If in Equation (36) the parameter 2 is not equal to 
the eigenvalue of the corresponding homogeneous Equation (37), 
then (36) can have only the unique solution. The existence of the 
solution will be established later. 


Proof Let 9,(x) and ¢,(x) be two solutions of (36). We then 
have 


p(x)—A\ K(x, 5) p(s) ds = f(x) 


g2x(x)—A\ K(x, 8) p2(s) ds = f(x) 


Roa Qo Oe 


and, hence, 


oe 


(r:—92)—2| K(x, 8) (Mg) ds = 0 
Consequently, the difference o(x) = 9,(x)—¢2(x) is a solution of 
the homogeneous equation. Since 2 is not an eigenvalue, it follows 
that 9(x) = 9) (x)—¢.2(x) = 0. This proves the theorem. 


8.6.2 It will now be convenient to recall some theorems on 
systems of linear algebraic equations. 


Theorem A A necessary and sufficient condition for the homo- 
geneous system of equations 


a 


Siayxj=0 = 1,2, 50) (38) 


j=1 


to have only a trivial solution, i.e. a solution consisting only of 
zeros, 1s that the determinant of the system should be different 
from zero. 


Theorem B if the determinant of the homogeneous system (38) 
is equal to zero, the system has p= n—r linearly independent 
solutions where r is the rank of the matrix of the system. 
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Theorem C If the homogeneous system of equations (38) has 
only a trivial solution, then the corresponding non-homogeneous 
system 


n 


Siayxj= br = 1,2, 0) (39) 


j=l 


has aunique solution for any values of the right-hand side, 5;. 


8.6.3. It was shown in Section 8.5 that the approximate solution 
of (36) can be obtained by replacing this equation with the cor- 
responding system of linear algebraic equations 


Pm—2 >| Kimi V25; =f (mM = 1,2, 50) (40) 
j= 
and then solving this system. 

Similarly, certain theorems for systems of linear algebraic 
equations can be extended to Fredholm’s integral equations of 
the second kind. For integral equations these theorems are called 
Fredholm’s theorems. We shall indicate below one of the methods 
of obtaining Fredholm’s theorems without giving detailed proof. 

The function y,(x) which is equal to the solution of the system 
(40) at the corresponding grid points and is linear between them 
will be called a polygonal function corresponding to the solution 
of the system (40). We then have the following theorem. 


Theorem 2 A _ polygonal function ¢,(x) corresponding to the 
solution of (40) tends uniformly to the solution of the integral 
equation (36) asm > o. 


We shall not give a proof of this theorem and will proceed to 
the method of deducing Fredholm’s theorems. 

Suppose that A is not an eigenvalue of the kernel K(x, s). The 
homogeneous Equation (37) will then have only the trivial solution. 
Therefore, in view of Theorems A and 2, we conclude that the 
corresponding system of algebraic equations which replaces the 
integral Equation (37), i.e. the system 

Fm—2.Y Kim V5; = 0 (m= 1,2, 50) 


j=l 
has a non-zero determinant. Consequently, the system of equations 


Pn—2 > Kine V5; =J i, (i= 15. 2,.4u5 Nn) 
j=l 
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which replaces the inhomogeneous integral Equation (36) has 
a unique solution. The polygonal function ¢,(x) corresponding to 
this solution for n > oo will, in accordance with Theorem 2, tend 
uniformly to the solution of (36). This means that the following 
theorem is valid. 


Fredholm’s first theorem For any 2 which is not an eigenvalue, 
Equation (36) has a unique solution. 


Remark Since the determinants of the system (40) and of the 
transposed system 


Ym— > Kngpy V5; = Sr m1, 23 os) 
j=l 


coincide, it follows that for any 4 which is not an eigenvalue of the 
kernel K(x, s), the adjoint integral equation 


b 
v(x)—2) K(s, x)v(s) ds = @) 


a 


will also have a unique solution. 


Let us consider now the case where / is equal to one of the 
eigenvalues. We then have the following theorem. 


Fredholm’s second theorem If 2 is an eigenvalue of the kernel 
K(x, s) then both the homogeneous integral Equation (37) and its 
adjoint equation have a finite number of linearly independent 
solutions. 

This theorem follows from the fact that the homogeneous 
system of algebraic equations corresponding to equation (37) 
has a finite number of linearly independent solutions, in accordance 
with Theorem B. 


Fredholm’s third theorem Let 2 be an eigenvalue of the kernel 
K(x, s). In order that (36) have a solution, it is necessary and 
sufficient that the function f(x) on the right-hand side of (36) be 
orthogonal to all the eigenfunctions of the adjoint homogeneous 
equation corresponding to this eigenvalue. The necessity of this 
condition is readily proved. In fact, if p(x) is a solution of (36), 
then 
b 
PO)—2) K(x, 8) (3) ds = f() 


a 
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Let us multiply this identity by the eigenfunction p(x) of the adjoint 
equation and integrate the result (with respect to x) within the 
range [a, b]. We obtain 


6 b b 5 
| sexy (x) dx = J g(x) yx) dx—2) yO | KC, s)p(s) ds dx 
Since 
b b b b 
2) p(x) | K(x, 8) g(s) ds dx =| 9(s)a| K(x, 8) p(x) dx ds 
RA a a a a 
b 


A \ K(x, s) p(x) dx = y(s) 


a 


it follows that 


b b b 
| F(x) p(x) dx = J g(x) v(x) dx— J g(s)y(s) ds = 0 


which was to be proved. 

The sufficient condition is more difficult to establish. The proof 
can be given, for example, first for the corresponding system of 
algebraic equations; then, by going to the limit in the polygonal 
functions, one can extend this result to integral equations also. 
We shall not give this proof here. 

Suppose that there are r linearly independent eigenfunctions 
corresponding to a given eigenvalue 7. We then have the fol- 
lowing theorem. 


Theorem If in (36) 2 is one of the eigenvalues and the solution 
of (36) exists, i.e. f(x) is orthogonal to the corresponding eigen- 
functions of the adjoint equation, the solution of (36) will also 
be any function 


lx) = polx)+ >” Cagalx) 
q=l 


where ¢ (x) is a solution of (36), ¢,(x) are eigenfunctions of the 
kernel K(x, s) corresponding to the eigenvalue 2 and C, are arbitrary 
constants. 


Remark In Section 8.4 it was shown that the inhomogeneous 
Volterra equation has a unique solution for any values of the 
parameter 4. Consequently, in accordance with Fredholm’s theorems, 
the Volterra equation has no eigenvalues. 
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Integral Equations with Symmetric 
Kernels 


In this chapter we shall consider Fredholm’s equations with sym- 
metric kernels. The kernel K(x, s) is called symmetric if, for all 
x and s, the following identity is satisfied in the square a < x, 
S<b: 

K(x, s) = K(s, x) 


If the kernel K(x, 5) is symmetric, it is evident that all the iterated 
kernels K,(x, 5) are also symmetric. We recall that, for the sake of 
simplicity, we are confining our attention only to kernels continuous 
fora<xs<b. 

Equations with symmetric kernels are frequently encountered 
in mathematical physics. They have a number of specific properties, 
the chief of which is given by the following theorem. 


Theorem 1 Any continuous symmetric kernel, which is not 
identically equal to zero, has at least one eigenvalue. 


We shall not prove the theorem here and will merely note that 
it is possible to find asymmetric kernels which do not possess 
eigenvalues. For example, the kernel 


K(x, 5) = sinx coss, O< x, s << 2a 


and all Volterra kernels are examples of this. 

The set of all eigenvalues of a kernel (equation) is called the 
eigenvalue spectrum of the kernel (equation) or, simply, the spectrum 
of the kernel (equation). 
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9.1 SIMPLEST PROPERTIES OF EIGENFUNCTIONS 
: AND EIGENVALUES 


It is evident that the following properties must hold. 


Property 1 If ¢(x) is an eigenfunction corresponding to an eigen- 
value 4, then Cg(x), where C is an arbitrary constant, is also an 
eigenfunction corresponding to the same eigenvalue A. 


The constant factor C can be chosen so that the norm of the 


{5 
eigenfunction C¢(x), i.e. ||Ce|| =) \ C’~(x)dx, is equal to unity, 


so that ||Cy|| = 1. We shall assume henceforth that all eigen- 
functions are normalised to unity in this way. 


Property 2 If two eigenfunctions ¢:(x) and g2(x) correspond to 
the same eigenvalue A, then for all constants C, and C, the functions 
Ci91(x)+ C292(x) will also be functions corresponding to the same 
eigenvalue A. 


Let us now establish the following property. 


Property 3 The eigenfunctions y,(x) and (x) corresponding 
to different eigenvalues 4, and 4, are orthogonal in the range 
[a, 5], i.e. 

6 

J ri) pa(x) dx = 0 


Proof By hypothesis we have 


5 b 


TMC) = [KEIO ds, — F-926) = [ KE, p26) ds 


a a 


Let us multiply the first of these by y2(x) and the second by 9:(x) 
and subtract one from the other. If we now integrate the resulting 
identity with respect to x within the range [a, b], we obtain 


i ee te 
te aa] [ gal) oa(x) dx =: | (K(x, 8) p(s) pax) ds dx 
bb 
: — JJ K(x, s)go(s)ri(x) ds dx 


aa 
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Changing the order of integration in the second term on the right, 
and bearing in mind the fact that the kernel is symmetric, we have 


bb bb 
\ | K(x, 8) pals) pix) ds dx = | \ K(x, 5) 91(x) pals) dx ds 


| 


bb 
\ \ K(x, 5) gi (5) p2(x) ds dx 


Consequently, 
b 
1 ] 
1 _1\ Voces) dx =0 
Ay As a 


The orthogonality property follows at once. 


If the eigenfunctions corresponding to a given eigenvalue / are 
made orthogonal, any two linearly independent eigenfunctions 
7,(x) and ¢,(x) will be orthogonal. 

We shall assume henceforth that the orthogonalisation procedure 
has been performed whenever necessary. Consequently, a set of 
eigenfunctions can be considered as orthonormal. 


Property 4 All eigenvalues of integral equations with symmetric 
kernels are real. 


Proof Let us suppose that 2 = «+i, B 4 0 is a complex eigen- 
value, and g(x) = y,(x)+iy,(x) is the corresponding eigenfunction. 
We then have 


b 
vx) +iva(x) = (a +16) \ K(x, s)[yi(s) +iy2(s)] ds 


a 


and hence 


5 b 
ys(x) = a| K(x, s)yx(s) ds—B\ K(x, 8) y2(s) ds 


b b 
(x) =a \ K(x, 5)y2(s) ds+f \ K(x, s)y,(s) ds 
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Let us multiply the second of these identities by i and subtract 
the results from the first identity. We have 


b 


vi(x)—iv.(x) = (iB) | K(x, 8)[yi(s)—iy2(8)] ds 


a 


Therefore 

A= a—iB and G(x) = yi(x)—ipr(x) 
are, respectively, the eigenvalue and the corresponding eigenfunction. 
Since 2 4 7 (8 # 0), it follows from Property 3 that the functions 


¢(x) and (x) are orthogonal, i.e. 
b b 


| px) G@) dx = | {y?0)4-¥309} dx = 0 


Hence, since the functions y,(x) and y,(x) are continuous, it follows 
that y,(x) = y,(x) = 0. Hence y(x) = 0, which is impossible. 
This proves the property. 


Property5  Ineach finite range [A, B] there is only a finite number 
(including zero) of eigenvalues. 


Proof Let us suppose that in a given range [A), Bo] there is an 
infinite set of eigenvalues. Let us select out of this set a certain 
infinite sequence of eigenvalues {A,}. Suppose that {%,(x)} is the 
sequence of corresponding eigenfunctions. Since the family of 
functions {g,(x)} are orthonormal, the Fourier coefficients of the 
kernel K(x, 5) for this family are (1/2,)9,(x). It follows that the 
Bessel inequality 





must hold. Consequently, for any integer p > 0 


> ee Pax) <| K?(x, s) ds 


Integrating this inequality with respect to x within the range [a, 6], 
we obtain 





D hy 


1 bb 
ie <| | «°C, 5) ds dx 
n=1 aa 
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Since all the 7, lie in the finite range [Ao, Bo], it follows that all the 
numbers 4; are less than B?, 12 < B?, where B? = max {42, B3}. 


Pp 
re 1 

If we replace all the 7? in the sum ) yy by the larger number B?, 
n 22 


we obtain for any integer p 


p bb 
Se — \ \ K?(x, s)ds dx 
1 aa 


ioe) 


which is impossible since the series »: 


e's divergent and con- 
=1 


P 
F 1 ; 
sequently, for sufficiently large p, the sum LE will be greater 


bb 
than || K(x, s)ds dx. 


From Property 5 it follows directly that (1) all the eigenvalues 
can be numbered in increasing order of their absolute magni- 
tudes, i.e. 


Vien .2ig\< 


and (2) if the eigenvalue spectrum is infinite, then |A,| > co as 
n— 00. 


Property6 To each eigenvalue A there corresponds a finite number 
q of eigenfunctions ¢,(x), ¢2(4), .-., Yq(X). 


Proof Let us suppose that to a given eigenvalue 2 there corre- 
sponds an infinite sequence of eigenfunctions (x), %2(x), ..., P,(X),--- 

It follows from the Bessel inequality that for any integer p > 0 
we have 


TO < 





<| K?(x, s) ds 


Integrating this are with respect to x within the range [a, 5], 
and bearing in mind that the eigenfunctions are normalised, we 
have for any integer p > 0 


P b b Db 
> 


b 
=< < | K*(x,s)dsdx for p <i? | |e, s) ds dx 


a aa 


n=1 
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which is impossible. It follows that to each eigenvalue 2 there 
corresponds only a finite number of eigenfunctions. 

It follows from Section 8.3 that a degenerate symmetric kernel 
can only have a finite spectrum. In fact, in order that a homogeneous 
system of linear equations ((27) for 8; = 0; Chapter 8) for the 
coefficients C; should have a non-zero solution, it is necessary 
that the determinant of this system D(A) be zero. The eigenvalues 
can be found from this equation. It is evident that it has only 
a finite number of roots. The converse is also true; if a symmetric 
kernel K(x, s) has a finite spectrum, it is degenerate. In fact, suppose 
that 4,,2,,...,4, is the spectrum of the kernel and ¢,(x), 92(x), 
.»; P(X) is the set of all the corresponding eigenfunctions of the 
kernel (complete system). Consider the symmetric continuous 
function 


n 


K(x, 8) = Ke — > P pplvools) 


p=1 


If it is not identically equal to zero, then by Theorem | it has at 
least one eigenvalue u and the corresponding function is 


b 
v(x) =e) K(x, s)y(s)ds 


a 


The function y(x) is orthogonal to all the eigenfunctions ¢,(x) 
of the kernel K(x, 5) since 


b b b 
\ vd) palo dx = 1 S94 (x) | K(x, 5) p(s) ds dx 


bb 
= u\\ K(x, s) q(x) p(s) ds dx 


On changing the order of integration we obtain 


ee 


i, ; b b 
\ K(x, s)p(s) p(x) ds dx = \ p(s) \ ke, s) 


a 


" 


cz > | Py(x) dx ds 
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Since the functions ¢,(x) are orthonormal, the last integral 
is equal to 
b 


b b 
| vel) KC sdoa(2) dx bdo | (ol Ams 


| 
a a a 


ee | ds = 0 
iy 


when u and ¢(x) are the eigenvalue and eigenfunction of the kernel 
K(x, ), since 


b 
mn \ K(x, s)p(s)ds = p 


a 


KG, + », PED vis) 
p=! n 


= w\ K(x, s)p(s)ds = (x) 


Bee Ferny 


In deriving this expression we have used the orthogonality of 
y(x) and ¢,(x). Since p(x) is the eigenfunction of the kernel K(x, s) 
and the functions ,(x), 92(x), ..., ,(x) form a complete system of 
eigenfunctions of the kernel K(x, 5), it follows that y(x) should be 
a linear combination of the functions 9,(x), 2(x), .--, Pa(x). This, 
however, is impossible since (x) is orthogonal to all these functions. 
We cannot, therefore, assume that K(x, 5s) # 0. Consequently, 
K(x, s) = 0 or 
1 
K(x, 8) = > 5-99) 9968) 

p=1 ° 
i.e. the kernel K(x, s) is degenerate. This means that the following 
theorem must be valid. 


Theorem 2 In order that the spectrum of a symmetric kernel 
be finite, it is necessary and sufficient that the kernel be degenerate. 


9.2 THE SPECTRUM OF ITERATED KERNELS 


Let us substitute 
b 


Ag = \ K(x, s)y(s)ds 


a 
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It follows from the definition of iterated kernels that 
b 
A(Aq) = Ap = J K(x, 8) p(s) ds 
and, in general, 
b 
A"y = A(A-!p) = | K,(x, s)p(o)ds 


a 


For eigenfunctions y,(x) and eigenvalues A, we have 


Pp(x) = ApAGp = A,pA(A, A Gp) 
b 


= 22 A2p, = ... = I ANG, = | K(x, 5) p(s) ds 


a 


from which it follows that the following theorem must be valid. 


Theorem 3 If y,(x) and A, are the eigenfunctions and eigenvalues 
of the kernel K(x, s), respectively, then p,(x) and A} will be the 
eigenfunction and eigenvalue of the kernel K,(x, 5). 

The following theorem is also valid. 


Theorem 4 If uw is an eigenvalue of the kernel K,(x, s), then at 
least one of the (real) roots of the n-th power of y will be an eigen- 
value of the kernel K(x, 5). 

To prove this result, it will be convenient to introduce the 
following lemma. 


Lemma If hy, ho, ..., h, are the roots of the equation A” = yw, 
then 


ithz+ ... +h, = 0 


for s = 1, 2, ...,n—1. 


Proof It is well known that hn =—// mem where Ve is a root 
of the equation h" = uw, = e”*/". We then have 


WAAR FAR = VTE TENH PEO ES 


aie _ 





since &5" — ], 
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Proof of the theorem Let y(x) be an eigenfunction of the kernel 
K,(x, 5) corresponding to the eigenvalue 4. We shall determine the 
functions ¢,(x) from the formula 


P(X) = ~ (yt hpAp tii Ay + tht A" ly) (1) 


Summing these equations over p between p= 1 and p= a, and 
bearing in mind the above lemma, we obtain 


vx) = >) pp) 
p=1 


It follows from this identity that among functions @,(x) there is at 
least one which is not identically equal to zero. It is readily seen 
that ,(x) = h,Ag¢,. In point of fact, if we apply the operator A 
to the identity given by (1) and multiply the result by 4,, we obtain 


1 1 
hy App = = tp Apt hin Apt fhe Atnly)yt = Any 
or 


l l ‘ 
hyp AQ, = PplX)——— p(X) + = eA y = (x) 


since A} = w and wA"y = y. 

It follows that functions y,(x) which are not identically equal 
to zero are the eigenfunctions of the kernel K(x, s) and h, are the 
corresponding eigenvalues. From Property 4, the kernel K(x, s) 
has only real eigenvalues. Consequently, the functions ¢,(x) cor- 
responding to complex roots /, are identically zero. When n is odd, 
there is only one real root j/” =, which should, in fact, be the 
eigenvalue of the kernel K(x, s) and ¢,(x) = (x) is its eigenfunction. 
If n is odd, there are two real roots. Suppose that v(x) and (x) 
are the corresponding eigenfunctions. We then have 


v(x) = gilx)+¢2(x) (2) 


It follows that when n is odd, each of the eigenfunctions of the 
kernel K(x, s) will also be an eigenfunction of the kernel K(x, s). For 
even 1 each eigenfunction of K(x, s) will either coincide with the 
eigenfunction of the kernel K(x, s) (one of the functions (x) or 
(x) in (2) may be identically zero) or will be a combination of 
the eigenfunctions of K(x, 5). This means that if {2,} and {p,(x)} 
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represent the sets of all the eigenvalues and all the eigenfunctions 
of the kernel K(x, s), then {47} and {p,(x)} are the sets of all the 
eigenvalues and eigenfunctions of K,(x, 5). 


9.3 EXPANSION OF ITERATED KERNELS 


In this section we shall show that for any n > 3, the following 


expansion is valid 
K(x, 5) = > PAX) Pols) (3) 


2% 
p=1 e 


in which the series converges absolutely and uniformly within the 
rangea <x, s<b. 

We shall show, to begin with, that the series on the right of (3) 
converges absolutely and uniformly for a <x,s <b. For this let 
us estimate the finite series 


m+q m+q 


l LN Vf 9G), 956s) 
> lmOnOl < apm D4 ar) 


p=m 





We have used the inequality 
4B] <5 (A+B 


and the fact that |/,| tends monotonically to zero as p > oo. From 
Bessel’s inequality 


> %o [ees s)ds < 


where D = const and D > 0. Therefore, for g > 0 


» 


Since |4,,| > 00 as m-— oo, it follows from (5) in accordance with 
Cauchy’s criterion that the series (3) converge absolutely and unt- 
formly. 

Let 





D 
STE 


pe gt) (5) 








B(x, 8) = > se Pol2) 08) 
p=l ? 
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This function is continuous within the range a < s,s <b. We must 
show that K,(x, s) = ®(x, s). Let us suppose that this is not so. 
The symmetric function 


O(x, Ss) = K,(x, s)—®(x, s) 


will by Theorem 1 have an eigenvalue uw and an eigenfunction 


(x), ie. 
b 


v(x) = wn) Q(x, s)p(s) ds 


The function (x) is orthogonal to all the eigenfunctions ¢,(x) 
of the kernel K(x, s) since 


b 


b 
\ podon(x dx = w )) OC, 5) y(s)ex(x) ds dx 


b 
(5) i K,(x, 8) 


z roto] p(x) dx ds 


b 
= 1 v9 {| KuGx de09 dx— oom ds = 0 


a 


b 
and because ¢,(s) = 4"\ K,(x, s)y,(x)dx. The function y(x) is an 


eigenfunction of the kernel K,(x, s) since 


b 
w(x) =n) Q(x, s)y(s) ds 





b foe) 
Pox) Pols) 
= \ {ke Ss) Ds ve) ds 
5 
= 1) K,(x, s)y(s) ds 
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We have used the orthogonality of the function y(x) to all the eigen- 
functions ¢,(x). Consequently, as was shown in Section 9.2, p(x) 
should be a linear combination of the functions y,(x). However, 
this is impossible since y(x) is orthogonal to all the functions ¢,(x). 
Therefore, it cannot be assumed that O(x, s) 4 0. 


Remark The expansion given by (3) is valid also for K,(x, 5s) 
(n = 2) and, under certain additional conditions, for K(x, s). We 
shall not prove this here. 


9.4 HILBERT-SCHMIDT THEOREM 


We shall now prove one of the fundamental theorems of the theory 
of linear integral equations which has many applications. This is 
the expansion theorem. 


Hilbert-Schmidt theorem If the function y(x) can be represented 
by 
b 
f(x) =) K(x, s)h(s) ds (6) 


a 


where h(s) is piecewise-continuous in [a, 5], it can be represented 
by an expansion in terms of the eigenfunctions of the kernel K(x, s), 
i.e: 


f(x) = >" fov ox) (7) 


where 
b 


fo = \ F(x) gp (x) dx 


a 


This series converges absolutely and uniformly in the range [a, 5]. 
To prove this theorem the following lemma will be convenient. 


Lemma Jn order that a continuous function Q(x) be orthogonal 
to the kernel K(x, 5), i.e. 


b 


| K(x, s)Q() ds = 0 (8) 


a 
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it is necessary and sufficient that it should be orthogonal to each 
eigenfunction of the kernel, 1.e. 
b 


(O~)e(dx=0 (p=1,2,...) (9) 


Proof Sufficiency: 
b 


b 
Ox) 7960) di=7 > \ K(x, 5) p(s) Q(x) ds dx 


b 
\ 
b b 

= i, \ pp(s){ \ K(x, s)O(x) dx} ds = 0 


since the inner integral is zero. 


Necessity: consider the auxiliary integral 


bb 
= J { K.Ce, 00) O(s) ds dx 


It is zero since, using Equation (3) for n = 4 and Equation (9), 
we obtain 


6b ow 
I= JD SP 00906) as as 


6 b 


- Yel ereeer| 900 ds = 0 


b 
V1) Kae, 1) Kel, s) dt\ Q(x) Q(s) ds 
b b 
= SILI K(x, )O(x) dx] | Kx(t, 8) Q(s) ds]} ar 
b 
{) Ka(x, OC) dxl dr 
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Consequently, 
b 


| Kx(x, NO(x) dx = 0 (10) 


where we have used the symmetry of the kernel K(x, s). Multiplying 
(10) by O(t) and integrating the result with respect to ¢ within the 
range [a, 6], we obtain 


bb 
\\ Kae, NOC)OW) dx dr = 0 
: 
If we replace K,(x, f) in this equation by the integral \ K(x, )K(&,1)d§ 


and perform transformations similar to those carried out above, 
we obtain 
b 


| K(x, Q(x) dx = 


This proves the lemma. 


Remark The Fourier coefficients f, of the function f(x) are equal 
to h,/A,, where h, are the Fourier coefficients of h(s). In fact, 


6 b 


-\y (x) 9p(x) dx = J pax) JKC, s)h(s) ds dx 


‘P 


b b e 
= \ ns) \ K(x, 5) Pp(x) dx = | A(s) eX) = Z 


and, therefore, instead of the series given by (7) we may consider 
the series 


«a 


Fo) = > FP vals) a1) 


p= ra 


Proof of the theorem We shall first show that (11) converges abso- 
lutely and uniformly. From the Cauchy inequality we have 








neg aia /§ hy eee 
Sel <p/ Soe 2 ue 
p=n P p=n 
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From Bessel’s inequality we have 


oO co b 
2 
>I «(re ds and a) < \ K(x, s)ds <D 
p= p= P a 
Consequently, the series ay h*, converges and therefore the sum 
p=l1 


n+q 
ys h? can be made less than ¢/D, where e is an arbitrary number, 
pmn 


if n is taken to be sufficiently large. Hence, for large enough n, 


n+q 


| 
Se w(x) <ée when xe [a,b] 
pant ? 








which means that (11) converges absolutely and uniformly. Let 


000) = >) 99x) 
=1 ? 


The function Q(x) is continuous in [a, 5]. It is orthogonal to all the 
functions ,(x). In fact, 


b 


b™ © 
| 76) 9.2) dx = | Paes vote) —Fooh ma) dx 


Consequently, in accordance with the above lemma, it is orthogonal 
to the kernel K(x, s), i.e. 


b 
| K(x, 8) Q(x) dx = 0 (13) 


a 


Next, since the functions Q(x) and ¢,(x) are orthogonal, 


jo dine (o gc!) te P9(x)— fc} ax 


a p=l 
- one dx 
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Replacing f(x) in accordance with (6), and using (13), we obtain 
b 


| O?(x) dx = 


a 


& 
| Q(x) | K(x, s)h(s) ds dx 
- 
ey 


h(s) \ K(x, s)O(x) dx ds = 0 


Consequently, 


O(%) = De po) f(x) = 0 


and this proves the theorem. 


9.5 EXPANSION OF THE SOLUTION OF 
THE INHOMOGENEOUS EQUATION 


Suppose that in the equation 


b 
p(x) =a) K(x, s)(s) ds-+ f(x) (14) 


A is not equal to any of the eigenvalues. Then by Fredholm’s first 
theorem this equation has the unique solution 


p(x) = f(x) +-Ag(a) (15) 
where 
b 


g(x) = | K(x, 8) p(s) ds 


By the Hilbert-Schmidt theorem the function g(x) can be repre- 
sented by an expansion in terms of the eigenfunctions of the kernel 
K(x, s): 


g(x) = >| Copplx) (16) 
p=1 
Substituting (15) into (14), we obtain 
(oe) 6 oe) 
F)+AD' Compa) = f)+A) Kx, {/6)+-4 | Copp(s)h ds 
p=1 a p=1 
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or 
6 ae 5 
Cooplx) =) K(x, 5) f(s) ds +2.) C, |) K(x, 8) pols) ds 
p=l a p=! a 


We now apply the Hilbert-Schmidt theorem to the function 
b 
| K(x, 5) f(s) ds 


b 
and replace \K(x, 5s) p)(s) ds by y,(x)/A,. We obtain 


p= p=1 
and hence 


ty 


A 
c,=B++¢, for a | 


ee 


It follows that the required solution of (14) can be represented by 
the absolutely and uniformly convergent series 


co 


os) =so)+a > 2 


p=1 


(17) 





If 2 is equal to an eigenvalue ,, which corresponds to eigenfunctions 


py(X)s Pr+iX), - “3 Pr+q(X)s then A, = —< = Anat =..=4 r+q 
In this case, it is evident from the formulae for the coefficients 
C, that 


fr Sin = = Seg = 0 
or 


b 


\fOeraiQdx=0  (=0,1,2, 2.9) 


i.e. the function f(x) should be orthogonal to all the eigenfunctions 
of the kernel corresponding to the eigenvalue A,. The coefficients 
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C,, Cray, ---, C,4qg are then undefined (they remain arbitrary) and 
the solution of (14) can be written in the form 


7(x) = Cee(X) EC Or gi + ae PCr ea Oraal x) 
hy - fo — p(x) (18) 
P 





Ap—/r 


where %’ represents summation with respect to all values of p except 
forp=r,r+l,...,rt+q. 


Remark An equation with an antisymmetric kernel of the form 
b 


p(x) = 2) K@x, 5)p(s) p(s) ds 


a 


where p(s) is an unknown function, p(s) > 0 in [a, 6], and K(x, s) 
is a symmetric function, can be reduced to an equation with a sym- 


metric kernel with respect to the function p(x) = 9(x)V/ p(x): 


b 
vx) = 2) KC, )VpCp(s) ys) ds 


a 


9.6 EXPANSION THEOREM 


It was shown in Section 8.2 that the boundary-value problem 


L{D]+14po = S[k ®|-q@+ ipo =0 (19) 
a, 0'(0)—P:P0) =0,  H'(+82.0() = 0 (20) 

is equivalent to the integral equation 

b 
B(x) = 2) G(x, s)p(s) M(s)ds (21) 
or 
b 

W(x) = 2) K(x, 5) Ws)ds (22) 


a 


where K,(x, s) = G(x, s)V/p(x)p(s), Mx) = O()V/p() and Ga, s) 
is Green’s function for the boundary-value problem (19)-(20). 
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Consequently, the eigenvalue and eigenfunction of the boundary- 
value problem (19)-(20) coincide with the eigenvalue and eigenfunc- 
tion of the kernel K,(x, s). This fact enables us to derive the expan- 
sion theorem from the Hilbert-Schmidt theorem. In fact, let f(x) 
be a function belonging to class A (see Section 4.1), so that 


LU = kf’ -af = —F@) 


will be a piecewise-continuous function, and by Hilbert’s first theo- 
rem (see Section 8.2) 


f(x) =) Gx, 3) F(s)ds 


Consequently, by the Hilbert-Schmidt theorem f(x) can be repre- 
sented by an absolutely and uniformly convergent series in terms 
of the eigenfunctions {@,(x)} of the boundary-value problem 
(19)-(20) 


fo) = 9° C,,(x) 
p=i 


This proves the expansion theorem for the one-dimensional case 
(Section 4.1). 


9.7 CLASSIFICATION OF KERNELS 


Let us now consider one further application of the Hilbert-Schmidt 
theorem. Positive definite (negative definite) kernels are a particu- 
larly interesting class of symmetric kernels. The kernel K(x, s) is 
called positive definite (negative definite) if for any piecewise-con- 
tinuous function /:(x,) the integral form 


66 
J =) KG, s)hQQA(s) ds dx (23) 


is positive (negative). 

It is readily shown that the necessary and sufficient condition 
for the kernel K(x, s) to be positive (negative) definite is that all its 
eigenvalues 4, be positive (negative). 
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In fact, the function 


b 


f(x) =) K(x, Als) ds 


can by the Hilbert-Schmidt theorem be represented by the uniformly 
convergent (in the range [a, b]) series 


b oa] 


Ixy S | K(x, s)h(s)ds = > fe P p(x) (24) 


a p=1 P 


Multiplying both sides of this equation by A(x) and integrating with 
respect to x in the range [a, b], we obtain 


b 
J= (Ke, s)h(s)h(x)ds dx = ye hp (25) 


p=1 


ae 


Consequently, if all the eigenvalues 4, are positive (negative) the 
form given by (23) is positive (negative). If the form (23) is positive 
for any piecewise-continuous function A(x), then for h(x) = 9,(x) 
the formula given by (25) yields 





b 
| K(x, 8)px(s)a(2) ds dx = 3 


Be 


Consequently, 4, > 0 and, similarly, for the negative form. For 
positive definite (negative definite) kernels we have the following 
theorem. 


Theorem If the kernel K(x, s) is positive (negative) definite and 
continuous with respect to the variables x, s in the range a < x, 
s <0, then it can be represented by the uniformly convergent 
series 


K(x, 8) = > OPS) 


where ¢, and 4, are the eigenfunctions and eigenvalues of the kernel. 
We shall not prove this theorem here. 

It is important to note that all the theorems and facts referring 
to the Fredholm equations and described in this chapter and in 
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Section 8.5 are valid also for the multidimensional case including 
kernels of the form 


A(P, Q) d 
K(?,2)= ——>: to << 

where H(P, Q) is a continuous kernel, |PQ| is the distance between 
the points P and Q and dis the dimensionality of the space. 


9.8 THE SPECTRUM OF SYMMETRIC KERNELS SPECIFIED 
IN AN INFINITE DOMAIN 


We have considered integral equations with an infinite range of 
integration [a, b]. For integral equations with an infinite range 
of integration, the above results will not, in general, be valid. Thus, 
for symmetric kernels specified in a finite domain we can establish 
the following facts. 

1. The spectrum is discrete. 

2. The spectrum of a non-degenerate kernel is infinite. 

3. To each eigenvalue there corresponds a finite number of 
linearly independent eigenfunctions. 

For symmetric kernels specified in an infinite domain these 
results will not, in general, be valid. This is indicated by the following 
example. 


Example 1 


co 


g(x) =2| sin(xs)p(s)ds (26) 
0 


has only two eigenvalues, namely 2, = \V2/z, A, = — | 2/2, and to 
each of them there corresponds an infinite set of linearly independent 
eigenfunctions. 

To prove this we shall use the following well-known results: 


i) ay 
=f pie 2 
7a ASE dS 


oO 

\ ssin(xs) qos. Sa 
2 2 

J a+s 2 
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where x > 0 and a > 0. Adding and subtracting these equations, 
we obtain 


Jancoly/ Femara] Va) Fae 


0 





and 
| Pod | 
sin (xs) WW; e zal ds = Vi \\/ze -ai| 
Therefore, 7, = }/2/a and 4, = — j/2/a are the eigenvalues of 


Equation (26) and 


Pega t _4/tee__* 
g(x) = Vie Vas and G2(x) 4 V3 exe 


are the corresponding eigenfunctions for any a. The functions (x) 
[and ¢,(x)] corresponding to different values of the parameter a are 
linearly independent. Consequently, to each of the eigenvalues 2,, 2, 
there corresponds an infinite set of linearly independent eigenfunc- 
tions. We shall now show that the equation given by (26) has no 
other eigenvalues. To establish this let us substitute y(s) defined by 
this equation into the right-hand side of (26). We obtain 


o(x) = 24 sin(xs)\ sin(st)g(t)dtds 
0 0 


Comparing this with the Fourier integral] 


sin (xs) \ sin (st)y (t)dtds 
0 


o(x) =~ 


7 


Cts 8 


we find that 47 = 2/z. 


Example 2. Consider equations of the form 


p(x) =A \ H(|x—s|)p(s)ds (27) 


-D 
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where H(z) has the following properties. 


1. It is continuous and positive for all z > 0. 
2. There exists a positive number 4 (A < 00) such that the integral 


fe 8) 


\ H(z) coshaz dz converges for all positive A < « and diverges for 
é 


“a=A., 

All the eigenvalues and all the eigenfunctions of this equation can 
be found. We shall seek the solution in the form (x) = e*. Substi- 
tuting this function into (27) we obtain 


eex = 7 \ H(x—s)e*ds-+-2 \ H(s—x)e*Sds 


or, by changing the integration variable (x—s = z in the first integral 
and s—x = z in the second), we have 
[=0) fea) 
ex — 7 \ H(z)e%@-2)dz+2 | H(z)er™+2 de 
0 0 
and hence 


foe) 


ji 24\ H(z)coshazdz 
0 


Therefore, for 
: 1 
4 = 4@) = (28) 
2 \ H(z)coshaz dz 
6 


the function g(x) = e**, where « < A, will be a solution of Equation 
(27), i.e. its eigenfunction corresponds to the eigenvalue 4 =A (a). 
Similarly, we find that for « < A the function e~* will also be 
an eigenfunction of Equation (27) corresponding to the same eigen- 
value 2 = A(a) = 2(—«). 
Since coshaz increases monotonically with «, it follows that for 
ioe) 


A(x) defined by (28), the values of 4(0) = 1/(2 \ H(z) dz) will increase 
0 


monotonically and continuously in the range 0 <a < A up to the 
value 2(A) = 0. Therefore, to each value /«€ [0, #(0)] there corre- 
sponds a definite value « (« > 0), which can be determined from 
(28) and, consequently, the solutions of (27) are 


Cye™* + Cre“ 
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where C, and C, are arbitrary constants. The solution corresponding 
to A(O) is 
OX eax 


€ 
x) = lim ——— =: 
See 


which is readily verified by direct substitution. 


When A> 1/(2 \ H(z) dz), the solution must be sought in the 
ty 
form e+!*, Substitution of these functions into (27) then shows 
that the values 2 = A(if) = A(—if), where 
: ; 1 1 
1GB) = -if) = ~-———- > —3 
2 | H(z) cosazdz 2) H(z)dz 
0 é 
correspond to the real solutions cos #x and sin fx of Equation (27). 
Therefore, the spectrum of Equation (27) is continuous; all the 
non-negative 4 are its eigenvalues. Thus, if we take the equation 


foe) 


p(x) =2 | e-Ip(s)ds (29) 


—@ 


then H(z) = e-?, 7(%) = (1—a*)/2, 2(0) = 1/2 and A = 1. 


PART TWO 


The methods described in Part 1 (for exam- 
ple, the method of separation of variables 
in cylindrical and spherical polar coordi- 
nates), lead to the so-called special func- 
tions, i.e. cylindrical, spherical, and other 
functions. These functions are solutions of 
equations with singular points of the form 


d d 
ax [£OO-Ge | 9" = 


where k(x) vanishes at one or more points 
in the range of the variable x. The proper- 
ties and applications of cylindrical and sphe- 
rical functions as well as certain special 
polynomials will be discussed in Part 2. 
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Gamma Function 


The gamma function (or the Euler integral of the second kind) is 
defined by 


fos) 


T(z) = | eter (1) 
0 
This function has the following properties. 


Property 1 Iz) is bounded and continuous for Re z > 0. 


Proof Consider a closed domain D={0<d<Rez< < N}, 
where 6 and N are arbitrary fixed numbers. For all ze D, we have 


we |e 0<r<il 
[emer ea l<t<o 
Consequently, the function 
f= fa, 0<r<l 
e [ <9 = 00 
is the majorant io \t7—le i! in the FADES 0<t<© forall zeD. 


Sincathe integral Ao ar je tae So -le-‘dt converges, it follows 


sBo 


that the integral \ir ‘e-' dt converges uniformly for z € D. It follows 


that I’(z) is bounded and continuous in the domain D and, hence, 
in 0< Rez <a, since 6 and W are arbitrary. 
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Property 2 I(z) is analytic for Re z > 0. To prove this property, 
it will be sufficient to show that the integral \ T(z) dz evaluated over 
GC 


an arbitrary piecewise-smooth closed contour C lying in the domain 


D is zero. By Morera’s theorem, J(z) will then be analytic in the 
domain D and, consequently, for Re z > 0, 


\1(2dz = c(f edi) dz = j e-' (12-242) dr = 0 
Cc Cc 0 0 Cc 


since by Cauchy’s integral theorem 


| e-1dz =0 
Cc 


The change in the order of integration is justified since the integral 


[oe] 


\ 22-1 e~'dr converges uniformly for z € D. 
6 


Property 3 The identity 
z+) = zl) (2) 
is satisfied for Re z > 0. The validity of this property can be estab- 
lished directly by integrating by parts: 
fo a) ioe) 
P(z+l)= \ te'dt = —et? |p +z \ t-te dr 
0 0 


feo) 


=7 \ tee di = 2f (z) 
0 


Successive application of (2) yields 


I'(z+n+1) 


OS Seay Grae 


(3) 


Property 4 The function I'(z) can be continued analytically to 
the entire z plane with the aid of (3) except for the points z = 0, 
—1, —2,..., —n, ..., at which /°(z) has first-order poles with resi- 
dues given by 


Gal 


Re I'(—n) = a 
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Property5 P(tn+\)=n! 
Direct evaluation yields J((1) = 1. Using (3) we have 


P(n+1) =a! (21) 


Therefore, /°(z) can be regarded as a generalisation of the factorial 
function to arbitrary complex numbers. 


Property 6 The following relationship is valid: 





P(z) PF (—z) = (4) 


sin 2%Z 


Remark It is sufficient to establish the validity of Property 6 for 
z= x, where 0< x < 1. In view of the uniqueness of analytic 
functions this property will then be valid for all z. 


Proof 


roy \ t—te‘dt = 2\ ter dy (t = uv?) 
0 4 


Pii—x) = \ t-*e'dt= 2\ uy *tHe-wdy = (t = v2) 
0 0 
and, consequently, 


co foe) 


Pe) P(—x) = 4) ete! du | o-*+1e-%*do 
0 0 


foe) 

2x~1 
| e7 (+07) (2 du dv 
5 


Substituting u=rcosp and v=r sing, we obtain 


= 


ots 8 


n{2 
rord—»)=+4 j \ e~"’r(cot p)** "dr dp 


0 0 
re) n/2 n/2 
= en d cot 2x-Idgm = 2 2x— 
4\e rdr \ (cot#) P J (cota ap 
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If in the last integral we substitute cot?” = e® we obtain 
: ePdB ot 
PO) PU—x) = \ Ite? ~ sinzx 


—-@ 


which was to be proved. 


Property 7 The function I(z) has no zeros. Suppose that zp is 
a zero of the gamma function. It is clear that z) will not be equal 
either to a negative integer or to zero. From (4) we have 


14 
im ’'(1—z) = lim ———. = 
a 2) ie I'(z)sinaz 


Therefore, z) is a singularity of I’(1—z). However, by Property 4 
the singular points of the gamma function are only positive integers. 
Consequently, 1—z) = —n, where n is an integer and n > 0, while 
Zo = 1--a. It follows that 


I'(2) = P(n+1) = an! 4 0 
Hence, the supposed existence of the zero z leads to a contradiction. 


Property 8 


I'(z) = : 


2niz__ 1 


[tes dt (5) 


Y 


where y is the contour shown in Fig. 10.1. 


lZl=r 


Z. 
| 0 Fig. 10.1 


To prove the validity of (5), let us establish the lemma 





\ -4e-'dr = | ele-tdy 
vy v2 


where y, and y, are the contours shown in Fig. 10.2. 
Consider the integral evaluated over the contour C shown in 
Fig. 10.3. This contour encloses a singly-connected domain in which 


218 


Gamma Function 


e~'t?~! is an analytic function. Consequently, by Cauchy’s integral 
theorem 


fentedr = 0 
Cc 
Moreover, 
0= Jen? hdy 
Cc 


= Jette + Jentretde + \ e'2?-"dt + \ ert dt 


’, vy tyt2 tata 








7? 
t 
t 
0 i] 
bg 
t; 
Ly= yt By: keh 2134 
Fig. 10.2 Fig. 10.3 


where y;, 7; are shown in Fig. 10.3, and t, = «,+i6, (k= 1, 2, 3, 4). 
Let us proceed to the limit in this equation as « > oo, keeping £, 


constant. The integrals | and | willtend to | and —{ , Tespectively. 
5 vw ¥2 Vy 


If we can show that the integrals \ and |, evaluated over the 
{yt t3t4 
ranges f,t, and f3f,, will then tend to zero, this will prove the lemma, 


Consider \ , bearing in mind that z= x+iy: 
tyt2 


IJ evtettde|< J jentet tidal = en J |er-tide 


tyt2 tyt2 oit2 


=e | [tjtten vere! de 


tyl2 


Since |t] < 2« and arg t < 22, we have 


en | tft emt" [de| < e-*(2a)*—1 et 1] 


$12 
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For any fixed z the last product tends to zero as « > oo. There- 


fore, \ e-'t?-'dt + 0 as a > oo. The fact that the integral over f3t, 
t hn . . . . . 
tends to zero can be established in a similar way. This proves the 


lemma. 
Using the above lemma, we can take the contour y in 


F(z) =§ etude 
Y 
as consisting of a circle yp of radius r centred on the point t = 0 
and the upper and lower edges of the cut along the real axis between 
r and oo: 


roa) foo) 
F(z) = | ete tde— \ ef?" dt+ \ ete rd? 
Yo Gper odes) ewer edge) 


The integral F(z) = \ e~'¢?-' dt is an analytic function of z every- 
Yo 

where. In fact, Fy(z) is continuous in the entire plane and the integral 
| Fo(z)dz = | et | t#-'dzd¢ evaluated over any closed piecewise 
Cc Yo Cc 

smooth contour C is zero. Therefore, by Morera’s theorem F(z) is 
analytic everywhere. 

The integral 
Fy) = | e-tee-tde 


r 
(upper edge) 


can be written in the form of the sum of two integrals: 


1 foe) 


F(z) = +) 
r 1 


1 
The integral | e-‘r?-'dr is not an improper integral but is a continuous 
r 


fo 0] 


function of z. The integral j e-'t?-'dt converges uniformly in any 


i 

band —N < Rez <N, since for all t > 1 we have [e~'f2-!] < e~‘tN!, 

and the integral \ e-'tN-1dt converges. Consequently, the integral 
i 


fea) 
\ e-‘t2-!dris also a continuous function of z in any strip for which 
1 
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—N< Rez <N, and hence in the entire plane of the variable z. 
Hence, it follows that the function F,(z) is continuous in the entire 
plane of the variable z. 

Moreover, using Morera’s theorem, we can establish the analy- 


city of the function F,(z). The integra] \ F,(z)dz, evaluated over an 
c 
arbitrary piecewise-smooth closed contour C is zero since ¢7—! is an 


analytic function of z and 


c r 1 
1 roa) 
= \() e-t#-4dz) det (| e-tz#-1dz) dt = 0 
r C 1c 


The change in the order of integration is justified because the integral 
ie) 


\entt?-1d¢ converges uniformly in any strip —N <Rez<N. 


1 
Finally, 
foe) ia) 
Fiz) = § ect tde =e | ented =e" F(z) 
r 
(ieiwer edge) (upper edge) 


Therefore, F(z) = Fo(z)-+-(e?”?—1)F\(z) is an analytic function of 
z everywhere. Therefore, to prove Equation (5) it will be sufficient 
to establish this expression for z = x > 0 (See the remark in con- 
nection with Property 6). 


Proof We have 
F(x) = Fo(x)+ (e**—1) Fi (x) (6) 


Let y) contract to a point. F,(x) will then tend to /'(x) and F(x) 
will tend to zero since 


27 


Fo(x)| < \ ie ee dé} \ er dp <rre’2a 3 0 


Yo 0 ro0 
(¢=re'? on yo) 


Consequently, by passing to the limit in (6) as r > 0, we obtain 
Equation (5). 
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Property 9 From Properties 6 and 8 we have 








] = eit Lataatcs 
T@4l  2ni \e ele: ”) 
Y 
In fact 
1 sin (7 z+2) —sinaz 
zs Pf ee 
r+) 7 C2) I (-2) 
ein? __einz Cit et" eeea 
Se t z d = t 3 d 
ELD = Oni \e / 


« 
y: 7 


The gamma function is plotted in Fig. 10.4. 
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Cylindrical Functions 


Many problems require the solution of differential equations of the 
form given by (1). This equation has to be solved in the case of 
problems considered in Chapter 1 by the method of separation of 
variables if the problems are expressed in terms of cylindrical (or 
polar) coordinates (vibrations of a circular membrane, cooling of 
a circular cylinder, and so on). The solutions of this equation will 
be investigated in this chapter. 


11.1 BESSEL FUNCTIONS 


11.1.1 Consider the equation 
Lip] = 2*w"’+2w'+ (z*—»*)w = 0 (1) 


Solutions of this equation which are not identically zero are called 
cylindrical functions. We shall construct one class of cylindrical 
functions as follows. We shall seek the solution of (1) in the form 
of the series 


w = 2°(apta,z+a 27+ ...) (2) 
where ad, # 0. We then have 


zw’ = z°[ao+a,(o+1)z+4,(6+-2)2*+ ...] 
Zap lt 


Zw" = z°[d,o(o—1)+-4,(6+1)0z+4,(o+2)(o+1)27+...] 





Substituting these expressions into (1) and collecting terms with 
the same powers of z, we obtain 
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2° [tig o? —dgr?] +27 fa, (0+ 1)-—a,07}-+-2°*?[an(o-+-2)° 
—azv? + ay|+ ...+27*" [a,(o-+nY—a,r*+a,_.]+ ... = 0 
If (2) is to be a solution of (1), we must have 
ay(o?—»?) = 0 
a[{(o+1)—»] = 0 
a,[(o +2)?—v?]+a) = 0 
wey An[(9-+n”)—9"]+@,_2 = 0,... 
From the first equation we find that 
o=-sty 


since a) # 0. Let us take o = ». From the second equation, we then 
have a; = 0. Moreover, 





—an~-2, 
cee a > = 2 doco 

a Gener n S! 

Since o = 7, it follows that 
Ao —An-2 
"~ (Qv-+tn)n 
and it is clear that 
Grx41 = 0 

for all non-negative integers k and 

— 44-2 (= 1)*a, 





Gok = 264k  2*0LOeLE—N..@+)k! 
Substituting a) = 1/2’7(~+1) and using Equations (2) and (2,) 
of the preceding chapter, we obtain 

ee (=) 
2k PEM KE DI (KED 


We therefore obtain the formal solution of Equation (1) in the form 
of the generalised power series 


_Y_ ene 
J,(2) 2 Tet rerhy 





(3) 


This series is, in fact, the solution of (1) in the region in which it 
converges. It is readily verified using, for example, the d’Alembert 
test, that the series converges everywhere except possibly for z = 0. 
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Consequently, the function J,(z) is a solution of (1) everywhere 
except, possibly, for z = 0. This function is called Bessel’s function 
of order v (sometimes Bessel’s function of the first kind). Since (1) 
is unaffected when » is replaced by —», the function J_,(z) is also 
a solution of (1). When » is not an integer, the functions J,(z) and 
J_,(z) are linearly independent because one of them behaves as z” 
in the neighbourhood of z = 0 and the other behaves as z~”. On the 
other hand, if y is an integer (say, v = n), then 


J_n{z) = (—1)"Jn(Z) 


Let us prove this. We have 
Z poe 2 \ 
oo yk 4. sy a 
J oS a) 3] 
-n _ ar P(k—n+1)I(k4+1) = —_ P(k—n+1)P(k+) 


since /(k—n+1) = -= for all kK = 0, 1, 2, ...,n—1. 
Substitute k = s+-nin the last sum. This yields 


eee 


La Ts+1)P(s+n+l) ~ 





J 42) = (— 1)"Jn(z) 


11.1.2 The behaviour of Bessel’s functions J,(z) and J_,(z) for 
non-integral » in the neighbourhood of z = 0 is a manifestation of 
a property exhibited by linearly independent solutions of the fol- 
Jowing class of equations (with singular points) 


Eko 2|-aeor=0 (4 


in which k(x) = (x—a)o(x), p(a) # 0 and g(x) is differentiable 
at x =a and in the neighbourhood of this point. This property 
will be frequently used below. Let us formulate it more precisely. 


Theorem If the solution y,(x) of Equation (4) is bounded in the 
neighbourhood of x =a, then any other solution y.(x) of (4), 
which is linearly independent of y,(x), is not bounded in the neigh- 
bourhood of x = a. Moreover, if y,(x) = (x = a)"u,(x) and u,(a)40, 
then y,(x) has a singularity of the form (x—a)~” at the point x = a, 
and if y,(a) # 0, then y,(x) has a logarithmic singularity at the 
point x = a. 
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Proof From the properties of the Wronskian, we have 
' ' Cc 
YMKY)VO)—J2C—) 1) = Ex)’ C#0 
and hence 
5S) | ee coe 
dx | yi} k(x) 7) 


Integrating this identity within the range [x, x,],a<x<™1, we 
obtain 





Y2(%1) e Cdt 
x) = y,(x) | — — 
pe )| ney) ROO. 
where x, is a fixed number such that the functions g(x) and 1,(x) 


do not vanish in the range [a, x,]. 
Consider the first case: y,(x) = (x—a)"u, (x). We then have 





Z vr) of dt | 
yx) = (| 222 c\ (¢—ay?™*19(1) 13(1) 


Applying the mean value theorem to this integral, we obtain 


205 aw POY toe 2 SCHON 9s 
32) = yim) wie) @(é;) u4(S1) | 





(t—ay""! 


x 


or 


‘xy 


y2(%1) ; Cy (x) (x—a)" 23 
vite) 2 Impey?” 





y2(x) = 
x <§, <é1, éy ad &1(x) 


and, therefore, 
Jax) = Aix) 14) + Bix) (Ya 





where 
= yo(x) C 55 
A\(x) = yi) 2mi(xy—ayn'g (€:) 15) 
—Cu,(x) 


BO) = Foye 
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Since 4,(x) and B,(x) have no singularities at x = a, this proves 
the theorem for the first case. In the second case, similar calculations 
lead to the following result 
¥(xX) = A2(x) ix) +-B2 (x) In(x—a) 
where 
J2(e1) — Cln(x,—@) C 


40) =a) eng’? B= Gena 


x<&cm, & = (x) 





Since the functions 4,(x) and B,(x) have no singularities at x = a 
this proves the theorem for the second case. 


The above theorem is of considerable importance in formulating 
boundary-value problems for Equation (4) within the range [a, 5] 
where either one or both end-points of this range are singularities 
of the equation. If it is required to find the solution y,(x) which 


is bounded in [a, b], then by writing the general solution in the 
form 


Y= Cry (+ C2 y2(x) 


we can find one of the arbitrary constants from the condition 
that the solution must be bounded (C2 = 0). Therefore, the con- 
dition that the solution must be bounded plays the role of a boun- 
dary condition, so that it must be formulated as one of the boundary 
conditions. - 


11.1.3 The Bessel functions J,(Ax) are orthogonal with the 
weight p(x) = x. More precisely, for any » > —1 


I 
jxs.(4x}u(4 xJax—o when a #8 (5) 


where both « and f are the roots of one of the three equations 
Jy) = 9, SY) = 0, wWe(y)+hi(y) = 0 
Remark The equation 
xy" + xy’ + (A2x2—») y = 0 (6) 


can be reduced to (1) by substituting 2x = z. Consequently, the 
Bessel function J,(2x) is a solution of (6). 
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Proof of the orthogonality property Consider the two identities 


giling G4 (Ax)+ ee J, (Ax) = 0 
eT ba ig ‘ 5) eas ae 


a? d 2. = 
Xa (ux) Joly + liad Bare ae J,(ux) =0 


Let us multiply the first of these by J,(ux) and the second by 
J,(Ax) and then integrate with respect to x in the range (0, /] term 
by term. We have 


(a) (ux)o5 = y(Ax)—J,(Ax) — 4 1039} dx 


7 \ Ve) J(Ax)—J,(AX) — Jn(ux)} dx 


0 
L 


= (2—2)\ xJ,(22) Jur) dx 
or 


<. . Js) + J,(Ax)—J,(Ax) +. im) has 


Cen 


! 
= (u—7?) \ xJ, (Ax) J, (ux) dx 
0 


Evaluation of the integrals yields 


J l 
f [oex) ~ J,(2x)—J(2X) ~ J(u »| | 
t 


= (2-7) \ xJAx)J(uxdx (7) 


We shall show that for »y > —1 and 2 = «/l, u« = B/l, the left-hand 
side of Equation (7) will vanish. We note that, using Equation (3), 
we can write 





he aes kami 7a ea a(x) (8) 
>) 
Ua z tx?t1O, (x) 
x Ft) | 
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where P,(x) and Q,(x) are power series. Using these formulae 
we find that 


xJ,(ux) — I (4X) —xI(AX) s (ux) 


= (ux) wt2 uA 4. xr t2 | 
-| 2To+h \* rdf 21+) ay 

(Ax) ee XY ote 
-Lareryt ‘ 109] > Pro+iy | 2,¢0| 
a x? Ri (0) +274 Ra) 


where R,(x) and R,(x) are power series. When v > —1 the last 
expression will vanish when x = 0. Substituting 4 = a/l, uw = 6/1 
in Equation (7), we obtain 





(4(4x)4(SsJer= a a[ano-e Jy(0)—BIo(0) 5 & 1.0| 


(9) 


The orthogonality property follows directly from (9) for the above 
values of « and #. In the third case, the products «dJ,(a)/d«e and 
B dJ,(6)/d6 of the right-hand side of (9) must be replaced by —AJ,(«) 
and —/hJ,(8). 

Consider now Equation (9) and let us pass to the limit as 
Boa: 


blG-)] 
rl * 











= oe wp [eIv (Bn (2) — BJ y (2) Jv (8) 
By !’Hépital’s rule we have 
ot 
Je (£ 7 
Next, using the identity 
2'Iy (2) +2J5,(z) +(22—v*) Jz) = 0 


2 2 


= > [oy (at) Jp (a) —Jp (a) Jy (4) ae Jy (a) Jy"(a)] (10) 














we obtain 
—Jy (a) = E nf i \4 ( ) 
° es (4) + 2 p(& 
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Substituting this expression for J;’(«) into (10), we obtain 


P , 2. ” 2 
J, (. x} = {sce a f ae 2a (a) (11) 


We note that the square of the norm in the range [a, }] of any 
function Y,(Ax) satisfying Equation (6) can be calculated from 


the formula 
2 2 : ‘ba 


6 
ah 


Suga [2% 


2 




















~ O92 dz 
where z = Ax. To prove this we use the obvious relationship 
6 
(x¥,00Y, tusy de =\e : zat (ux) = Yo (23) 
" 
—Y, (1x) & ee rail 


and then pass to the limit as u — 2. In evaluating the limit of the 
right-hand side, we must use l’H6pital’s rule in Equation (6) just 


a 
1,(% x} li 








as in the calculation of | 





11.1.4 We saw in Section 11.1.3 that the orthogonality of Bessel 
functions is connected with the zeros of the Bessel functions and 
their derivatives. The zeros of the Bessel functions have the fol- 
lowing properties. 

1. All the zeros are simple, except perhaps for z = 0. 

2. All the zeros of J,(z) with real subscript » > —1 are real. 

3. Any Bessel function has an infinite number of zeros. 


The validity of these statements follows from the following 
theorems. 


Theorem 1 The zeros of any cylindrical function are simple, 
except, possibly for z = 0. 


Theorem 2 All the zeros of the Bessel functions J,(z) with real 
vy > —1 are real. 


Theorem 3 Any real cylindrical function has an infinite number 
of zeros. 


230 


Cylindrical Functions 


Proof of Theorem 1 Suppose that z) # 0 is a zero of order n > 2 
of the solution y,(z) of Equation (1), which is not identically zero. 
We then have y,(z) = yi(z)) = 0. In view of the uniqueness of 
the solution of Cauchy’s problem for Equation (1), y,(z) = 0. 
This is in conflict with our hypothesis and, therefore, the zero 
must be simple. 


Corollary All the zeros of cylindrical functions are isolated zeros. 


Proof The fact that z) = 0 is an isolated zero follows from the 
definition of Bessel function J,(z) and from the theorem in Section 
11.1.2. In fact, any cylindrical function y,(z) can be written in 
the form 


y(Z) => C, J,(z)+C,N,(z) 


where N,(z) is a solution of (1), which is linearly independent of 
J,(z). If y,(z) = C,J,(z), and using Equation (3), we can write this 
function in the form y,(z) = C,z’g(z), where (0) # 0. Hence, it 
follows that z = 0 is an isolated zero of y,(z). If y,(z) = C,J,(z) 
+C,N,(z), where C, # 0, then z=0O cannot be a zero of this 
function since N,(z) becomes infinite at z = 0, in accordance with 
the theorem in Section 2. 

Let z) # 0 be a limit point of a sequence of zeros {zn} — 2 
of the cylindrical function y,(z) and y,(z) = 0. It is clear that 


vila) = lim 222—I)_ _ 9 


n->n n— Zo 


We therefore have y,(Z) =O and y,(z) =0. This means that 
Z is a zero of multiplicity two, i.e. we have arrived at a contra- 
diction, by Theorem 1. 

It is evident that the above statement is equivalent to the fol- 
lowing; in any bounded domain of the variable z, any cylindrical 
function y,(z) has a finite number of zeros. 

To prove the second theorem, we must first establish the fol- 
lowing lemma. 


Lemma If a= re’? is a root of the equation J,(v) =0, then 
the conjugate number a = re’? is a root of the same equation. 


Proof The Bessel function can be written in the following form 


PVE Gon 
2k (k+e-- 1) L(k-+1) 





a 
INZ =z », b,z?* where hy 
k=0 
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We then have 


oO 
J,(re!?) = r’el’? ) by rete 
k=90 


— pee ( » byr**cos2ky-+i » byr** sin 2ke 


or 


J (rei?) = re"? [A,(r, 9) —iD,(, 9] | (12) 
Jer) de [4,(r, g) +id,, @)] } 


where 
he oO 
A,r, ¢) = > ber**oos 2kg, D,lr, ~) = >, bur?*sin 2kg 
k=0 k=0 


The lemma follows immediately from (12). In fact, let « = re’ 
be a root of the equation J,(y) = 0. Hence, 


J,(a@) = J,(re'%) = re”? [A,(r, y) +iD,(r, ¢)] = 0 
Consequently, A4,(r, y) = D,(r, ¢) = 0. It also follows that J,(a) = 0. 


Proof of Theorem 2 Let « = re'® be a root of the Bessel function 
J,(z). In accordance with the above lemma, « = re~'® is also a zero 
of this function. In view of the orthogonality property, we then 
have 


or 


~ 


= ( {5} [Ax(r, ¢) + D3, Md (13) 
it) 


In deriving this expression, we have used Equation (12). How- 
ever, the integrand in the last integral is continuous and is not 
identically zero. Consequently, the integral itself cannot be equal 
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to zero. It follows that the assumed existence of complex roots 
of the Bessel function leads to a contradiction. 
Theorem 3 will be proved in Section 11.3.9. 


Remark It follows from (3) that the roots of the equation J,(z) = 0 
are arranged symmetrically with respect to z= 0 on the z plane. 
Using the identities 


d 22 = — Jy .1(Z) 
del 7 |= 2 


which can be verified directly, the reader can readily prove the 
following theorem. 





and © *J,(2) = hae) (14) 


Theorem 4 The functions J,(z) and J,,,(z) do not have common 
roots (except possibly for z = 0). 

If we carry out the differentiation in (14) and eliminate J;(z), 
we obtain the recurrence relation 


Jal) = —La@+—=5@) (15) 


If » is equal to an integer , then we can use the recurrence relation 
to express all the functions J,(z), n > 2 in terms of Jo(z) and J,(z). 

Using the above theorems, the positive roots of the equation 
J,(v) = 0, where » is a real number, can be arranged in an increasing 
sequence 


Yr <2 oe Ym << may << ee 
It is evident that these roots are functions of the subscript », i.e. 


Ym = Ym(?) 


Theorem 5 vy (v) are increasing functions of the variable », if 
y >0. 


Proof For any fixed m we have 


JoL¥m()] = 0 (16) 


Differentiating this identity with respect to » and omitting, for 
simplicity, the subscript m, we obtain 


dy 


H@eer E+ Dear = 0 (17) 
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The prime will represent the derivative with respect to z. Next, 
from the first formula in (14) we have 


zJ,(z)—0J,(Z) = —ZJy41(2) 
and hence, using (16), we obtain 





a C4 eee — —J, iy) (18) 
Returning now to (17), we have 
d l 

7 J, (Zeer (19) 


dy - Jui) $ 
Differentiating the identity 


dnt sy a 2 
a [zJ,(z))+ (.— “| J,(z) = 0 (20) 


with respect to , we obtain 
sa eae 1) | 10+ (-2)2 ne <0 (21) 
dz er (2 2 z} ov °? 


If we now multiply (20) and (21) by (0/d»)J/,(z) and J,(z), respectively, 
and subtract one from the other, we have, after integrating with 
respect to z between 0 and y, 


ray \ue@d AQ>4a0-J, one ae | ae = alee 


y 


os (2) =~ ~y (z)--zJ, (2) <- ~ dy @} = —2v | —@de 
Since 
J (2) = bo2z”'+2°'P,(z),  J,(z) = by 2-7 2"** Py (c) 
0 


ca — J,(z) = byz” In z4- C32" 1-2°t? In z P3(z)-+-2°7?P4(z) 


£ ree (z) = byz” Un z- Cyz” '4-2"t! In z Ps(z) +-2"t1 Py(z) 


where ion are power series, k = 1, 2, 3, 4, 5, 6, the substitution of 


the lower limit of integration z = 0 yields zero. Therefore, using 
(16) and (18) we obtain 


y 
at caer fa) 
aw Eds = yy) IO) ey 


“ 


v0 
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Using this formula and Equation (19), we have 


= -—J?(z)dz > 0 


dx Ym Jeu (Ym) 


This proves the theorem. 


dym 2 c 
| 


It is readily verified that 


ee oa 
Jip(z) = Vz sinz and J_ip(z)= yz COS Z 


11.1.5. Example Consider the cooling of a uniform infinite rod 
of circular cross-section (radius R), whose surface is maintained 
at zero temperature. The initial temperature at internal points 
in the rod is given to be ¢(r). 

The mathematical formulation of the problem is as follows: 
it is required to find the solution u(r, ¢) of the equation V?u = (1/a’)u; 
fort >Oand0 <r<R which satisfies the following initial and 


boundary conditions: 
u(r,0) = g(r), u(R,t)=0, |u(O, t)| <0 


Solution Separating the variables so that u(r, t) = O(r) Y(t), 
we find that 


W(t) = Ce*""" for 4 >0 


The general solution of the equation for P(r) ‘can be written 
in the form 


P(r) = Ady (V2 r) + BM (V2) 


where No Var is a solution of the equation for ®(r) which is linearly 
independent of Jo(j/2r). 

By the theorem in Section 11.1.2 N(V2 r) is unbounded in the 
neighbourhood of r= 0. Since the required solution must be 
bounded, we have B = 0. 


Consequently, ®(r) = AJ (y/2 r). It is clear that we can set 
A = 1. From the boundary condition for r = R, we find the equa- 
tion for the eigenvalues 


Ip =O; gh= yi R 
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By Theorems 1-3 (Section 11.1.4) this equation has an infinite 
number of simple real roots 


Wy <foa< wee Sy << sete 
These can be used to define the eigenvalues 
5 he 
bn = Re 








and the eigenfunctions for the problem J, ( a ). 


We shall suppose that this set of eigenfunctions is complete and 
that the functions g(r) can be expanded into a series in terms of the 


eigenfunctions Jo (42 r 


The solution of the original problem will be sought in the form 


of the series 
= Mn 
u(r, t) = . Cae 5 R 7 


The coefficients C, will be found using the initial conditions and 
the orthogonality of Bessel functions 


u(r, 0) = or) = »s Cada a | 
n=] 


Let us multiply this identity by rJ (Ser and integrate the 








R 


result with respect to r within the range [0, R]. Using the ortho- 
gonality of the Bessel functions and the formulae for the square 
of their norm, we obtain 


R 


Ar very at rlar= GS Useok 


0 
and, consequently, 


R 
space ie 
= RiiGwk \ o(r.o| R | dr 
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Remark Foran approximate solution of the problem, it is sufficient 
to retain only a few of the first terms in the series, for example 


~—arp? 


2 
Jp ok, --—— f 2 
u(r, t) & Cie a a fe (“.-} +Cze RG Jo [| 


@, and yu, can be found from tabulated values of Jo(x). They are 
By = 2.4048, pw. = 5.5201 


11.2 HANKEL FUNCTIONS 


11.2.1. Cylindrical functions of the second class are constructed 
as follows. We seek the solution of Equation (1) in the form of the 
contour integral 


w(z) = \ K(z, é) o(é) dé (22) 
Cc 


where K(z, &) is a given function and v(€) is an unknown function. 
Substituting for w(z) into the left-hand side of (1), we obtain 


Lie] = \ {2?K,,+-2K,+2°K—K}o(®) dé (23) 
Cc 


We suppose that the contour C and the function K(z, é) are chosen 
so that all the above operations can be carried out. 
The function K(z, €) is chosen to be the solution of the equation 


22K,,+2K,+27K+Ky = 0 (24) 
so that L(w) can be written in the form 


L{w] = — | @?K+K;,)0(@ dé 


c 
= — \K {v'’+rv} dé+ {Ko'+K,0} 
c 


This formula is obtained by double integration by parts of the second 
term; A and B are the end-points of the contours of integration. 
Let us now take the function K(z, £) to be (1/z)e~7""* and let us 
take v(é) as a solution of the equation 
v’+yv = 0 


for example e'*. The contour C is chosen so that all the above 
operations can be performed and so that the expression Kv'—K,v 
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is equal to zero at the ends of the contour C, i.e. at the points A 
and B. We then have 


w(z) = = Jere E+ive dé (25) 


11.2.2 If C, and C, are the end-points of the contour C (Fig. 11.1), 
we obtain the following two cylindrical functions 


H(z) =— J {er isein trie dé 
A 
Ci 


H(z) _ J [e- sin £+ivé dé 


which are called Hankel functions. 


a Fig. 11.1 





So far the Hankel functions have been introduced in a purely formal 
manner. It is therefore necessary to show that the functions H$')(c) 
and H(z), defined by (26), are, in fact, the solutions of (1), i-e. 
they have first- and second-order derivatives and that when they are 
substituted into Equation (1) the differentiation (both first- and 
second-order) can be carried out under the integral sign. It is also 
necessary to show that for the above choice of C, and C,, the expres- 
sion Kv’—X,v vanishes at the ends of these contours. 

We shall now establish some of the properties of Hankel func- 
tions. 

1. Hankel functions are defined and continuous in the domain 
Rez > 0. 

To show this, it is sufficient to establish the uniform convergence 
of the integrals which define the Hankel functions for Rez > 6 > 0, 
where 0 is any positive number. To be specific, consider the function 
H(z). On the upper part of the contour C, 


f= —2--if(B > 0), sing = —isinh f 
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On the lower part of C, 
& = ip(8 <0), siné = i sinh f 


Consequently, on these parts of C, the functions e~? sinh?-s#+74 
and e?*!=h8-8s will be the majorants of the modulus of the integrand 
(v = s—iq), respectively. At the same time, the integrals of these 

ioe) 


0 
functions | e~°sinh4-s8+7448 and | e?san?-s? d8 will converge. Hence 


0 —-@ 
the original integral over C, will converge uniformly for Rez > 6 >0. 
The uniform convergence of the integrals 


\ Kodi, | K,,0dé, | Keods (p=1,2) 
Cp ae Cp 
may be established in a similar way. 
2. Hankel functions are analytic for Re z > 0. To establish this, 
we note that | H(z)dz, evaluated over any piecewise-smooth con- 
L 


tour L in the region Re z > 6 > 0, is zero, since 


\ HY (z)dz = \ \ eizsins+ivt qo ge —0 

L CQL 
The change of the order of integration is justified because the integral 
over C, converges uniformly and the function e~#*!"* jis analytic 
everywhere. By Morera’s theorem it follows that H{”(z) is an ana- 
lytic function. The fact that H(z) is analytic can be shown in a simi- 
lar way. 


Since the integrals \ K,vdé and \ K,,vdé converge uniformly 
Cp Cp 
for Re z > 6 (6 > 0), it follows that when one evaluates the deriva- 


tives of Hankel functions one can differentiate under the inte- 
gral sign. 


3. The following limits are valid: 


lim {K(z, €)v'(6)—K2(z, 4) v(} =0 


$= —7+ip + —a+iw 

lim {Ke 8)0"@)—Kile, oo} =o [REF> 9 OD) 

f= iB + -io 

Let us prove the first of these. On the upper part of C, 

[K(z, £)0'(2)| = len #s98+#Fin] = [pfemzmP—40a_, g 

Bc 
|Kz(z, £) v(€)| = |—izcos e729 F- | 
= |z|cosh Ber eeienls sh ing +0, prs oO. 


This proves the first relationship. 
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The second relationship can be established in a similar way. It 
follows that the Hankel functions are the solutions of Equation (1) 
and are analytic in the half-plane Re z > 0. 


4. The Hankel functions are linearly independent. To prove this, 
it is sufficient to show the existence of a sequence {z,} in the range 
in which the Hankel functions are defined, in which one of the 
functions tends to infinity and the other is bounded. Consider 
Equations (26). On the upper and lower parts of C, we have é 
= —2-+iB and, correspondingly, é = —if (8 > 0). The integrals 
over these parts of C, can therefore be written in the form 


co co 
a! \ e—zsinh B—»B g—ivn dp and 1 \ e7zsinn B +98 4B 
It It 

iu 0 


Consequently, the Hankel function AH! (z) can be written in the 
form 
: © _ @ 
matt | F 1 
HY z) = aah eZ sinh B—vB gq <3 —zsinh B+»f 
>? (z) a p——-\e dp 
0 


0 
0 


+ A \ e izsing +ivé qe 
It 


or 


fe) 


co 
HO (z) rae a! | ewssim sr gp e77sinn B +8 4B 
e It 4 
0 


lf... 
+—| eizsing—ivt qe (261) 
0 


Similarly, 


fea) 


ie.e) 
H® (z) —_ 1 gin evteima-ob gp. | e7zsinh B+8 4B 
wt It 
0 0 


n 


ate es \ e izsing +if qe (262) 
. 0 
As z tends to infinity, over the sequence z, = X)+-i),, where Xp is 
fixed, x» > 0, y, > 0 and y, — 00, the first two integrals in (26,) 
and (262) remain bounded since 


o ro) o 
| \ eo znsinn p¥0 gp | < { e~sosinh a Fre 4p 
0 0 
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The integral 
\ ew lensing — ing dé = \ ea Ynsin§ eixosin §—ivs dé 
0 0 
will also be bounded as y, > 00. Consequently, H$"(z,) remains 


bounded for z, > 00. The integral 


a m 
Jen tensing tie ge poe Jer sin @—ixosin$+ivé qe 
0 0 


in (26,) tends to infinity as y, + +00, since sin > 0 within the 
range of integration. Consequently, H{”(z,) > 00 as z, — 0. This 
proves the linear independence of Hankel functions. 


11.2.3. Direct evaluation will show that the following recurrence 
relations are valid: 


H®)+HM) = HP® K=12) QB) 


HG,(2)—H®,(2) = —2-— HG) k=13 09) 


In fact, 
1 : é : & H ca 
AW), (z)+ H(z) = — \ ew fz sin E@i@+DE 1 ei DF) dé 


1 ; estaud 7 
= —- \ er tam E+iv§ (elS 4-e7#) dé 


4 


—_ oe e- sin Sti Cos é dé 


M4 
Ck 


Integrating by parts, we obtain 


\§=—io 
ae 2 \emacert sin 5) eens 2 ew iz sin E+ ivf | 
> . I 
Tt 
LZ LUZ Vi 90h fs 
4 2Qy ak [en tesn E+ivs dé = 2v 1 \ e~izsin $+ivg qe a 2” H(z) 
Z 2 Ze Zz é 
Cc; Cy 
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since the substitution of the limits into the integrand yields zero. 
The procedure for H(z) is the same. Next, 


H9\(2)—HW®,(2) =~ Verses aisingds 


rf 
Ck 
On the other hand, 
d 2 \ F ; secs ad 
—_ A®) aan Wises —izsinEt+ivé¢__ d 
2 a HAS (z) = a (—isiné) dé 


Consequently, Equation (29) is also valid. 
For Re z > 0 we have 


HY @+HPO) 


J,(z) = 5) 


(30) 


Since the functions J,(z) and H$(z) (k = 1,2) are analytic for 
Re z > 0, it is sufficient to show that (30) is valid for z= x > 0. 


Proof  Let/,(z) represent the right-hand side of (30). We then have 


iAx) = sx \ enix sin &+b$ qe (31) 
7 G 


where Cp is the contour shown in Fig. 11.2. 


Fig. 11.2 





Let us substitute 


one 
a = ~-e7E-*) 
2 


into this integral. The half-line (--24-i 00, —2) of Cy transforms 
into the half-line (+ 00, x/2) on the real axis, and the half-line 
(x, +i 00) into the same half-line (x/2, + 00) on the real axis, but 
oriented in the opposite direction; the segment [—z, a] transforms 
into the circle |a| = x/2. 
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Under this transformation, therefore, Cy will be transformed 
into the contour y (see Chapter 10), which is traversed in the opposite 
direction. Consequently, 


: x2 » d 
re oY ee 4a" Miav | * a 
BONS In Je i (=| are 


>. » x2 
ei x ( ‘hae 
— ij — e~4a~*-*e ? da 
22 2 : 


Expanding e*’/*? in a Laurent expansion in powers of a and 
integrating term by term, we obtain 


sie cise a9) cae ee ee 
JAX) a SO D) 2 k! eg g 
k=0 y 
2k-v 
{3 
-» ie ee) 


(kKtvL DPR) 


where we have used Equation (7) of Chapter 10. 
Therefore, 








I(x) =-5 HPO) +HOC)) 


We have obtained the integral representation of the Bessel 
functions 


J, (x) = 





_ ] Jet sin §+ivé dé (32) 
4 


0 
If we split this into three integrals, we obtain 





2 aD 
J,(z) = > ez sin (iB) +7iv—vB dp ary. ss \ ez sin (if )—inv—rB dg 
ry 0 


24, 
cs \ enzsinatiad, = (E = 4+ if) 
Oa 
or 
J (z) = ee (ey e-Z sinh B— a8eF fh ¢ e7# sin A+EVE ry 
, 22 20. 
0 —7n 
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or 
roe nm 


—sinzy ; ] . ' 
J,(z) = | e727 sinh B-»f dp+ oes ea fz sin a+ iva da (33) 


—m 
In particular, for y = n (an integer) we have 


\ eo iz sin @+ina da (34) 


—1 


1 
2% 





JAZ) = 


It follows immediately that 


\J,(z)| <coshy (z= x+iy) 
and 


lJn(x)| <1 


41.2.4 The functions 


HO@—HPE) 


(35) 
are called Neumann’s functions. They are analytic for Re z > 0 
since the functions H{(z) and H(z) are analytic in this region. 
It is clear that N,(z) is a solution of (1). 

It is evident from Equations (30) and (35) that 


H§)(z) = J,(z)+iN,(z) 


35 
H®)(z) = J,(z)—iN,(z) (351) 
It is readily shown that the functions J,(z) and N,(z) are linearly 
independent. If this were not so, there would exist a constant C 
such that for Re z > 0 we would have N,(z) = CJ,(z). However, 
from (35,) we would then have 


AY(z) = (1+iC)J,(z) and AY?(z) = (—iC)J,(2) 


and hence H(z) = DH‘)(z), where D = (1—iC)/(1+iC), which 
contradicts the linear independence of the Hankel functions proved 
above. 

Therefore, the functions J,(z) and N,(z) regarded as functions 
of H® and H® forma fundamental system of solutions of Equation 
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(1). From (35,) it follows that the recurrence relations (28) and (29) 
of this chapter are valid also for J,(z) and N,(z): 


Iu@thi®)= 24), — Iu@QSa@) = ~22@) 


Noai(Z)+-N,-1(z) = = N,(z),  Nowi(z)—N,_1(z) = —2N%(z) 


11.3 ASYMPTOTIC REPRESENTATIONS 
OF CYLINDRICAL FUNCTIONS 


11.3.1. In many problems encountered in physics it is necessary 
to evaluate the steady-state solutions. Mathematically, this leads 
to the consideration of functions for large values of the arguments, 
i.e. to the asymptotic behaviour of these functions. When studying 
the asymptotic behaviour of functions in a region ¢, they are re- 
placed by simpler functions with similar properties. Most frequently, 
the simpler functions are taken in the form 


Ch 
Zz" 


cot Ett 
Z Zz 


Definition The series cg+ce,/z+ ... +¢,/z"+ ... 1s called the 
asymptotic expansion of a function f(z) in a region € containing 
sequences converging at infinity if 


Za 


zee 
The following notation is used: 


lim 2” omy 2 = 0 where n= 0, 1, 2, ... 
k=0 


ae ee ee 
Zz 


Zz 


F(Z) ~ Co 





or 





Cn 1 
7 +o peat 


It is readily shown that if the asymptotic expansion exists, then it 
is unique. 


F@) = c+} b w+ 
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In point of fact, it follows from the definition that when n = 0, 
lim {f(z)—co} = 0, and hence cy = lim f(z). For n= 1 we have 


ye 6) 


z70 


; C} 
lim z V@-«—| =0 


zZ-0 


and hence 


c, = limz {f(2)—co} 


n~-l 
én = hm 2" re Sa 


k=0 


However, different functions may have the same asymptotic expan- 
sions. In fact, if 


then also 


If 


then 


fQ)~ @t bt nt St 


f()Fe-* © Opt <by r ++ .. (for x > 0) 


; e p> 
f(2) = = cot t+ +h+0(atr] 


n I 
0) = 924+. + 40 (=a) 


will be called the asymptotic representation of y(z). 


11.3.2 


We shall now find the asymptotic representation of the 


error integral 


P(x) = = \ ee? dr 


V we 0 


246 


Cylindrical Functions 


for large x > 0. It is clear that 


foe) 


2 
@(x) = |——- ae 
a4 3 e- dt 





It is therefore sufficient to find the asymptotic representation of 


foe) 


the functions f(x) = | e- dr. 


x 


We have 


e7s(x) = {ev -Par = >| S— Gee cee ae 





om 
Integrating by parts, we obtain 


- 1 1 ed 
FOO ag. = Begs iP = 


1*3%*5...(2n—3 
Tey 133 + Rn (x) 


For the remainder 





R,(x) = (—1)" Ls3% 2) ( ee 


we obtain 


|Rn(x)| < 





1-3-5... (2n—1) = o( I 7 
x 


Qnt 1 x2nt 
Consequently, 


ee 1 1:3 
fo) =e" a — aes + 


(—1)"""(2n—3)!! 1 
r 2M x2n-] TO x2ntl 
es ie 1-3 
none ya ee Px rae oe 


(—1)"-!(2n—3)!! 


1 
a Qn xn! rie 0 (ahr) 
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11.3.3. One of the most widely used methods for obtaining asymp- 
totic representations is the method of steepest descents. This is 
based on the fact that for large values of the variable x the magni- 
tude of the integral 
fx) =\ v@err dé 
Cc 

is determined mainly by the part C,, of the contour of integration 
C, on which |[e*?)| = e* Re?) is large in comparison with the 
values of this modulus on the remainder of C. The integral over C,, 
is estimated more readily the shorter this region and the steeper 
the fall of the quantity x Re y(&). In the method of steepest des- 
cents, one tries to deform the contour of integration C into the 
most convenient form C in the above sense. By Cauchy’s theorem 
this deformation does not affect the value of the integral provided 
we remain in the region in which (&) and y(é) are analytic. Since 
the function o(&) = u(a, B)-riv(a, 8), 6 =a+if is analytic, the 
direction of the most rapid variation of u(«, 8) is the same as the 
direction of the line v(«, 8) = const. The deformed contour C,, 
must contain the point é = a+i8,, at which u(a, 6) reaches its 
maximum value (among the values of this function on C). 

It is readily shown that @’(&) =0. In fact, the derivative of 
u(a, 8) along the line C, taken at the point &, is equal to zero since, 
at this point, the function u(a, 8) reaches its maximum value 


(along C). 





Next, aa = 0, since in the neighbourhood of the point 
&=Lp a 
—& = &, we have v = const along C. Therefore, 
Ou . OV 
P (So) = jt 0 
OS Igoe, OS \e_g, 








The point & for the surface u = u(a, 8) is, of course, a saddle point. 
Therefore, in applying the method of steepest descents to the 


asymptotic form of the integral \y(e)e7? dE, the path of integration 
Cc 


C must be deformed into C which passes through £ where 
p'(é) = 0, and in the neighbourhood of this point coincides 
with the line v(a, 8) = const = v(a, fo). 


11.3.4 We shall use the method to deduce the asymptotic behav- 
iour of the Hankel functions H{(x) and H{)(x) for large values 
of x (x > 0). 

Let us establish the following theorem. 
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Theorem Any real solution of the equation 


ee 2 
d*} 1 dy (1 y 





z+ 3 


art ae Jv=0 (Im » = 0) 


has an asymptotic representation of the form 


ei Age & 1 
p(x) = ve sin (x4 501 +O (| 


where A, and 6, are constants. 





Proof Consider the function y:(x) as defined by 


= Vix 
yx) = at 





The differential equation for yi(x) is 





yi +\1— ped hie 0 (36) 


For large x this equation is not very different from 
dw 
dx? 

whose general solution is 


w= Asin(x+6) (37) 


+w=0 


where A and 6 are constants. 


Therefore, for large values of x we shall seek the solution of (36) 
in the form 


yi (x) = A(x) sin [x + 6(x)] 


where A(x) and 6(x) are the required functions. 

Since there are two required functions, and they are related by 
only one condition, the requirement that A(x)sin[x+6(x)] must 
satisfy (36), we can subject them to one further condition. We shall 
choose this in such a way that the derivative of y,(x) is evaluated 
as if A(x) and 6(x) were constants. Since 


y; = Acos(x+6)+A6’ cos (x+6)+ A’ sin(x+6) 
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we shall suppose that 
Ao’ cos(x+6)+A'sin(x-+4) = 0 (38) 
We then have 
y, = Acos(x+6) (39) 


Evaluating the derivative y;’ and substituting this into (36), we 
obtain 


A’cos(x+6)— Alo 2) siness) = 0 (40) 
where 
yor a 
Eliminating A and A’ from (38) and (40), we obtain 
(x) = —F sin?(x-+d) (41) 
and hence 


b 
5(b) = 8(x)-- | 2 sin?[e+ 9@)1d8 (42) 


For a fixed x and b > oo, the right-hand side of (42) tends to a limit. 
Consequently, the left-hand side will also have a limit: 


lim 6(b) = 6p 


baa 


We therefore have 
d(x) = ee —y sin? [é+ 6(6)] dé 
However, ; 
Nz ee sin?(@-} d)dé |< <iyl\ aa vl O (1) 
and therefore 
d(x) = do+0 (+) 
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From (38) and (41) we have 


, 


| 
(In A)’ = 7A 





= _ sin 2 (x-1-6) 
and consequently 


b . 
In A(b) = Inacy+—2| ae dé 
§ 


x 


Repeating the argument given for 6(x) and 6(b), we arrive at the 
conclusion that the limit 


lim In.4(b) = In Ap 








boom 

exists and 

Gy Sa 4vi-o(4] 
Consequently, 

A(x) = Ay [+0 (2)] 
Therefore, 

vit) = Ao F +0(4)|sin E dy +O (+)] 

and 


y= Se sin) }+0(-)| 


11.3.5 Let us return now to the consideration of Hankel functions. 
To be specific, consider 


] 


HW (x) —_ i e7ix sin Etat qs =. £ \ e PF awixsin’ qe 
y S 


ae Hg 
Ci Cy 
where ¢(&) = —isin&é. The saddle points £ can be found from the 


equation 


1 


P'(Eo) = —icosto=0,  f = 5 (2k+-1) 
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where & is an integer. Since the contour C, lies in the strip 
—x < Re € <0, we shall be interested only in £. = —2/2: 


p(é) = —isin€ = —isin(«+if) = —isinacosh B+ cos « sinh B 





Therefore, v(a, 8) = —sinacoshf. In the neighbourhood of the 
point & the deformed contour C, has the equation 
—sinacosh f = —sin ay cosh fy = 1 
or 
sinacosh f = —1 
The direction of this curve at the point é& = —z/2 is determined 
by the angular coefficient 
i __T 23.34 
ol il eee sing |, -% 
2 4 


Therefore the contour C; can be taken as the broken line 
(+ 00, &, &, &3, £4, — 00), shown in Fig. 11.3. 


Fig. 11.3 





In accordance with the above discussion we can split this contour 


into three parts: C.(+00, &,, &), Cul, &,) and Cates &,, — 0). 
We shall assume that 


3 
tym 


. a -<¢d 
ae a, ald Dec 


wat 
t 


1 4 


5 4x %e 





& = a3+if3 = — 


where o is a fixed number 1/4 < o < 1/2. 
eaay) 
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11.3.6 Let us now estimate the integrals over C, and Cus: It is 
clear that 





\ e7ix sin erie ae =< | \ e7i* (sin 2 cosh A +i cosa sinh B)+in(a+iB) qe 
c 


I C; 


< \ e* cos a sinh BB ge| 
Cc 
= e* 08 22 sinh B2 \ ex (cos 2 sinh B—cos 22 sinh B2)—»f idé | 
cy 
= e% 0s 22 sinh pa \ e* (cos @ sinh B—cos 22 sinh p2)-»p AB 
(+o, §1) 
ah \ e* (cos a sinh B—cos @2 sinh B2)—¥8 dé 
(41> &2) 


Each of these two integrals is bounded since cos « sinh B—cos «, 
sinh B,< 0 for § # &, and decreases with increasing x. Consequently, 


_ 1 1-26 
\ ro O(e* cos a2 sinh B2) __ Ole 2 ) 
c 


1 











since 
2 = =: 1 = = l 
2 x y2 x? V2 
and 
: —l x3 xn? x73? 
cos % sinh f, = | vy? at aVr3! | 3 + ADH sie 
9x28 a 6! xo? oe 
Similarly, 
| \ ev isnt ge < e* 605 23 sinh Bs 
Cli 


x | ex (cos 2 sinh S—cos 23 sinh f3)-¥B \dé: 


(£3, &4) os 
xi729 


- 5 
+ \ e* (cos z sinh B—cos 23 sinh B3)-"8 ap —O (e ) 


(€4,—00) 
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11.3.7 Let us estimate the integral over C,,. We have é = —x/2 
+re3/4 in the range (£,,—2/2), O<r <x~’, and & = —x/2+re-*4 
in the range (—z/2, ¢,), 0 <r<x-?. These two formulae can be 
combined into one: 


where —x~? <r < x~’. Therefore, 
x79 
\ exisin§+insqs — \ 


Ci —x79 


3 
‘7 -i4 
e dr 


_ = 
#5 


, a 
ix cos (re —ty tive 


7 
7 ma sm ted -—i-— —i— 
i(x-» 5-4) \ ltledstes 4)-I+ivre 4 


¢ 
—x—-o 


Expanding cos(re7‘**) into a series in powers of r, we obtain 


A 4 


ee NG a 
ix [cos (re )—1)+ivre 
R= \ e dr 
-x7-9 
x79 xr2 


re 


oA @ 2 em) gimp 














where 
vr ae 10 pi4 
UOTE Mle Fae tayo 
+(—1)"*? idan = 
(2+-4n)! 
Yr r4 re ran 
7 = — = ! os \ 
(Xx, r) y2 és E gp te: +-(—1) (any so. 
or 
R= \ e 7 em (cos 2+/ sin m2) dr 


—x77 


Applying the mean value theorem to each of these two integrals, 
we obtain 
oe ferns, O19) COS n(x, 0,x7°) 
ae ot 
Efe &2x~°) sin mt (x, 02x7°) \ e ° dr 


—x7o 
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As x — oo, the functions m,(x, 0;x~°) (k,j = 1,2) tend to zero 
as x~°, Consequently, 


R=(l+[o(+ipay’} Je 7 dr > 


—x79 


where p,(x) and p(x) are bounded as x > oo. Substituting ry x/2 


= y, we obtain 
Vee 
2 2 
R= (+ ortipo*2y/ 2 \ e7" dy 
4 0 


Using the asymptotic representation of the error integral (see 
Section 11.3.2), we obtain 


I yl— 20 


R= V2 {1+p(@)x-"}y/x f1-Of 7 )} 
-y= {1-+p3(x)x-°O(e-?* a 


where 


1-20 
p(x) = pilx)+ip2(x), — p3(x) = p(x) +x70(e°** —) 
and the modulus of p3(x) is bounded for large x > 0. Therefore, 
for large x > 0 we have 


A(x) = Vz e (9-9) {1+ p3(x)x7 °} (43) 


ax 
Similarly, it can be shown that 


Hx) = V 2 OTD payee) (48) 


eX 


where p(x) is bounded as x > 00. 


11.3.8 From (43), (44), (30) and (35) we obtain 


2 aX 8 5 
J,(x) = Vz cos (x» 3+] {1+-a,(x)x~" } (45) 


N,(x) = Vz sin (x—» 7 _ aa +a,(x)x~? } (46) 


a,(x) = BOP) a(x) =F (0)-P) 
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Using the theorem on the asymptotic representation of real 
cylindrical functions (see Section 11.3.4) and the uniqueness of the 
asymptotic representation, we conclude that a,(x)x~? and a,(x)x~? 
are small quantities of the order of 1/x. Consequently, p(x)x-° and 
p(x)x~° are small quantities of the same order. 

Therefore, we obtain the following improved versions of 


(43)-(46): 
HOY (x) =e Vz > (x-»5-F) +0 (+}} (47) 


ux 


HP (x) = V — gS 8 eo (+) (48) 

no = . cos(x 2 *\hio(4}t (49) 
1 

N,(x) = Vi sins 3 — 5 A =\h+o (+)| (50) 


These are, in fact, the required asymptotic representations. 
We note that these formulae are valid for any z: |z| > 1, | argz | 
< a—06, where 6 is an arbitrary small number. 


11.3.9 The validity of Theorem 3 of Section 11.1.4 follows from 
Equations (49) and (50) and from the linear independence of the 
functions J,(z) and N,(z). In fact, because of the linear independence 
of these functions, an arbitrary real cylindrical function y,(z) can 
be obtained from the formula 


y(z) = D,J(z)+D2N,(z) 


Consequently, it will have the following asymptotic representation 


+ D, sin (--»% = =) 


Substituting D;/D, = tanw, we obtain 


¥,(2) = Vz V D?+ D? Di sin(2— $2 r0)fir0(4} 


Theorem 3 of Section 11.1.4 follows directly from this asymptotic 
representation, together with the result that the distance between 
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two neighbouring zeros of the Bessel function J,(z) (and of the 
Neumann function) tends to z as the absolute magnitudes of the 
Zeros increase without bound. Plots of Bessel and Neumann func- 
tions are shown in Figs. 11.4 and 11.5. that 


11.3.10 Using the asymptotic behaviour of the J,(z), J_,(z), N,(z), 
H(z) and H(z), one can readily show that 


J,(z) cos » x—J_,(z) 


sin va 





N,(z) = 


and 


HO (2) = — fe, (2) J 32)] 


sin vz 


—I 





HP) (z) = [e"ZJ-(z)—J_v(z)] 


sin vz 


Ifv is an integer, the right-hand sides of these formulae are meaning- 
less since they are of the form 0/0. The right-hand sides must then 
be regarded as the limits as » > n. These formulae can be taken 
as the definitions of Neumann and Hankel functions. 


11.4 THE FUNCTIONS /,(z), Ky(z), ete. 


11.4.1 The third class of cylindrical functions can be defined 
as follows: 
1,(z) = i-*J, (iz) (51) 


2 4 
ier) 


K,(2) = 5 Hine (52) 


Since J,(z) and H{"(z) are linearly independent, it follows that 


[,(z) and K,(z) are also linearly independent. The solutions of the 
equation 


a? ] f ? 
Ww ttw—(14 3 )o=0 (53) 
which is obtained from Equation (1) of this chapter by substituting 


z= 1é. It is clear that 
vt2k 
z 
(2) 


[,(Z) = pe P(k+v +11 (k+1) 





(54) 
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Using Equations (47) and (49), it is readily shown that for large 
|z} and |argz| < 2/2—6, 


I,(z) = Vu. epio(4}| (55) 


K,(z) = Vz el 1-O (+)} (56) 


From the properties of the zeros of Bessel functions it follows that 
I,(z) has an infinite number of simple, purely imaginary zeros. At 
the point z = 0 the function K,(z) has a singularity of the form 
z~’,v # 0, and at »y = O it has a logarithmic singularity. There are 
recurrence relations for these functions which correspond to the 
formulae for J,(z) and H$(z). Plots of K,(x) and /,(x) are given 
in Figs. 11.6 and 11.7. 


11.4.2 The following cylindrical functions 
ber,(z),  bei,(z), —‘ker,(z),_~—ikei, (z) 


are also encountered in applications. For real values of the argu- 
ment x, they are defined as follows: 


ber, (x) = Re[,(xp/—A)],  bein(x) = Im[/,(xJ/—)]_~— (57) 
ker, (x) = Re[K,(xj/—i)], kei,(x) =Im[K,(] —)] (58) 


and then analytically continued to the entire plane of the variable z. 

These definitions can be used to derive properties analogous to 
the corresponding properties of the functions /,(z) and K,(z). The 
derivation of these properties is left to the reader. 

It can be shown that 

4n 
2 
5] 


ben (z)= * (—1" 34. (59) 
ys ((2n) 4] 
(3) 
beig(z) = vor iy (60) 


[Qn +)! 


260 


Cylindrical Functions 


x (—1) “l](z\"" 


a ok piel (61) 
rz - al(n+D! 


n+l ¥ 2n+1 
es ice I3) 


V2 n\(n+1)! 





ber,(z) = 


bei,(z) = 








(62) 


where E[}’] is the integral part of the number y. 


11.4.3. Example 1 Determine the steady-state temperature dis- 
tribution in a uniform circular cylindrical rod of length A and radius 
R, whose ends are maintained at zero temperature and whose 
lateral surface is kept at a temperature /(z). 

The mathematical formulation of the problem is as follows. 
It is required to find the solutions u(r, z) of the equation Au = 0 
forO <r< R, 0<2z<h satisfying the boundary conditions 


u(r, 0) = u(r, h) = 0, |u(0, z)| < 0, u(R, z) = f(z) 


We shall seek solutions satisfying the first three boundary condi- 
tions in the form u = ®(r)¥(z). For the functions ®(r) and Y(z) 
we shall have the following problems: 


"7 = 0, (0) = Y(h)=0 (consequently 4 > 0) 





0" 10 =0, |P(0)!<oa (63) 
It is clear that 
nn ; nn 
WY (z) = i a aS 


The general solution of (63) (for 4 = 4,) can be written in the 
form 


®,(r) = Calo (= ? +D, Ko (2" | 


; wun . : 
Since the function f(r] becomes infinite at r= 0, we must 


set D, = 0. Therefore, 
@,(r) = Calo (2") 
1 
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The solution of the original problem will be sought in the form 


u(r, z)= Yea 5 r) sin 


n=1 


where C,, is determined by the last boundary condition (assuming 
that the function f(z) can be expanded into a Fourier series in terms 
of the eigenfunctions sin (2n/h)z in the range (0, /)): 


Example 2 Determine the steady-state temperature distribution 
in an infinite uniform flat plate of thickness A having a circular 
aperture of radius R if the faces of the plate are maintained at zero 
temperature and the walls of the aperture are kept at a tempera- 
ture f(z). 

The mathematical formulation of the problem is: it is required 
to find the solution u(r, z) of the equation Av = 0 in the region 
R<r<0w,0<z<=h satisfying the boundary conditions 


u(r, 0) = u(r, h) = 0,—7 ju(00, z)| <O, u(R, z) = f(z) 


We shall seek solutions satisfying the first three boundary conditions 
in the form’ v= ®(r)VW(z). For the functions ®(r) and ¥(z) we 
have the following problems: 


YL Aw~=—0, W(0)= Y(h)=0 (consequently 4 > 0) 


1 
&'+—G' 2H =0, — |®(«0)| <0 (64) 
It is clear that 
Wi(Z) = sin- 2 A= gs 
hat h “> “1 iia 


The general solution of (64) (for 4 = /,) can be written in the form 


®,(r) = a D Pape 4 or ae h- 7 
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Since the required solution must be bounded in the region 
n 
R<r <oo and the function Jp (= i ri is not bounded in this range of 


r [since for large values of r it behaves asy/h/272nr er 1+ O(1/r)], 
we must set D, = 0. Hence 


©,(r) = C,Ko (= 7 


The solution of the original problem will therefore be sought in the 








form 
u(r, a= di6 {3 r) sin - 
where 
h 
C= _ f(z) sin“ 2dz 
bk (Fp n| 
\ h 0 


11.5 AIRY FUNCTIONS 


Many problems in physics, for example the problem involving the 
motion of a charged particle in a uniform electric field, lead to the 
equation 

y’—xy=0 (65) 
Substituting 

V/xz(x) for x >0 


V—xz(x) for x <0 


we obtain the following differential equation: 


(xX) = 





Zz 120) (iis xem 0 (66) 


To derive the general solution of this equation, let us make the 
further substitution 


08 for x >0 
(-y" = Fei for x <0 
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Equation (66) will then become 


2 
ee. cae tife=o for x >0 





dt? t dt 
dz 1 dz 1/9] | 
de pies) 4P I, =0 for x <0 


These are the equations for cylindrical functions. Their general 
solutions can be written in the following form: 


z(t) = CLL p(Q+Cr43(8) for x >0 
z(t) — D, IJoy3(Q+D2I13(0) for x <0 


Consequently, the general solution of (65) can be written in the 
form 


ls jc Lal 3") +Ghn(zs""]| for x >0 
y(x) = ie : : 

Vix\| Dy Jas |x?) + D2J, 512 -1xP2} | for x <0 
| a fe) BV3 


If we set 
Q=-G=D=D=z 
and 
1 
Ce Ci Di Dae 


we obtain the Airy functions Ai(x) and Bi(x): 


|x 2 
| te. /. ol} 4} hal? “4 for x >0 


Ai(x) = 
v's J. wlZr P) +44s(2 0) for x <0 


ye vx fe ol" ‘) +hp(23°)| for A 
iQ)=)., 


V ‘Ix 2 e j 
\ 3 Vets ob 188) —Jyy( 100) 
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for x <0 
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From the power-series definitions of /,(¢) and J,(t) it follows that 
1 
Ai(x) - >= ———_-, Bi(x) - === 
xo) /18T'(2/3)) eo 18 (2/3) 


Using the same procedure as in Section 11.3.5, we can readily 
show that 


3/2 
x74 e728 (14. O(x79)] for x = +00 





: 1 
Ai(x) = ie 


Ai(x) = Jw sin b+ ;| [1+0(\x|-7)] 
V2 
for x ~ —o 


BiG = Vee us 0237111 O(x73/)] for x > +00 
wt 


bi(x) = boa sin 5 + 7) [1+ O(\x\-74)] 
V2 


for x ~ —oo 


The Airy functions have been tabulated (see bibliography). 


PROBLEMS 


1. Find the temperature of an infinite circular cylinder whose 
initial temperature is u(r, 0) = A(1—r?/R*), and whose surface 
iS maintained at zero temperature. 

2. A homogeneous cylindrical conductor of radius R is heated 
for a considerable time by a constant current R. Investigate the 
cooling of the conductor after the current has been switched off 
if the surface of the conductor loses heat in accordance with 
Newton’s law and the surrounding medium is kept at zero tempe- 
rature. ; 

3. A constant magnetic field Hy is switched on outside an infinite 
circular conducting cylinder 0 <r < R, of conductivity o, at time 
t= 0. The magnetic field is parallel to the axis of the cylinder. 
Find the magnetic field inside the cylinder if the current is initially 
zero. Determine the flux of magnetic induction through the cross- 
section of the cylinder. 

4. Find the temperature distribution in a cylindrical tube 
Ri, <r <R, if a heat flux of density q is introduced at time t = 0 
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through the outer surface of the tube whilst the internal surface 
is kept at zero temperature. The initial temperature is zero. 


5. Determine the vibrations of a circular membrane with fixed 
edges under the action of a uniformly distributed load Q = const, 
applied on one side, beginning with ¢ = 0. 


6. Solve Problem 5 for (a) QO=A sinwt, (b) O=Acoswt 
and (c) the load Q distributed over the ring R; <r < R, (consider 
also the case R, = R,). 


7. Determine the vibrations of a circular membrane 0 <r < R, 
whose edge moves for t>0O in accordance with the laws: 
(a) u(R, t) = Asin wt, (b) u(R, t) = Acos wt. There is no initial 
excitation. 

8. Determine the vibrations of a circular membrane O <r<R 
with fixed edges under the action of a point impulse P, applied to 
the membrane at the point (rp, ¢,) at time t = 0. 


9. Find the electrostatic potential inside a hollow cylinder of 
radius R and height / whose lower base (z = 0) and lateral surface 
are kept at the potential V, whilst the upper base is kept at the 
potential V;. 


10. A constant current 7 enters through one end of a cylindrical 
conductor made of material having a conductivity o and leaves 
at the opposite end. Determine the potential distribution inside 
the conductor, assuming that the end contacts are discs of radius 
R, < R, where R is the radius of the cylinder, and that the current 
is distributed in the conductor with constant density. 


11. A thin wire, heated by constant current and liberating O 
units of heat per unit length is introduced into a cylindrical specimen 
of radius R and height /, Determine the temperature distribution 
in the specimen, assuming that the lateral surface of the cylinder 
is kept at zero temperature and its ends lose heat in accordance 
with Newton’s law to the surrounding medium at zero temperature. 


12. Find the temperature distribution in an infinite circular 
cylinder O<r<R if its initial temperature is uw = const and 
a constant heat flux of density g is applied to its surface beginning 
with time t = 0. 


13. Determine the natural oscillations (i.e. find the eigenvalues 
and eigenfunctions) of a circular cylinder of length /: subject to 
the boundary conditions of types I, Il, and I, respectively. 


14. Determine the natural vibrations of a membrane in the 
form of a circular sector (r < R, O< y <a) for types I, II and III 
boundary conditions. 
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15. Find the temperature distribution in an infinite cylindrical 
sector O<r<R, O<qg<a,_ whose surface is kept at zero 
temperature; the initial temperature is arbitrary. 


16. Find the temperature distribution in a finite circular cylinder 
whose surface is kept at zero temperature and where the initial 
temperature is arbitrary. 


17. A circular membrane of radius R is loaded with a point 
mass mm at its centre. Find the eigenvalues 4, of this membrane. 
Compare these with the eigenvalues for m= 0. Consider also 
the two cases small and m large. 

18. Find the coefficients of the expansion of the function 
e*'2('— 1/9) in integral powers of f. 

19. Evaluate Ta42(%), Kain), HY) (x), HY} (x), Nai2(%). 

20. Find the steady-state distribution of the concentration of 
an unstable gas inside an infinite circular cylinder if the concen- 
tration on its surface is maintained at the constant value uw. 

21. Solve Problem 20 for the region outside the cylinder. 

22. Find the electrostatic field inside the cylinder O<r< R, 
0 <z<h, whose ends and lateral surface are maintained at 
potentials u,, #2 and uw), respectively. 

23. Find the steady-state temperature distribution in a circular 
cylinder of height 4, whose lower face is thermally insulated and 
whose upper face loses heat in accordance with Newton’s law to 
the medium at zero temperature. The lateral surface is maintained 
at temperature u|,_p = f(z). 

24. The wall of a cylindrical channel drilled through an infinite 
flat plate of thickness / is maintained at the temperature wy = const. 
Find the steady-state temperature distribution in the plate if its 
faces are maintained at zero temperature. 

25. Find the temperature distribution in a cylinder (0 <r < R, 
0 <z </h) if its initial temperature 1s zero, and if from time t = 0 
onwards the base of the cylinder z= 4h is maintained at the tem- 
perature wv) = const, while the remaining part of the surface is 
kept at zero temperature. 
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Spherical Harmonics 


The simplest class of spherical harmonics is that of the Legendre 
polynomials P,,(cos 6). In this chapter we shall be concerned with 
their properties. 


12.1 LEGENDRE POLYNOMIALS 


12.1.1. The simplest and most rapid derivation of these poly- 
nomials is to obtain them by means of a generating function. 

Let us expand the function Y(x,t)= (1—2xt4-t?)~!” into 
a power series in terms of ¢. We have 


W(x, t) = Po(xs)+ Pi (x) tt ..+ PaQxyt?+ ... (1) 


It will be shown below that the coefficients of this expansion, 
P,(x), are the Legendre polynomials. 

The function Y/(x, t) is called the generating function for the 
Legendre polynomials. If we set x = 1 in the expansion (1), we 
obtain 


] 


V1, t= roe P+e+ 427+... 
Consequently, P,(1) = 1. 
Substituting x = —1 into (1), we obtain 
Y-1,)= ae I—t-e t+ (— 10 + 
? I-+¢ ! To eee 
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Consequently, P,(—1) = (—1)”. It is clear that 
bee ee 
nt or" 
On the other hand, the v-th order derivative with respect to t of 


the function Y for t = 0 is given by 


ory’ | ei é) 
or” ent 


P,(x) = (2) 





11=0 


dé (21) 





1=0 Qi é 


where C is a closed contour surrounding the point € = 0. In the 
integral given by (2,), let us substitute 


V1 —2xé+8 = 1—&z 
We obtain 


n! mn aint 21" 


P,(x) = dz (3) 


2ai dg (z—x)"*? 





where C, is a closed contour surrounding the point z = x. 
Using the formula for the n-th derivative of the Cauchy integral, 
we obtain 


1 





Pal) = Sry gag OPI) (4) 


Therefore, P,(x) is, in fact, the Legendre polynomial of order n. 
It follows from Equation (4) that P,,(z) and P,+;(z) are even 
and odd functions, respectively. It is clear that 


3 l 
Po(x) — 1, P(x) = xX, P(x) = xe a 


12.1.2 To obtain the differential equations for P,(x) consider 


the function w = (x*—1)". It is clear that 


2nNXW 


(x?—1) 





w’ = 2nx(?—-1)"' = 


or 
(x?—1)w’—2nxw = 0 
Differentiating the above identity n-+1 times, we obtain 
(x? = 1) [ew] 4-2. x [wo] —rn(n-}-lw™ = 
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Therefore, the function w(x) and, consequently, P,(x) [since 
P,(x) = (1/2"n!)w™ (x)) satisfies the equation 
(I—x)y"—2xy't4y=0 [=ann+)) (5) 


This is the Legendre differential equation. It can also be written 
in the form 


[0x yyy = 0 6, 


The second solution of (5), which is linearly independent of 
P,(x), has a logarithmic singularity at the point x = +1, in accord- 
ance with the theorem in Section 11.1.2. 


Remark The Legendre polynomials can also be generated in 
another way. One can seek the solution of Equation (5) which is 
bounded in the range [—1,1] in the form of the power series 


(ee) 
Yet. For 4 = n(n-|-1) this series cuts off at the term of power n, 
k=0 


i.e. for 2 = n(n+1) the solution will be a polynomial of order n, 
i.e. P,(x). It differs from the Legendre polynomial of order n by 
a constant factor. This factor can be chosen so that P,(1) = 1. 


12.1.3. The Legendre polynomials are orthogonal in the range 
[—1, 1] with weight p(x) = 1, ice. 

1 

| PC) P(x)dx=0, ifn ék 

=i 
In fact, consider the two identities 


(1-22) Prt n(n +1) Py(o) = 0 


S13) P+ KET D PAG) = 0 


Let us multiply the first of these by P,(x) and the second by P,(x). 
Let us then subtract one from the other and integrate the result 
with respect to x within the range [—1, 1]. The result is 


\ iP 10-9) Pal -P, Ul —xri dx 


1 


= [k(k+1)—n(n--1)] ) Pa) Pex) dx 


-1 
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or 


1 1 


\ - (1-22) (Pr Pa—Pn Pi} dy = (kn) (k-+n+1) | Pax) PO) dx 


—1 


Consequently, 


1 


| Px(x) Pa(x) dx = 


-1 


when n 4 k. 





(k—n) aap (1-2) (Pa Pi—Py Pa) }o1 = 0 


12.1.4 We shall now establish the validity of the following two 
recurrence relations: 


(MED Pri—2ntDxPA+MPra) =O 6) 
Pal) = 5 Ps) Pas) (7 


Differentiating the expansion given by (1) with respect to ¢ and x 
we obtain 


av (x) 1 
ore = i—2xt+e2 P,+2P,t4-...tnPyt a ee 








Lge AG LO CER Wy Fe 
On ere ea 


or 
(x—t)(PotPyt+ ...+P,t' +...) = (1—2xt+e)(P,+2Pot4 ... 
+nP,t®—'+ ...) 
t(Pot+ Pitt ...4Pit"+...) = (1—2xt4+07) (Pot Pitt ... 
+ Prt"+...) 


Comparison of the coefficients of equal powers of ¢ in these identities 
yields 


(n +1) Pas 1(x)—(2n+1)xP,,(x)+1 Pa_1(x) = 0 (6) 
and 


Pa(x) = Payi(x)—2x Pax) + Pa_i(X) (8) 
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Differentiating (6), we obtain 
(n-$1) Pha(x)—(2nt 1) Pa(X)— (20 +1) x Pax) +0 Pa) = 0 

If we now eliminate x P{(x) from this result and from (8), we obtain 
the identity given by (7). 
Remark 1 Using (6) and the formulae 

P(xyy=l, Pi)=~x 
we can determine all the Legendre polynomials. 
Remark 2. The relationship given by (7) enables us to express 


the integral of the Legendre polynomial \ P,(x)dx in terms of the 
polynomials P,4;(x) and P,_1(x). 

12.1.5 Let us now evaluate the square of the norm PII? 
= i P?(x)dx. If we express one of the factors in the integrand in 


re of P,-, and P,_,, in accordance with (6) and replace n by 
n—1, we obtain 


1 1 
(Pall? = | P,P,dx = {efter "ot ahd 
= 





1 
\ XPy Prev dx 


—1 


_ 2n—1 
on 





where we have used the orthogonality of the polynomials P, and 
P,,_». In the last integral the product xP, can be expressed in terms 
of P,,,, and P,_; in accordance with (6). This yields 


1 
aa fe 2n—1 ( 
Peale => “ <a | p,_ {atl p fai & Pye has 








|\2n+41 2n+1 
1 
nel \ 3 ; 
~ Qn+1 rl 
or 
2n— 

PA 
Pall = ¥ = IP it? (9) 


Here again, we have used the orthogonality of the polynomials 
P,-; and P,.,. 
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From (9) we have 


Se Pile <2 


Ds 
Pel = SED = DeTA 





(10) 
and hence ||P,||? = 2/3. 


12.1.6 Theorem All the zeros of the Legendre polynomials 
are simple and lie in the range (—1, 1). 

We shall now prove a more general theorem. We shall say that 
the polynomials {q,(x)} form a normal system if they include the 
polynomials of all non-negative orders. 


Theorem If the polynomials {g,(x)} [go(x) = 1] are orthogonal 
in the range (a, b) with weight p(x) > 0 and form a normal system, 
all the zeros of the polynomial g,(x) are simple and lie in the 
interval (a, b). 


Proof Since the polynomials q,(x) are orthogonal, we have 
(for n > 0) 

: 

\1-an(x)p(x) dx = 0 


a 


Consequently, q,(x) changes sign k times in the interval (a, d) 
(k > 1). 

Suppose that this occurs at the point x,,X2,...,X,. We then 
have q,(x) = (x—x,)(x—X2)...(x—x4) @,(x), Where y,(x) does not 
change sign in (a, b). It is clear that to establish the theorem it is 
sufficient to show that k = n. 

Let us suppose that k <n. We then have the expansion 


R(x) = (x—xy) (x—X2) ...(X— Xx) = A Got 41 G(x) + Fa G(X) 


b 
in which a, #0. It is clear that \ dn(x) R(x) p(x) dx = 0 since 
2 


g, and q, are orthogonal (r = 0, 1, 2,...,k). On the other hand, 
b b 
0 = J ga(x)Re(x)p(x) dx = J REC) pa(x)p(X) dx > 0 


We have thus reached a contradiction. Consequently, k = n. This 
theorem leads to the theorem on the zeros of the Legendre poly- 
nomial. Moreover, the zeros of these polynomials are arranged 
symmetrically with respect to x = 0. 
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12.1.7. The Legendre polynomials can be represented by 


1 
Pus) = | beri Ta sing bp (11) 


2n e 
—! 


To obtain this integral representation, let us take C, in Equation 
(3) to be a circle of radius R, R = y/1—x? (|x| < 1) centred on 












Nt yt Ded 
SUSE Ee OPER as eee ES eae, 
Poy eet TZ 















































LY. BZ > aD 
wea Pt fy tT |_| ae 
RACE eet EE BEE 
VAT | tee Py ye ey TT eee 
ioe 2am ee So 
2a TirtTT i Terr titi eT et et tt 
“10-09-08 -W UB -0Q5 “6-03 W2-U OU WOU eewW ww wo 
Fig.12.1 
the point z = x and then let us substitute z= x+ ) 1—x7e!” sO 





that dz = i /1—x?e'” dg. We have 
2-1 = 14-12) e242 p 1x?” 
= V1—xe'? 2x-+- V1 —x? (ce? —e-”)] 
= 2 )/1— 7 e* [x +i 1 —2? sing] 
Substituting for z—x, z7—1 and dz in (3), we obtain 


P(x) = [x--i 1 —x? sing]" dy 


ss 
2n 


na Y 


It follows from this that 
|P,(x)| <1 where xe(—1, 1) (12) 
Fig. 12.1 shows graphs of the first few Legendre polynomials. 
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12.1.8 Example 1 Determine the potential inside a hollow 
sphere of radius R which consists of two hemispheres insulated 
from each other and charged to potentials v, and v3. 

The mathematical formulation of the problem is as follows. 
It is required to find the solution u(r, 0) of the equation V7u = 0 
in the region 0 <r <R which satisfies the boundary conditions 


v7, O<O <> 
\u(O, #)| <0, u(R, 0) = 


A 
U>, zs O<a 


Solution Let us find, to begin with, bounded solutions of V7u = 0 
of the form u = f(r) (6). Separating the variables, we obtain 


di pcpiny 1 d 
Pree. sind dO 


po y 


and, consequently, 





(y’ sin@) 
=A 





Ot gine Sig 1 
ace T)—/*f=9, aera a (y’ sin 6) +Ay =0 
In the last equation let us substitute = cos 0, so that 


d? d 





which for 7 = n(n+1) has a bounded solution in [—1, 1] in the 
form of a Legendre polynomial P,(£). For such values of 2 the 
equation for f(r) has a bounded solution of the form f(r) =r". 
The solution of the original problem will now be sought in the form 
u(r, 0) =) cqr"P,(cos 6) (13) 

n=0 


The coefficients c, can be determined from the second boundary 
condition using the orthogonality of Legendre polynomials: 


Z _ 2ntl 
° 2 





a u(R, 0) P, (cos) sin6 dé 
0 


0 1 


= 2" = toy | pg aste| past 


a j 
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The last two integrals can be evaluated using Equations (7) and (6) 
of this chapter. The final result is 


OU 2n-+-1 
2 





Cy = P41(0) 


In this problem we have used the following theorem on the 
expansion of the function g(&) into a Fourier series in terms of 
the Legendre polynomials: 

If a function g(&) is piecewise-continuous together with its 
first-order derivative y’(é), then at each point at which (6) is 
continuous, its Fourier series in terms of the Legendre polynomials 
converges to this function. 

We shall not prove this theorem here. 


Example 2.— Expand the plane wave vw = e!*¥ into a series in terms 
of the Legendre polynomials and Bessel functions. 


Solution The function v = e!47 = e!4re0s9 is 4 solution of 
Av+22v = 0 
Using spherical polar coordinates, this may be written in the form 


— I 


2 
and a (ve sin0)+7°v = 0 


(0) +} aa 


We shall seek the solution of this equation in the form 
v = f(r)yp(0). Separating the variables we obtain 


I d 
ae P+ (?- a\f= 0 


l 


d 
ean ae (y’ sind)+ny = 0 


Bounded solutions of the equation for w are obtained when 
ft = n(n+1) in the form of the Legendre polynomials 

y(0) = P,(cos 0) 
Substituting 
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we obtain 


e+ e+ |B + F* Ip=0 


The bounded solution of this equation is the function J,,1.(4r). 
Therefore, the equation which the travelling wave under consid- 
eration must satisfy has a family of solutions of the form 


U/y PJnata(Ar) P,(cos 6). It is thus natural to set 


: = a 
ei? cos 6 =) 73 Jn4h/2 (p) Pn (cos 6) (14) 


n=0 


Using the orthogonality of the Legendre polynomials we find 
that 


1 


Jy (p) _ 2nt!i i 
+1/2\P) = e pp (é) dé 


Vp =1 
Integrating » times by parts on the right, we obtain 


2¢n  InviplP) _ 1 wep @! 


=. ipés p' 1 
Int] Vp ip n i (ip? [e?*(Pn (EA, 








tee POmeyy, 





This result is valid for any p. For large p we can replace the function 
Jnz1(p) by its asymptotic representation. The result is 


2c, V2 | 7 l\n 2 1\) 
matt pis Pl (t a) 3 a] tO Gr) 
V/x(2n+1) P ee pj 


(=F 
(ip)”” 














] 
=e P, | +. 


tpé p(n) 1 
~ el"* POET, 
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This shows that 


: IU 
= €,Sin| p—n— 
2V2 | *) 1_, : 
ue ——_—_—__— == [e?—(—1)"e"*] 
ix 2n+1 i 
or 


; La 
27/2 eysin pn] i? ae Ores 
Vx 2n+-l x Sees 





ee ee 
=2i sin(p 03) 


Hence, we find that 


Cc, = V3 PQn+1) = 2(n—4| (15) 


Example 3 Determine the perturbation of a plane acoustic wave 
ito(M, t) due to the presence of a sphere of radius R with perfectly 
rigid walls, i.e. consider the scattering of sound by a sphere. 

We shall suppose that the centre of the sphere lies at the origin 
of the coordinates. Motion outside the sphere will be described 
by the function u(M, t) = uy(M, t)+v(M, t), where v(M, ft) is the 
required perturbation. Since the functions u(Af,¢t) and (MM, ¢) 
are solutions of the equation 


a Auth; 


it follows that v(M, 1) will also be a solution of this equation. 
The functions 1, 1 and v will be interpreted as velocity potentials. 


7) 
On the surface of the sphere we must then have + = 0. 
r=R 


Therefore, the problem for v can be formulated as follows: 


@Av = Vy where r>R 
ov OU 
ae sel. lees 
On |r-=R On |r=R 
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It is clear that one can choose a Cartesian set of coordinates so that 
the plane wave wp can be written in the form 


ly = elkZ e—ikat 


We shall seek v(M, t) in the form v = ®(M)e—*@", The problem 
for ®(M) can then be formulated as follows: 


AG+k7>S = 0 where r>R 
a@ ago! 
Orie. ae 





where gy = e'**, 


In view of the expansion given by (14), it is natural to seek 
@(M) in the form of the series 


b= > ,,(M) 


where ®,,(M) is the solution of problem 
A@, +k?®,, = 0 where r>R (151) 


nian Scie —_—_ <. {Am(r) Pm (cos 6)}r=R; IDra| < ee) (152) 


where 4,,(r) P,,(cos @) is the term of number 7 in the expansion 
(14). If we assume that ®,, = B,,(r) W,(0), we see that, in view of 
the boundary condition (15,), the function Y,,(@) should be equal 
to Pn(cos 0). 

Substituting ®,, = B,,(r) P(cos 0) into (15,), we obtain 


Bes. = Bi | G ae. = 





} 


If we now substitute B,, = Dal tr, we obtain 


a 
, (m ae ,] 


Din Dnt | B— “a | Dn = 0 (153) 


This is the differential equation for cylindrical functions with 
index » = m-+1/2. A physical interpretation of the problem suggests 
that the function v(M, t) should be a superposition of spherical 
diverging waves of the form (1/r)e*"-#), Since for large r the 
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asymptotic behaviour of this kind is exhibited only by the Hankel 


function 
HS (kr) — ide a 
nr 





1+0(7) 
tae r # 
the general solution of (15,) must be written in the form 


Dn) = Om HY (kr) +B H2) y2(kr) 


and only the first term need be retained (it represents a converging 
wave). Therefore, we have 


Bn(?) = Omlin(kr) where h,(kr) = =H 4172(Kr) 
/ 
The coefficient «,, can be found from the boundary condition (15,) 
which yields 
Hence, we find that 


Am(R) _ Jm(KR) Jm(kKR) 
ae TERK = ~ om n CKR) V2mi" (m+4 oF A (kR) 








where jn(p) = (1/V/P) Jnaip2(p). Consequently, 


O(M) = Y) Oq(M) = VS (m5 +} nk) 
m=0 m 


The functions P,(cos 0) are a sub-class of a much broader class 
of spherical functions which can be defined with the aid of the 
associated Legendre functions. 


12.2. THE ASSOCIATED LEGENDRE FUNCTIONS 


12.2.1. In Section 1 of this chapter we showed that the Legendre 
polynomials were solutions of Equation (5) for 4 = n(n-+-1). In this 
section we shall consider the more general equation 


f fd a ke 
(l—x’) y"’—2.xy +(- vay = 0 (16) 


where xk is a non-negative integer. 
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Solutions of (16) which are bounded in [—1, 1] are called thc 
associated Legendre functions. They can be found by substituting 





y = (l—x)"z (x) (17) 
so that 
(l—-2»7)z"—2x(kK+1)27'+ [fA—k (k4-1)]z = 0 (18) 
Or 
x [(—2?) #42] A—k (k+ LI) —x?)'z = 0 (18,) 


The same expression can be obtained from Equation (5) by 
differentiating it k times. The solution of (18) and (181), which 
is mas in [—l,1] for A=n(n+1), is the function 


z(x) =~, P,(x). We thus have the following identity: 


7. aie Sar P.09| 


— [n(n+1I—k(kK-+1)] d—x*)* a (x) 


k 
(n—k) (+k +1) 1-23 P,,(x) (19) 


Consequently, the solution of (16), which is bounded in [~—1, 1] 
for A = n(n+1), i.e. the associated Legendre function is given by 


k 
P¥(x) = (1x? 55 Pal) 0<k<n (20) 
It is clear that P?(x) = P,(x). 


12.2.2 Henceforth, we shall require only one of the properties 
of these functions, namely, their orthogonality. 

The associated Legendre functions are orthogonal in the range 
[—1, 1] with weight p(x) = 1 


1 
\ Pk(x)PK(x)dx =0 where n# 5s (21) 
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Proof Substituting 
1 
Ak = | PRO) PEX)dx 


and using Equation (20), we obtain 
1 


At = | (1—2?)* £"P, (Sy E Pex) dx 
“1 


bag dé d*-! 1 
= (1—x’) Gk Pa) Goat Pal) i, 





1 
k-1 k 
~ \ om Gabe Ps) Ge é{a—s y* A Pats) 


Substitution of the limits of integration in the first term yields 
zero and, therefore, 


1 . 
ae d di 
koe ees. nade = 42) é ; 
A= \ sat Ps tC ee: Pats) 


The second factor in the integrand can be transformed with the 
aid of (19) (replacing k by k—1). The final result is 


k-} dk- 1 
Ans = (n—k+1)(n+k) es ae zz Ps(x)(1—2°)*- ak wor Prax) dx 
or 
Ae = (n—k4+1)(n +h) AR (22) 


Using this last expression for A*>), A‘-?, and so on, we obtain 





n--k)! 
Since 
1 
A, = \ PX)P(x)dx =0 if n#s (24) 
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and 


1 
Ao. = \ PiG)dx = 


-1 


eae 
2n+1 


it follows that 
1 





A= \ P(x) Pk(x)dx =0 for n#s 
=I 
and 
eee (n+k)! 2 
Ann Pr {i (n—k)! 2n+1 


Remark It follows from (21) and (22) that the k-th order deriva- 
tives of the Legendre functions are orthogonal in the range 
[—1, 1] with the weight p(x) = (1—x}*. 
































0 W Wi 05 0 QW UW Ww 10 


Fig. 12.2 


Fig. 12.2 shows graphs of the associated Legendre functions. 


12.3. SURFACE HARMONICS 


12.3.1. We shall seek the solutions of the Laplace equation 
V7u = 0, expressed in spherical polar coordinates r, 0, p, in the 


283 


Mathematical Physics 


form F(r), Y(0, ~) where the differential equations for F(r), Y(4, @) 
are 








dn 
Ves ‘A; = 2 
—(PF)—AF = 0 (25) 
1 oOo oY it o.05k 
—q~“-—-( —— j _—_ + 2 — 
sind 00 (sino or | sin’6 dg? vepe 26) 


Definition The solutions of (26) which are bounded for0 < 6 <2, 
0 << 2x and are such that Y(0, +22) = Y(6,¢) are called 
surface harmonics (or generalised spherical harmonics). 

If the bounded solutions of (26) are sought in the form (6) @(¢), 
@(p+22) = H(¢), the differential equations for Y(6) and ®(q) are 


] sey 
sin@ dé 








ys sind)+ (2 <5 yw — 0 (27) 


©’ + uP =0 (28) 


Since the function ®(q) is periodic, we find that u = k?, where k is 
an integer and, therefore, 
P(y) = Acoskg+B sink 
If we substitute cos 6 = ¢ into (27), we obtain 
d?y dv kK? 


which is the same as (16). When 4 = n(n+1), this equation has 
the solution ¥ = P*(&), which is bounded in [—1, 1]. Consequently, 
surface harmonics of the form ¥(6)®(~), where ®(y+22) = P(¢) 
are given by 


Y%(9, y) = Pk(cos0) sink 
and 
Y;“(8, 7) = Pk(cos6) cosky (30) 
Y,(0, p) = P;(cos6) = P,(cos) 


These functions are called the fundamental surface harmonics 
of order n. It is clear that the functions 


Y,(6,9)= >| CeY4(6, 9) (31) 


k=—n 


284 


Spherical Harmonics 


are also surface harmonics. They are called surface harmonics of 
order n. When 2 = n(n+1), Equation (25) has solutions of the 
form 





Fi)=r" and F,(r)= — 


and, consequently, 
w(r, 0,9) =r" Y,(0, ¢) 


; (32) 
wr, 0, gy) = phe Y,(0, 7) 


are harmonic functions. They are called spherical functions of 
order n. 

It follows that surface harmonics of order n, Y,(0, y), are the 
values of spherical functions of order » on a unit sphere. 


12.3.2 Surface harmonics are orthogonal on a unit sphere: 
\\¥,(6, @)¥s(0,¢)do=0 if n#s 
Sun 


or 
2a: 


To prove this we note that the fundamental surface harmonics 
are orthogonal: 


epi 


Y,(0, ) Y.(0, v) sind d0 dp = 0 (33) 


\ \ Y£(0, p)Y2(0, g) sindd0dp=0 for (n,kK)#(s,p) G4) 


Qn 1 
\ \ YE(O, p) Y?(0, y) sind dd do = \ coskp cospp dp \ PE(E)PP(E)dé 
0 0 0 -1 


= 0 


when (n, k) # (s, p) (to be specific, we have assumed that k > 0, 
p > 0). If k # p, the first integral on the right-hand side is equal 
to zero. If, on the other hand, k = p but n ¥ s, the second integral 
will be equal to Zero. 

The orthogonal property given by (33) follows from the ortho- 
gonality of fundamental surface harmonics and from Equation (31). 
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The square of the norm is given by 





dan 22 1 
elas \ [Y£(0, »)’ sind dd dp = | costkp dy \ [Pk(é)P dé 
0 0 0 —1 
and, consequently, 
; +-k)! ae cee 
De eee 34’) 
2n-+l (n—k)! 2, k=0 


12.3.3. Theorem The spherical functions r"Y,(9, y) are homo- 


geneous harmonic polynomials of order n in the variables ~, )’, =. 


Proof Since 


YC0, ?) = » CyYk(8, 7) 


k=—n 


it is sufficient to establish this theorem for the functions r,Y%(0. 7)- 
To be specific, we shall assume that kK > 0. We then have 


k 
Y*(0, @) = Pk) coskp = (1-2 SP ole) cOs ke 


—; _ g2 ioe \ n—2q 
= (1—é°) ask ag&"—“4 cos kp 


q=0 
= ( re Y “bash a" cos kp 
q=0 


where €=cos 9. It is clear that it is sufficient to establish the 
theorem for functions of the form r"sin* 0(cos 0)"-74-* cosky. 
For these functions we have 


ra sin“ 0(cos Oya cos kp _ rk sin" 9 Re(elk?) 247" 74-* (cos Gyrrark 
= Rea Wyre yee 


This is clearly a homogeneous polynomial of order 7. 


Example Determine the temperature at the internal points of 
a sphere of radius R, whose surface is maintained at zero tem- 
perature; the initial temperature was /(r, 0, ¢). 

The mathematical formulation of the problem is as follows. 
It is required to find the solution of V2 = (1/a2)u, in the range 
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Oo<r<Rk, 0 < 9<a, 0<@ <2, t >0, which satisfies the 
boundary conditions 


u(R, 6,9,t)=0, (0, 9, ~, t)| <0 
u(r, 6, p-- 2a, t) = u(r, 9, ¢, t) 
and the initial conditions u(r, 6, p, 0) = f(r, 9, ¢). 


Solution We shall find solutions of the equation V?u = (1/a’)u, 
in the form A(r) Y(6, ~) B(t) which satisfy the boundary conditions 
uniquely. Separating the variables we find that 








B’-uB =0 (35) 
1 0 oY 1 &Y 
pees Lay =0 
sind 35 (86 4 sin@ og? | (36) 


IY(9,@)| <0,  Y(6, 9-22) = Y(4, ”) 
£74) (a r?—DA=0, |A(O)|<o, A(R)=0 (37) 


The solutions of (36) for 4 = n(n-+-1) are the surface harmonics 
Y,(9, v). If in the equation for A(r) we substitute A(r) = z(r)/y/r, 


we obtain 
1 2: 
1 [rt 5} 


a , 
2’ 4-—2' +] a—-—,— |z = 0 
1 r r 


The general solution of this can be written in the form 
2(r) = M Ingip(V a r)+N Jn 1p(Vor) 


and, consequently, 


A(r) = ay desl #r) yy Pn) 
Vr Vr 
Since A(0) is bounded, we find that VN = 0; M can be set equal 
to unity. 
Therefore, 


A(r) = i ap (Var) 


From the condition A(R) = 0 we obtain the equation for «: 
Snip) = 0, = VaR 
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Let 
Mins Mins sory Ms, ns a 


be the positive roots of this equation. We then have Os n = = p2,/R. 
Solutions of (37) are of the form 


Ar. (r) = = Sodan “9 
Returning now to Equation a we find that 


Bs, n = Us ne 


Consequently, the required partial solutions of the original problem 
which satisfy the boundary condition uniquely are the functions 


22 
aru 
Msn 


Tap] fe 
Cy. n€& r yr Juan“ ) Y,(0, ¢) 


The solution of the original problem can be written in the form 


u(r, 0, , t) Bw 2 Jnoue( “4 r) (CaneY' (9, ) 


Puen 
+Ds.nnY¥n*(6, ple = 
The coefficients C,,,, and D,,,, can be determined from the 
initial conditions using the orthogonality of the functions Y*(6, 9) 
and the Bessel functions. The final result is 


(n—k)!(2n+-1) 








Come = 
ie me(n-Ek)!(Jing1/2(Hs, nV? R? 
Rin n 
x \ \rrrer, 6, avin(“?) Yk(6, y)sin6 dr dO dep 
000 
D = (n—k)'(2n+1) 
smh ne R(n--k) eats, wl? 
Rian 
x \ (|: erro. Pann R o\Ya “(6, ¢) sind dr dd de 
00 0 
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PROBLEMS 


1. Calculate P,,(0). 


2. Determine whether the k-th order derivative of the Legendre 
polynomials P3,,(x), where k is fixed, are orthogonal in the range 
[O, 1]. If they are, determine the weight. 

3. Solve Problem 6 of Chapter 2 for arbitrary initial data, 
placing the origin of the coordinates at the fixed end of the string. 


4. Determine the electrostatic field inside and outside a hollow 
sphere whose upper half is charged to the potential V,, and lower 
half to the potential V2. 

5. Find the expansion in terms of surface harmonics for the 
spherical charges induced in a perfectly conducting earthed sphere 
by point charge e placed (a) inside the sphere and (b) outside 
the sphere. 

6. Consider the polarisation of a dielectric sphere of radius R 
placed in the field of a point charge if the permittivity is « = & 
forr< Rande=e,forr>R. 

7. Find the potential of a simple layer in the form of a 
circular disc. 


8. Calculate the potential at all points of a conducting sphere 
of conductivity o when a current J enters the sphere at one of its 
poles (6 = 0) and leaves at the pole 6 = a. 


9. A sphere loses heat through its surface to the surrounding 
medium which is maintained at zero temperature. A point heat 
source of strength Q is placed at an internal point of the sphere. 
Find the steady-state distribution of temperature inside the sphere. 


10. Determine the potential due to a point charge placed 
between two conducting earthed concentric spheres r= R, and 
r = R,, also determine the density of surface charges. 


11. Find the steady-state distribution of temperature in a sphere 
of radius R, a part of whose surface S, (6 < «) is at a temperature 
Uy = const, while the remainder of the surface S, is maintained 
at zero temperature. 


12. A sphere of radius R is heated by a plane-parallel beam of 
heat of density q incident on its surface. The sphere loses heat 
to the surrounding medium maintained at zero temperature in 
accordance with Newton’s law of cooling. Find the steady-state 
distribution of temperature. 


13. Consider the oscillations of a gas in a spherical container 
due to small oscillations of the wall, assuming that the oscillations 
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began at t = 0. The displacement of the wall is radial and given 
by P,(cos 0) f(t), where (0) = f’(0) = 0. 

14. Find the natural oscillations of a sphere subject to types I, 
II and III boundary conditions, respectively. 


15. Consider the cooling of a sphere of radius R, whose surface 
is maintained at zero temperature. The initial temperature was 


f(r, 9, 9). 


13 


Chebyshev-Hermite and 
Chebyshev-Laguerre 
Polynomials 


13.1 CHEBYSHEV-HERMITE POLYNOMIALS 


We shall now determine two new classes of orthogonal polynomials 
which have many applications. There are a number of ways in 
which they can be defined; we shall derive them by the method 
of generating functions, which provides the quickest route to the 
main properties of these polynomials. 


2xt—t2 


13.1.1 As the generating function we shall take H(x, t)=e 
and expand it into a power series in terms of ¢: 


He, t)= YBa) (1) 
n=0 


Jt will be shown below that the expansion coefficients H,,(x) are 
the Chebyshev—Hermite polynomials. It is clear that 





neste) 


ot" 
On the other hand, the n-th order derivative 0" /H/ot” for t= 0 


is given by 
ene aes 
me caer? 


or" Qi pe} 
f=0 c 
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where the closed contour C surrounds the point ¢ = 0, or 





If we substitute x—¢ = ¢ in the last integral, we obtain 
e7*? 
Cy 


eh 


(x) = 
es 2zi 


ay Sic: dg 


where the contour C; surrounds the point é = x. Using the formula 
for the n-th derivative of the Cauchy integral, we obtain 


n 


Hela) = (1)? 5 (e-*) @) 


It follows from this expression that H,(x) is a polynomial of order 
n. Hy,(x) and Ay,,,(x) are even and odd functions, respectively. 
It is clear that Ho(x) = 1, H,(x) = 2x, H,(x) = 4x*—2, and so on. 


13.1.2 We shall show that H,(x) is a solution of the equation 
y’—2xy'+sy=0 where 2=2n (3) 


In fact, differentiating the function w =e’ once, we find that 
w'+2xw = 0. Differentiating this identity n+1 times, we obtain 


[eo "+2 xfwMV +2 nw” = 0 (4) 
Substituting (2) into this identity, we have 
w” — (—1)"H,(x) e~*” 
H,, (x)—2 x H,(x) +2 H,(x) = 0 


and so on. Equation (3) can be written in the form 
(e-** y’)+A ey = —0 (5) 


13.1.3. Theorem The Chebyshev—Hermite polynomials are ortho- 
gonal in the range (—0o, 00) with weight p(x) = e™, ie. 


\ H,(x) H,(x)e~™ dx =O! If weep (6) 


—o 
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Proof Consider the two identities 


< [e-’ HH, (x)]+2ne-H, (x) = 0 


d ; 2 

ax [e-’ H;(x)]4+-2p e-* H,(x) = 0 

Multiply the first by H,(x) and the second by H,(x), subtract one 
from the other and integrate the difference with respect to x between 
—oo and + oo. The result is 


fe 3) 


d 2 7 d —x2 , 
\ ede Hn)— Hn € nphax 


—-w 


= 2(p—n) \ H,,(x) H, (x) e~*” dx 


The left-hand side of this equation can clearly be written in the 
form 


\ (Hyp Ha Hy Hye} ox 
and, consequently, 


ao 


2(p—n) \ H,H,e~* dx = (H,Hi—H,H))e-™ 


— oc 


re) 


= 0 


— 2 





Since p # n, this leads directly to Equation (6). 
Let us now find the norm ||H,,||. To begin with, let us establish 
the following recurrence relationships: 


Ay yi(X)—2X (x) +2n Hy) = 0 (7) 
H,(x) = 2nHy_i(X) (8) 


To do this we must find the relationship between the generating 
function A(x,t) and its partial derivatives 0H/dt and dH /dx. 
Direct calculation shows that 


cis = 2(x—t)H and oH = 2tH 
ot Ox 
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Substituting (1) into these identities, we obtain 


get ee 
ZO, Ty = 2x 1) d Hald (9) 


n=1 
Ss Lia SiH E 
nO) = Zt n(X) nl 
n=0 n=0 


Equating the coefficients of equal powers of t in (9) and (10), we 
obtain the recurrence relations (7) and (8), respectively. 
The identity given by (8) can be used to evaluate the integral 





(10) 


| Hy@)dx = An si(X) 


1 
2(n+1) 
The identity (7) can be used to evaluate the square of the norm 


al? eA des 


WHI? = | ec H2Q)dx = | A(x) Hye dx 


Let us express one of the factors H,(x) in the integrand by means 
of (7) in terms of H,_,; and H,_, by replacing n by n—1. The 
result is 
AT |? = \ eo Aa) {2x Ay_1(X)—2(n—1) Ay_2(x)} dx 
=— \ ee H,_1(x)2x HH, (x) dx 

In this expression we have used the orthogonality of the polyno- 
mials H,,_, and H,. If we now express 2 H,(x) in terms of H,,_;(x) 
and H,,+,(x) through Equation (7), we obtain 


Wal? =) e-P0) (An aiQ)+20 Hy} dx 
=2n \ e-™Hi_s(x)dx 
or 
|My I? = 20 Hy al? (11) 
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In this we have used the orthogonality of the polynomials #,,-1 
and H,,:. From (11) it follows that 


Hy |? = 2°"! Hy |? = 2%! | 2x2e- dx = 2a y/x (1h) 
Therefore, 
Hal? = 2"n! x (12) 


13.1.4 The Chebyshev-Hermite polynomials form a normal 
system. Consequently the theorem of Section 12.6 applies to the 
polynomials. All the zeros of the polynomials H,(x) are simple 
and real. 


13.1.5 The Chebyshev—Hermite functions 


_ Hx) .-*? 
n(x) = (|, |I e (13) 





are frequently used. They vanish at infinity. These functions form 
an orthogonal system with the weight p(x) = I: 
\ vr(x)pp(x)dx=0 if n#p (14) 


lal = 1 (15) 


From Equation (5) for the polynomials H,,(x) one can readily 
obtain the differential equation for the functions y,(x): 


ytA—2y=0 (A=2n4+)) (16) 


Example Determine the values of E for which the Schrodinger 
equation for the linear harmonic oscillator 


,, J2mE mod 
~ + he a 
has a solution which is bounded in the range —o <x < o. 
In this equation m, wo, E are the mass, the natural frequency and 
the total energy of the oscillator, respectively, and # is Planck’s 
constant divided by 22. 7 

If we substitute z = \/wom/hx into (17) this equation reduces 

to the form given by (16), in which 2 = 2E/ayh: 


d*y QE 
dz? 7 be =| ie ° (18) 





x| y=0 (17) 
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When 2£E/w)f = 2n+1, where n is an integer, Equation (17) has 
the solution y,(z) = pilV @ mm/h x), which is bounded in the range 
— 0 <z< o. The Chebyshev-Hermite functions provide solu- 
tions of the Laplace equation V’u = 0 on separation of variables 
in terms of parabolic coordinates. In fact, if we introduce the 
parabolic coordinates «, 8, z, which are related to the Cartesian 
coordinates x, y, z by 


x= 5 (@—P), y=cap, z=2z (19) 


(where c is a dimensional factor, —wo <a<o, 0<fP<om, 
— 0 <z< 0), then V*u = 0 takes the form 


1 eu. ou 07u | 
2. 268-4 pen! ae NM _. 
Vu c?(a?+ p?) {2 as Op? +e (a +8 ) oz? | 0 (20) 
We shall seek the solution of this equation in the form 
u = A(a) B(f) D(z). Separating the variables we obtain the fol- 
lowing differentia] equations: 





A+ (n—2e202) A = 0 (21) 
BY’ —(u+22c2p?) B = 0 (22) 
D’+2D =0 


where #? and m are unknown parameters. Substituting ¢ = J/Ac a 
and 7 =i VicB into (21) and (22), we obtain 


d*A ——— 

“age (As) = ey 
and 

CB [yp 

So +(—] aries 


which is the same as Equation (17). 


13.2 CHEBYSHEV-LAGUERRE POLYNOMIALS 


13.2.1 As indicated in Section 12.1, we shall derive the Chebyshev— 
Laguerre polynomials with the aid of a generating function. We 
can take this to be 


i: ; 
L°,)= Goyer e a> —l1 
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and expand it into a power series in terms of f: 
oy 
L(x, 1) = >) Lace" (24) 
n=0 


It will be shown below that the coefficients of the expansion are 
the Chebyshev-Laguerre polynomials. These are occasionally 
called the generalised Chebyshev—Laguerre polynomials, whilst 
the polynomials L°(x) = L,(x) are called the Chebyshev—-Laguerre 
polynomials. It is clear that 


1 a" L*(x, t) 
n! ort" 








| BG) 4 


Ini pitt 
é 


Li(x) = 


1=0 





where C is a closed contour surrounding the point ¢ = 0. Let us 
substitute ¢ = ]—x/z in this integral. We obtain 
] zn +a e* ] d" 


x dz = x7? e* ttt e-* 
2ni dx” ( ) 


Lyx) = xe Gan nl 


Cy 


The contour C, surrounds the point z = x. We can then use the 
formula for the derivative of the Cauchy integral. Therefore, 


1 d" 
Li) = wre e at 





(x"*7e>*) (25) 


It follows from this formula that Z%(x) is, in fact, a polynomial 
of order n. It is clear that L§(x) = 1, L%(x) = 1+a—x. 


13.2.2 We shall show that the polynomial L(x) is a solution of 
the equation 
xy’+(a+1—x)y’-+-Ay =0 (26) 


or 


d 
ay (x**em*y’)+Axtey = 0 for A=n (261) 





In fact, differentiating the function w = x"+*e-* once, we obtain 
w’ = (na) x"t2-! em *— yt tt en* 
and this yields the identity 
xw’—(nta—xjyw ee 
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Differentiating this 7-1 times, we obtain 
x fw)" +1 —2)[wO/+2+lo™ = 
Using (25) we have 
w”) = x*e-*L2(x)n! 

and substituting this for zo") we obtain the identity 

x(Liy’ + (a+ 1—x) (L7)’-+-n Li = 0 
We shall now consider some of the properties of the polynomials 


Li(X). 


13.2.3. Theorem The Chebyshev-Laguerre polynomials are 
orthogonal within the range (0, 00) with weight p(x) = x*e-*: 


ina) 


| LQ) LQ) xe dx =0 if nAp and «> —1 (27) 
0 


Proof Consider the two identities 


Alen e7* — dr, 70) -+nx* e*L7(x) = 
flee ee En) --px* e*L5(x) = 0 
Let us multiply the first of these by L5(x) and the second by L(x), 


subtract one from the other and then integrate with respect to x 
within the range (0, 00). The result is 


@ d : atl .~—x dL, a d a+] al : 
\\s dx Al. e a be Sts e ae dx 


foo) 


= (p—n) \ LAQVE,G)x 2" « 


The left-hand side of this equation can clearly be written in the 
form 


(seas — 
\are [L3(L4y —(L2)' LJ} dx 
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Consequently, 


i= @) 


( 12(x) L3(x)xte-* dx = 
é P 





1 gttbe*[(L'L5— (LEY LADS = 0 


When x = 0 the integrated part vanishes because of the presence 
of x**!(~ > —1), and when x = oo, because of the presence of e=*: 
Since p # n, Equation (27) follows at once. 


13.2.4 We shall now determine the norm ||Z%||. First we must 
establish the following two recurrence relations: 


(nN) Li ga()— Ont] -a—x) L(x) + (na) L4i(x) =0 28) 
£- 153) = — Lit) (29) 
dx n — n-1 

To do this, we must find the connection between the derivative of 


the function and its partial derivatives, 0L*/dx and oL*/dt. Direct 
calculation shows that 


(1—2t+ py Ph oes = [«+1—x—(a+1)t] L*(x, ¢) 
and 
OE", 0) 2 yagi 
se ie tL**'(x, t) 


Substituting (24) into these identities, we obtain 


1204) Sn be@ye b= fatl—x—(a-+ Da E090 (30) 
n=1 


and 


D 


(pee... ST ers! 
De ee t Le xy (31) 


n=0 
Equating the coefficients of equal paqwers of t in (30) and (31), we 


obtain Equations (28) and (29), respectively. 
From (29) it follows that 


 La(x)dx = —Lezi@) (32) 
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We shall use (28) to evaluate ||Z%||?: 


fee) ive] 


Lay? = | xte-*[Le()P dx = | xe *Li(x) Lax) dx 
0 0 


Using (28) and replacing n by n—1, we obtain 


Tp det ae \ x* e~*L2(x) {((2n—1+a—x)Ly_1(*) 


0 


—(n—1+a) Li a(x)}—-dx 


= AA yr e*25 0) [-xLa@]dx 
0 


We have used the orthogonality of the polynomials L; and L;_ 
and the orthogonality of Lt and L_,. If we use (28) again, we obtain 








i @ 
[Ege = | eA) D LEG) 
0 
—(2n+1+a) L2(x)+(n-+a) Li_1(x)} dx 
= 228 | ett aooPds = "2" IEP? 
0 
or 
Woz = sae (33) 


In these expressions we have used the orthogonality of the poly- 
nomials 


coca and Lee. e4 sand” ay 
From Equation (33) it follows that 
(nto) (n+a—1) ... (@+2) 











zl? = IZaP 
n} 
_ Pinte tO ay ee 
= FIF@dD (l+a—x)*x%e7* dx 
T(intoa+t) _ Patetlh) 
Sars) er) ae a nl 
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Therefore, 


espe = Leet) 
— n! 


(34) 
It is clear that the Chebyshev polynomials form a normal set. Con- 
sequently, the theorem of Section 12.1.6 is valid for them. All the 


zeros of the polynomials L%(x) are therefore simple and real and 
lie in the interval (0, 00). 


13.2.5 The functions 


LG) a) —x/2 


pt = : 
nO) = Tra 


(35) 





are frequently used in applications. They vanish at infinity 
(x = +00). These functions have the following property: 


| Ox) O%(x)dx=0 ifn ¢panda>—1 (36) 
0 


From Equation (26) it follows at once that the functions ®f(x) 
are the solutions of the equation 





d , x a2 _ 
ree + (p-2-=], =0 (37) 
where 
pia apet = 


The Chebyshev—-Laguerre polynomials are encountered in the 
solution of problems on the propagation of electromagnetic waves 
in long lines and in the analysis of the motion of electrons in the 
Coulomb field, as well as in certain other problems. 


Example Expand the function /(x) = e~* into a Fourier series 
in terms of the Chebyshev—Laguerre polynomials. 


Solution In the required expansion 


eS \ Cn L(x) 
n=0 
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the coefficients c, are given by 











( 5 1 d" 
= xZe7 sf he dx = —-x “MO (yn4+2 a-x 2 
c iL , xe (x) dx alg Ct (att eo dx 
Integrating 7 times by parts, we obtain 
n} i —x a"! n+@.—-x i 
a PTepepl at 8, 


co 


d"-2 Koo) | 
-+e7* a2 (ete tet \ eee x 





Substitution of the limits yields zero. 
Since 


1 
\ xt ea dy => gavazt (tar) 
0 


it follows that 


n!} 


Cn = Qntatl 


Appendix 


Definition of Generalised Functions. 
The 6 Function 


A.1 Generalised functions will be introduced by a method similar 
to that used when real numbers are introduccd with the aid of 
sequences of rational numbers. Real numbers are introduced so 
that operations such as the extraction of the root or the taking of 
logarithms can be carried out. The introduction of generalised 
functions ensures that the operation of differentiation can always 
be performed. 

The sequence of rational numbers {a,} is called fundamental 
if for any rational « > 0 there exists m), such that for all n and 
m > mM 

|4n—Om| <E 
The fundamental sequences {a,,} and {b,} are called equivalent if 
lim |a,—b,! = 0 


Equivalent sequences define a real number. 
A.2. Consider continuous functions defined in the interval 
(A, B), —co <A< B<w. The sequence of functions {f,(x)} 
which are continuous in (A, B) is called fundamental in (A, B) if 
there exists an integer k >O and another sequence of functions 
{F,(x)} which are continuous in (A B) which are such that the 
following two properties are satisfied: 

1. FRO) = fp): 

2. the sequence {F,(x)} converges uniformly in any segment 
[x, 6] < (A, B) (F(x) 2). 

The following theorem follows from the definition of a funda- 
mental sequence. 
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Theorem 1 If a sequence of functions {f,(x)} which are continuous 
in (A, B) converges uniformly in any segment [«, 8] < (A, B), then 
it is a fundamental sequence. In point of fact, we have F,(x) = f,,(x) 
and k = 0. 


Theorem 2 If {f,(x)} is a fundamental sequence of functions 
having continuous derivatives of order m, f{"(x), the sequence 
{f&~(x)} is also fundamental. 


Proof For {f,(x)} there exists a number & > 0, and a sequence 
{F,(x)} which has Properties 1 and 2. For {f™(x)} we can take 
k-+m instead of k and the same sequence {F,,(x)}. These will clearly 
satisfy Properties 1 and 2. Consequently, {f(”(x)} is a fundamental 
sequence. 

A sequence of functions {f,,(x)} is said to be uniformly bounded 
in (A, B) if there exists a number M such that |f,(x)| < M for all 
n and for all x € (A, B). 


Theorem 3 If a sequence of functions which are continuous in 
(A, B) is uniformly bounded in (A, B), and converges uniformly 
in any segment [«, 8] < (A, x9) and in any segment [a, 8] < (x9, B), 
then it is fundamental in (A, B) where xy € (A, B). 


x 


Proof Let us take F,(x) = \ fa(t)de and k = 1. Property 1 will 


x0 

then be satisfied. It remains to show that Property 2 is satisfied. Let us 
take e > O and [«, 6] <(A, B). If [w, 8] <(A, xo) or [x, 6] <(%, B), 
then for these segments Property 2 will be satisfied by the conditions 
of the theorem. Suppose that [w, 6] (A, B) and A <a <x 
< 6 < B. By hypothesis | f,(t)| => 44. We must show the uniform 
convergence of the sequence {F,(x)} in the segment [«, 6]. Conse- 
quently, we must consider x € [a, f]. For such x we have 


(Fu) — Fa] = |) (fu) — fun} | 


xX 


x B 
< fF —Sut) del < Sf) —Fon(t)| de 
xo om xot or 8 
= | tf-faldte+ J Jfi-falde+ $f falde 
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Since the sequence {f,(t)} converges uniformly in the segments 
[w, Xyp—e/6M] and [xy—~«/6M, 6], we can find a positive integer rn 
such that the following inequalities will be satisfied in the two seg- 
ments: 


fn()—fm(t)| < 


E 
— forall mjnSna 
3(B—a) : 


For , 11 > no we then have 





Ful) Fal] < agg (% AN | 


bof (Bom — se) < 
3 ' 3(B—a) oem} ~* 
Consequently, the sequence {F,(x)} converges uniformly "in any 


segment [«, 6] <(A, B). Property 2 is therefore satisfied and this 
proves the theorem. 





Remark If the sequence {f,(x)} is fundamental, the sequence 


1\ fa(t)de} is also fundamental. 


xo 


Example 1 Consider the sequence of functions {g,(x)} 


1 
£n(X) = Tpe-™ 


and the interval (— 0, 0) (Fig. A.1). 


4, (2) 





7] a 
Fig. A.l Fig. A.2 


This sequence is uniformly bounded by the number 1. In any 
segment [«, 8] <(—oo, 0) it converges uniformly to zero. In any 
segment [a, 6] <(0, oo) it converges uniformly to unity. Therefore, 
Theorem 3 applies. Consequently, the sequence {g,(x)} is a funda- 
mental sequence. 
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Example 2 Consider the sequence of functions {f,(x)} 


ful) = V rr 


and the interval (—00, 0) (Fig. A.2). In any segment [a, f] < 
(— 00,0) or [x, 8] <(O, c0), the sequence converges uniformly to 
zero. However, it is not uniformly bounded. The sequence of func- 


tions {F,,(x)}, where F,,(x) = \ f,(t)dt will also converge uniformly 


in any segment [«, 8] within the intervals (—co, 0) or (0, 00) and 
is uniformly bounded (by the number 1) in the interval (— oo, 00). 
Consequently, by Theorem 3 it is a fundamental sequence. If this 
is so, then by Theorem 2 the sequence {f,(t)} is also fundamental. 


Example 3 Consider the sequence of functions {¢,(x)}, where 
Y,(X) is a piecewise-linear continuous function equal to zero outside 
the interval (—1/n,1/n) (Fig. A.3). In any segment [a, 8] within 
the intervals (—oo, 0) and (0, 0) it converges uniformly to zero. 
However, it is not uniformly bounded. The sequence of functions 





g! 
Fig. A.3 Fig. A.4 


{,(x)}, P(x) = |) ¢,(t)dt, will also converge uniformly in any 
segment [a, A] in the intervals (—oo, 0) and (0, «) and is uniformly 
bounded (by the number !) in the interval (— 00, oo). Consequently, 
by Theorem 3 it is a fundamental sequence. If this is so, it follows 
from Theorem 2 that the sequence {¢,(x)} is also a fundamental 
sequence. 


Example 4 Consider the sequence of functions {y,(x)} where 





Appendix 


and the interval (— 00, 00) (Fig. A.4). Since the sequence of functions 
{¥7,(x)}, where ¥7,(x) = \ y,(t)dt, satisfies the conditions of Theo- 


rem 3, this sequence is also fundamental. Consequently, by Theorem 
2 the sequence {y,(x)} is a fundamental sequence. 


A.3 Two fundamental sequences {f,(x)} and {g,(x)} are called 
equivalent, {f,(x)} ~{g,(x)}, if there exists an integer k >0O and 
two other sequences {F,(x)}, {G(x)} such that 


1. FM) = f,(x), G(x) = 2,(x); 
2. in any segment [«, 6] <(A, B) the sequence {F,(x)—G,(x)} 
converges uniformly to zero: 


F,(%)—G,(x) = 0 


Thus, the sequences in Examples 2, 3 and 4 are equivalent to one 
another. They are also equivalent to the sequence {g,(x)} (Exam- 


ple 1). 


Definition Each class of equivalent fundamental sequences defines 
a generalised function f(x) which can be represented by any other 
sequence of this class. We shall also say that a fundamental sequence 
{f,(x)} defines a generalised function f(x) and write f(x) = {f,(x)}. 

Thus, the sequence {g,(x)} (Example 1) defines the unit step 


ae C ly, the uni functi 
t t 
1, x>0. onsequent y, e unit s ep function 


n(x) is a generalised function. 

In view of the lemma in Section A.4, and Theorem 1, any function 
which is continuous in (A, B) is a generalised function. 

The sequences {g7(x)}, {fr}, {9n(X)}, {va()} in Examples 14 
define a generalised function 6(x) (with a singularity at x = 0). 
This is called the Dirac 6 function. It is clear that the 6 function d(x) 
is an even function, i.e. 6(—x) = 6(x). 


function (x) = 


A.4. A linear combination «f+fy(« and f are constants) 
of two generalised functions f(x) and (x), specified by the 
fundamental sequences {f,(x)} and {y,(x)}, is defined as the gen- 
eralised function F(x) corresponding to the fundamental sequence 
{afn(x)+6,(x)}. In particular, the sum and difference of two 
generalised functions f(x) and (x) is also a generalised function. 
The product of a generalised function 7(x— Xo), i.e. the unit 
function, which is continuous in the segment [a, 5], and the function 
p(x), which will be written 7(x—x,) (x), will be defined as the 
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generalised function defined by the fundamental sequence {g,(x— Xo) 
@(x)}, where g,(x) is the function in Example 1, and 


g(b), x 2b 
Q(x) =} V(X), @A<x<b 
p(a), x<a 
It is clear that 


P(x), x > Xo 


7 (X—Xo) P(X) = 0 


X << Xo 


A function (x) which is piecewise-continuous in [a, 5] and has 
singularities at x,, X2,.-., x(a < x, < X21 SS b) can be 
written in the form 


HX) = [ya (8 —¥1)] G(X) « 
+ lyQx— x) -9(X— Xi DI GIAD+ --. 
+ [n(x—xx)—(x—b)) (x) 
where 
P(Xigi), X & Xigs 
p(x) =) P(X), HSS Nig 
¢(Xi), XQ 


(= 0,1, 2, ..., k) 


Xo = 4, Nii =) 


@(x) are continuous in (— 0, 00). Their products by unit step 
functions 1(x—x,) are generalised functions. Consequently, an 
arbitrary piecewise-continuous function is a linear combination 
of generalised functions and is, therefore, also a generalised function. 


A.5 Let {e,} be a sequence of positive numbers tending to zero. 


Definition A sequence of continuous functions {6,(x)} is called 
a 6 sequence if these functions have the following properties: 


1. 6,(x) > 0 in (—e,, €,) and zero elsewhere; 
2. 0,(x) has derivatives of all orders everywhere; 


fe.) 


3. | 6,(t)dt = 1. 


— 0 


Consider the function 


Appendix 
It has derivatives of all orders. The function 
BAX) = a(x +n) &(En—X) 


is positive in (—e,, €,) and zero elsewhere and possesses derivatives 


of all orders. Let 


Bull = ) Ba(t) de 


We then have 


a@ 


l 





Consequently, the sequence | Aa) ) is a 6 sequence. 


Bal J 


Theorem 4 Any 6 sequence is a fundamental sequence. 


Proof The sequence of functions 

x 

yalx) = J} dn(t) de 

is uniformly bounded, since 0 <y,(x) <1, and tn any segment 
[x, 8] which does not contain x = 0 converges uniformly to zero 
if [z, 6] <(—o,0), and to unity if [«#, 8] <(0, 0). In point of 
fact, in the former case {[x, 6] <(—00, 0)} we can find a number 
Mo such that for all m > we have e, < |B]. Consequently, the 
segment [x, 6] will lie to the left of all intervals (—e,, €,). Therefore, 
all functions 6,(x) with m > no will be zero in [a, B]. Hence, it follows 
that y,(x) = Oin [x, 8] forn > no. Inthe second case {[z, 6] < (0, «o)} 
we can find a number ny such that for n > ny we have «, < «. Con- 
sequently, the segment [z, 8] will lie to the right of all intervals 
(—€y, €,), # > My. Therefore, for xe [«, B] and n > no, 


Ya(x) = ( 6,(t) dt = ( 6,(t) dt = 1 


Hence Theorem 3 applies and the sequence {y,(x)} is a fundamental 
sequence. If this is so, it follows that by Theorem 2 the sequence 
{5,(x)} is also a fundamental sequence, and this proves the theorem. 


Remark It is clear that for all constants C the sequence {C6,(x)} 
is a fundamental sequence. It is readily shown that all 6 sequences 
are equivalent to each other and to the sequences in Examples 2-4. 
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The reader is recommended to prove this. Consequently, any 6 
sequence {6,(x)} defines the 6 function d(x). The 6 sequence 
{6,(x—Xp)} defines the 6 function 6(x—Xp). 

Multi-dimensional 6 sequences are defined in a similar way. 
For example, in three-dimensional space the 6 sequence is defined 


as being of the form 
{5n() Sn) 5n(Z)} 


i.e. as consisting of the products 6,(x) 6,(y) 6,(z), whereas the 6 
function in three-dimensional space is defined by 6 sequences of 
this form. Therefore, by definition, 6(/) = 6(x) 6(y)6(z) and 
6(M, Mo) = {6n(x—Xo) 5n(Y¥—Yo) On(Z—Z0)} 
= 6(x—Xo) 6(y—Yo) 6(z—Z) 
where x, y, z are the coordinates of the point M and xo, yo, Zo are 
the coordinates of the point M. 

We have shown above that the sequences {4 6,(x—X,)} are 
fundamental sequences. It is possible to prove a more general 
statement, namely that for all functions v(x) which are continuous 
in the neighbourhood O(x,) of the point x = Xo, the sequence 
{(x)6,(x—X)} is fundamental in O(%9) and is equivalent to the 
sequence {¢(Xo)5,(x—Xo)}- 


Proof Consider the functions 


Fx) = J p(t) da(t—xo) de and P(x) = J (x0) dn(—20) dt 


It is clear that F(x) = ¢(x)6,(x—Xv), ®,(X) = ¢(%0) O,(X Xo) for 
all points of O(x,). For any ¢ > 0 we can find a number o(e) such 
that 

lp(x)—¢(%)| <e for x€(Xo—én,Xotén) and n> MN 
Then for any x € O(Xo) and n > Ng 


FP] = 1} (eC) 9 (0) } a(t 0) de] 


—@ 
x 


< J le (t)—¢(0)] a(t 0) dt 


XotéEn 

< J |g) —eeo)] bn(¢—%0) dt 
pee 

<e | 6,(t—xo)dt =e 
Xo— fn 
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|Fin(x) —P,(x)| Pee (A.1) 


Since the sequence {®,(x)} converges uniformly [(®,(x) 
= ¢(X) Vn(X—No); see proof of Theorem 4], it follows that the 
sequence {F,(x)} converges uniformly in any segment [a, 8] < O(x0). 
From this and from the inequality given by (A.1) it follows that 
the sequence {¢(x) 6,(x—xo)} is fundamental in O(xo) and is equiva- 
lent to the sequence {¢(xo) 6,(x2—X0)}. 

The generalised function ¢(x) 6(x— Xo) specified by the funda- 
mental sequence {¢(x) 6,(x—xXo)} is defined as the product of the 
function ¢(x) which is continuous in the neighbourhood of the 
point x = No and the 6 function 6(x—.0). 

The above statement means that 


¢ (x) 0(X—X0) = P(X) 0(X— Xo) 


A.6 Theorem 5 Equivalent fundamental sequences defining the 
generalised function f(x) include fundamental sequences of differ- 
entiable functions (polynomials). 


Let us first establish the following lemma. 


Lemma _ For any function F(x) which is continuous in (A, B) 
there exists a sequence of polynomials {P,(x)} which converges 
uniformly to F(x) in any segment [a, 8] <(A, B). 


Proof Let {A,} be a decreasing sequence of numbers converging 
to A, and let {8,} be an increasing number of zeros converging 
to B. By the Weierstrass theorem there exists a polynomial P,(x) 
such that |F(x)—P,(x)| <1/n for all points x in [A,, B,]. The 
sequence of such polynomials has the property indicated in the 
lemma. In fact, for any positive number ¢ and any segment 
[«, 8] <(A, B) one can find a positive integer m) such that for all 
n>Nn 


a< e and [a, f}] c [A,, B,] 
It then follows that for all n > m and all xé |a, A, 
1 
|P,(x)—F(x)| < <é 


which indicates a uniform convergence of the sequence {P,(x)} to 
the function F(x) in the segment [a, f]. This proves the lemma. 
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Proof of the theorem Let {f,(x)} be a fundamental sequence 
defining the generalised function f(x). By definition of a funda- 
mental sequence there exists an integer k > 0 and a sequence of con- 
tinuous functions {F,(x)} which converges in (A, B) to a 
function F(x), which are such that 


Fr O(x) = Sul) 


The function F(x) is continuous in (A, B) since the sequence {F,(x)} 
converges uniformly to F(x) in any segment [g, f] <(A, B). In 
accordance with the above lemma, there exists a sequence of poly- 
nomials {P,,(x)} which converges uniformly to F(x) in any segment 
[x, 8] <(A, B). Therefore, by definition of equivalent fundamental 
sequences, the sequence of polynomials 


{Pn(x)} where p,p(x) = P(x) 


is a fundamental sequence which is equivalent to {f,(x)}. This 
proves the theorem. 


Therefore, it can always be considered that the generalised 
function /(x) is defined by the fundamental sequence of differentiable 
functions {f,(x)}. 


Definition The m-th order derivative of a generalised function 
I(x) = {f,()} is defined as the generalised function 


LOR) = {APC} 


which Is defined by the fundamental sequence of m-th order deriva- 
tives {f0"(x)}. Thus, in particular, the 6 function 6(x) possesses 
derivatives of all orders. For example, 6’(x) is defined by the fun- 
damental sequence {4,(x)}. The derivative of the unit step function 
y(x) is the generalised function 


7'(x) = 6(x) 
since the sequence {g,} of Example | is equivalent to {f,(x)} of 
Example 2, which defines the 0 function. Consequently, we may 
write 


x 


(x) = \ 6(t) dt 


A.7 The integral of the product of 6(x—No) and of an arbitrary 
continuous function ¢(y), ie. 
b 


\ 7(x) O(x—.Xp) dy 


a 
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is defined as the limit 
b 


lim \ 7 (x) 0,(X— Xo) dx 
where {6,(x—.o)} is any 6 sequence defining the 6 function 6(x---xo). 
We shall show that this limit exists and that the following formula 
is valid 


; (Xo), if Xo € (a, b) 


eo) 0(X—Xp) dx = 0, if Xo g la, b) 


Jt may be assumed that the functions 6,(x—xo) which form the 6 
sequence are even with respect to x = Xo. For x. =a or x0 = b, 
we then have 

c 1 

\ g(x) 6(x—Xp) dx =  P(%0) (Prove this!) 
Suppose that x) ¢ [a,b]. We can then find a number i) such 
that for all nm > we have e, < min {|x)—al, |x>—5|}. Conse- 
quently, for n > ny we have 6,(x—Xo) = 0 in [a, 5]. 

b 


Therefore V(x) 6,(X--X))dx = 0. Consequently 


b 

\ ¢(x)d(x—Xo) dx = 0 
Let x € (a, b). We can then find a number vy such that for n > nM 
the intervals (x»>—€,, Xo+-€,) Will lie entirely in the segment [a, 5]. 
Consequently, for such n, 


b xo-l-én 
J (x) 5x0) dx = J 6) 5,(x 0) dx 


Let us apply the mean value theorem to the last integral. We obtain 


Xo en Xo+Fn 
. 


J g(x) ba(x—%0) dx = En) } 0(x—¥0) dx = (En) 


xXo—En Xo-- En 


where £, € [Xo—€n, No +€n]. AS > ©, we have £, > Xo. Therefore, 
since the function ¢(x) continues in [a, 5], we obtain 


b 
lim J p(x) 6,(x—%o) dx = lim @(E,) = ¢(X0) 


313 


Mathematical Physics 


This proves the above statement. In particular, for g(x) = 1, 


we have 
b 


; J 1, x0 € [a, 5] 
J) Y= Ng asd fa, BI 


The formula 


\ pM) 5(M, Mo) dty = 


D 


a if Mi éD, (A.2) 


0, if M,¢éD 


can be proved in a similar way for any function y(M) which is 
continuous in D. 


Remark Each of the sequences {f,}, {v,}, {yn} of Examples 24, 
which define the 6 function 6(x), converges to zero at any point 
x # 0 and to infinity at x = 0. In view of this, we may write 


j 9, x40 
loo, x=0 


d(x) = 


a 


The function 6(x) becomes infinite at x = 0 so that \ d(x) dx = 1 


for any a > 0. The expression (A.2) is often used to define the 
6 function as a functional. 


A.8 A function (x) will be defined as localised if it is identically 
equal to zero outside a given interval (a, 6). A localised function 
will be called smooth if it is continuous and possesses continuous 
derivatives of all orders everywhere. 

Let f(x) be a continuous or locally integrable, i.e. integrable 
in any finite interval, function. The convolution of f(x) and ¢(x) 
is defined by 

S*eo) = | fen ol dr (A.3) 
It is clear that 


fx*o) = 9X*f) = \ fOeO—Nde (A) 


—@ 


Since g(x) is a localised function, the convolution can also be 
written in the form 


5 
fro =\f(x—t (dt (A.5) 
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within the interval outside which v(x) = 0. The following are the 
simplest properties of the convolution. 


Property 1 If the function g(x) possesses everywhere continuous 
derivatives up to k-th order, then the convolution f* m has deriva- 
tives everywhere up to k-th order and 


Fo lfO)# EI] = L4H] =$0)49R) Wg 
(p = 1,25. us,-k) 


This follows directly from (A.4) and from the fact that the function 
g(x) is localised. If the function f(x) has continuous derivatives 
up to order k and ¢(x) is integrable and finite, then 


(fe py? =fP~se(x) (p=1,2, 4) (A.7) 


Property 2 If the sequence of continuous functions {f,(x)} con- 
verges uniformly in the range aa—b <x <b)—a to the function 
J(x), then for any continuous localised function g(x) which is 
identically zero outside the range (a, 5), the sequence {f,(x) « y(x)} 
converges uniformly to the function f(x) * g(x) in the range [d, bo]. 

The validity of this follows directly from (A.5). 

Let (A’, B’) represent the interval consisting of points x’ such 
that [x’—5, x’—a] < (A, B). 


Property 3 If the sequence {f,(x)} is fundamental in (A, B) and 
g(x) is localised and continuous [p(x) = 0 outside (a, 5)], then 
the sequence {f,(x) x y(x)} is fundamental in (A’, B’). 


Proof Let [z, B] < (A’ B’). The segment [x—5, B—a] then belongs 
to (A, B). Since {f,(x)} is a fundamental sequence, there exists 
an integer k >0O and another sequence {F,(x)} such that 
FO) = f,(x) and {F,(x)} converges uniformly in [a—b, B—al]. 
We have 


Fn(x) * G(x) = Fy? (x) * pC) 
and, using Equation (A.7), we obtain 
Fux) * (x) = [Falx) * pO] (A.8) 


In view of Property 2, the sequence {F,(x) « p(x)} converges uni- 
formly in [«, 6]. Hence, and from Equation (A.8), it follows that 
the sequence {f,(x) * y(x)} is a fundamental sequence. 
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Remark — If ¢(x) 1s a smooth function, then Equation (A.8) can 
be written in the form 


Sulx) * 0X) = Fax) * FOR) (A.9) 


Since the sequence {F,,(x)} converges uniformly in any segment 
{x, 6] < (A, B), then by Property 2, the sequence {F,,(x) « p(x)} 
converges uniformly in any segment [x+6, 6--a] belonging to 
(A’, B’). Therefore, we have the following property. 


Property 4 If the sequence {f,(x)} is fundamental in (A, B), 
and (x) is a smooth finite function [y(x) = 0 outside (a, 5)], then 
the sequence {f,(x) * ¢(x)} converges uniformly in any segment 
[x’, B’]  (A’, B’). 

This leads naturally to the following. 


Definition The convolution of an arbitrary generalised function 
J(x), defined by the fundamental sequence {f,(x)}, and a local- 
ised continuous function ¢(x), is defined as the generalised function 
(x) *@(x) defined by the fundamental sequence {/,(x) * ¢(x)}. It 
is clear that 


SX) * FOX) = 9) * S(O) 


The convolution of the generalised function f(x) and an arbitrary 
localised integrable function ¢(x) is defined in a similar way. More- 
over, (f* p)'?) = f(?) * y, where f'?) is the p-th order derivative 
of the generalised function. In particular, if v(x) is an arbitrary 
localised and everywhere continuous function, 


O(x) * G(x) = P(X) # 6(X) 
Property 5 For a localised and everywhere continuous func- 
tion ¢(x), 
g(x) * (x) = ¢(x) 


Lemma Let {6,(x)} be a 6 sequence and ¢(x) be a function which 
is continuous in (A, B). The sequence {¢(x) « 6,(x)} will then 
converge to 7(x) uniformly in any scgment [«, 6] < (A, B). 


Proof Let [a, 8] < (A, B). For any ¢ >0 one can then find 
no{e) such that for n > ny and all x in [a, fp] and all ¢ in (—e,, €,), 


Irx—1)—¢ (x), <e 
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Consider the difference ¢(x) * 0,(x)—¢(x): 


9) #50) —7O91 = rr) 5,(0) dt— 9) 
=|\ g(x—1)d,(e)de— | go) de 
< | lee—)—o@)ldn(0) det 


= J} lp—t—)15,(¢) de 


ee 
For n > no(e) and any x€ |a, fl, the last integral is less than 


é \ 6,(t)dt =e 


Therefore, for n > mo(e) and x € [a, A] 
le(x) * On(x)—9O)| <e 


This proves the lemma. 


Proof of Property 5 Since the functions ¢(x)* 6,(x) are con- 
tinuous in (A, B), and in accordance with the above lemma, the 
sequence {¢(x) * 0,(x)}, converges uniformly to the function ¢(x) 
in any segment [a, 8] < (A, B), then by Theorem 1 it is fundamental 
and defines the generalised function ¢(x). On the other hand, by 
definition, the fundamental sequence {¢(x)*6,(x)} defines the 
convolution ¢(x) * 6(x). Therefore, 


g(x) * O(x) = ¢(x) 


Moreover, 


g(x) = lim [¢(x) « 5,0) = lim J g(x—1)5,(t) de 


= \ ¢(x—t)d(t) dt = \ g(t) O(x—t) dt 


—o —-o 


where we have used the definition of an integral of the product 
of a continuous function and a 6 function. 
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Therefore, the convolution of a 6 function and an arbitrary 
continuous function ¢(x) can be written in the form 


go) * 6x) = J e(x—na(ndr= | oN 6G— dt 


Property 6 The convolution of an arbitrary generalised function 
f(x) and a smooth function ¢(x) has continuous derivatives of 
all orders. 


Proof Let the generalised function f(x) be defined by the funda- 
mental sequence {f,(x)}. By Property 4 the sequence {f,(x) * ¢(x)} 
converges uniformly to the continuous function in any segment 
[a’, B’] < (A’, B’). From Equation (A.9) and Property 4 it follows 
that the sequence { f, « v)} of the i-th-order derivatives (i = 1, 2,...) 
will also converge uniformly to continuous functions. Using the 
theorem on the term-by-term differentiation of sequences, we 
obtain Property 6. 

It is possible to define the convolution of an arbitrary generalised 
function f(x) and a 6 function as the generalised function f(x) * 6(x), 
defined by the fundamental sequence 


{ f(x) * Sn(x)} 


where {6,(x)} is an arbitrary 6 sequence. We then have 


f(x) * 6X) = f(x) 

The following is a list of the most useful formulae and rela- 
tionships involving the 6 function. The reader is recommended 
either to prove these results for himself or to refer to specialist 
literature. 


1. 6(—x) = 6(x) 


2. d(ax)= + 8(3) 


3. d(v(xX)) = mE eG 


4. xd(x) = 0, 7(X)9(x) = ¢O)O(X), FAEX)O(X) = (OSX) 








if ¢(x) has only simple zeros x,,. 


S.J 9x) x9) dv = g(r) 


oe 


6. | s(x (s—2) dt = 6(x—5) 


—e 
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7. d(x) = (x) 


foe) 


8. | 95x) dv = —9'0), 


if p(x) is continuous atx = Xp. 








9. | (x1 8(s—1) dt = 6'(x—8) 
d" rn! 
10. 58) = (- 1)" 8) 
Mt p(s) 25 (x8) dx = (—1"9™) 
, Ox" : ; 
if g(x) is continuous at x = s. 
12. \\ Seca, Me) dem = @(Mo) 


13. The Fourier transform of the 6 function 6(x—.y) is given by 


a 


Li 1 te 1 ig 
6(é) = ——= \ 6(x— Xp) e* dx = ——-e'** 
( ) \/ 2x : ( 0) 2a 
and, consequently, 
(0) = ef 5eeyert ag = 1b eH BmA) dé 
oe 2a 2n 
For the three-dimensional case 
3 [e0) a eo 
0(M, My) = (2. \ \ \ 7 HE(e—x0) +1(v- 90) + (2-20) GE da, do 
, 2n 
1 ¢ F 1 fe! a I \ ~i€(z—29) Ar 
= —_ —if(x-—Xx9) ead in(y yo d an e ( 0 dé 
271 Je are i "In J 


= 6(x—Xp) 5(Y—Yo) 6(Z—Zp). 
Therefore 


5(M, Mo) = 5(x—Xo) 6(y—Yo) (220) 
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in Cartesian coordinates. 


14, 06(M, My) = O(r—''9)0(V—Yo) In polar coordinates on 


a plane. 


] | : : 
15. 6(M, M,) = 2 d(r—fo) ot) 6(9—0))6(~—@@p) in spherical 
coordinates. 


16. 6(M, M,) = 6(q1.— 4) 6 (92-92) 993-9) 
hy hy hy 
gonal curvilinear coordinates (g,, g2, 93), where /,, 1., and A; and 
the Lamé coefficients. 
The generalised functions 6,(x) and 6-(x) are also encountered 
and are defined formally by 





in arbitrary ortho- 


00 0 2D 

1 i<x 5 I —ifx a ] ’ ifx & 

6,(x) =| e?* dé, d_(x) aire \ ee de = a) ee* ds 
0 oar) “oO 


It is clear that 6,(x)+6-(x) = 6(x) and 6,(—x) = 6_(x). 


Answers and Solutions 


CHAPTER 1 


» (a) u,—O0.50/Hu;=0 (F=xy, 94 =y/x); 


(b+) Av—w—-u,=0 €=y, 7 =x); 
(c) Uny = 0 (é = y/x, n=Y); 
(ut) =0 for y<O (€=x+2]/-y, 


y=x—2)—y), du=0 for y>O (=x, 1 =2yy). 


(d)  us_+ 





. (8) Um_—2%; = 0, ua=ve", 4 = 1.1875, »=0.25 


(é = y-X, y= ytx); 
1 & 
(b) Yq 32° =0, u=ve uw = —0.25, v= —7/8 
(€ = y—3x, n= y—x); 
(Cc) VgetU_q—1.50=0, usve" (€=2y—x, =x). 


CHAPTER 2 
4 , 
Pie. +Z=Uy,, u(x, 0)=0, u,(x, 0) =v, u(0, 1) =u,(, 1) = 0. 
WUyy—B uy = Urrs u ea 0) = v7 (x), U(x, 0) = P(x), 


u(O, t)=u(4,t) = 0. 
0/Ox (E'Su,x) = pSun, u(x, 0) = P(x), u, (Xx, 0) ome P(X), 
a ux(0, 1)—B)u(0,t) = 0, ou(,t)+f.u(ht) = 0. 
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. 0/dx [(¢—x)u,] = (1/g) un, u(x, 0) =P (x), u,(X, 0) a 71(x), 


u(0,t)=0, |u(n| <M. 


5. g0/dx [(l—x)u,]+o7u = u,,, additional conditions of Problem 
4, 

6. w*d/dx [((P—x*)u,] = pu,,, additional conditions of Problem 4. 

7. A Oxx = Ort, 0 (x, 0) = v(x), 0,(x, 0) = (x), 
6(0, t) = 0(, 1) =0. 

8. @u,,+(A/cp) I(t) = up, u(x, 0) = u,(x, 0) = 0, 
u(O,t)=u(i,t)=0, ec is the velocity of light. 

u(x,t) x<0 ; ; 
9, us =e eo ee = ie C= 1,2), 


10. 


11. 
12. 


13. 


14. 


15. 


u(x,0)=9(x), u(x,0)=9(x), a =E/p; (i=1, 2), 
u,(0, t) = u,(0, t), EF ,m,(0, t) = E,u,(0, rt). 
Tux = [P+196 (x—Xo)] it, U(x, 0) = (x), u(x, 0) = (x), 
u(0, t) = u(l, 1) = 0. 
Or: 
u,(x,t), xX <Xq 

u(x,t) = 16 t), x>% a (U;j)xx = (Udit (i = 1, 2), 
u(x, 0)=9(x), u(x 0)=9(%), u4(0,1)=0, u,(/, 1) = 0, 
Uj(Xq, t) = U(X, 4),  T [ulax (Xo, L)—Wx(%o, £)) = Mote (Xo, £). 
Tu,,+F (t)6(x—vpt) = pty, u(x, 0) = u,(x, 0) = 0. 
v,+Li+Ri=0, i,-+Cu,+Gu = 0, v(x, 0) = 7 (x), 
i (x, 0) = (x). 
Uz+Li, = 0, i,+Cv,=0, v(x, 0) = (x), I(x, 0) = (x), 
—v(0,t)= Ryoi(0,t), equ, (, t) = i (4, ¢). 
U,+Li,=0, i,+Cv,=0, v(x, 0) = (x), i(x, 0) = 9,(x), 
—v(0, 1) = LY, 1), v(,n—-E(t) = LO, 0). 
ois nae t), x<0 ix d= [ie t), x<0 

: v(x,t), x>0 , i(x,t), x«>0 
(O)xt+ Lilet Rete = 0, (ide + C(x = 0, 0 (x, 0) = v(x), 
i(x,0)=9(x), 1,0, = (0,1), 
U0, 1)— 0440, t) = (1/eg)iiO,t) (k= 1,2). 
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16. 


17. 


18. 
19. 


20. 


21. 


22. 
23. 


24. 


25. 


21* 


Answers and Solutions 


For the current / (x, ft): 
(ix)ax = Cy Lyi t+ Cr Reds i,(0, t) = 1,00, t), 

is L.2 Ls . 
GeO )— GE hax(0, t)h= G, 10, t), i,(x, 0) = v(x), 
RePX)— 91x) 

Ee : 

Kuzx—h{u—p(t)] = cpu, u(x O=f(x%), wO)=fA), 
ku,(l, t) = q(t). 
Kuz,—hu+QrP=cpu,, u(x, 0) = f(x), kuz(0, t) = C,u,(0, 2), 
ku,(l, t) = C,u,(/, t), where C,, C, are the thermal capacities 
of the holders. 


0/0x (Du,)—0/dx (vu) = cu,. 
(a) 0/dx (Dux)—Bu = cu; 
(b) 0/dx (Du,)+Bu = cu,. 


Tut (x, 0) = 





u,(x, t), x< 0 
ute!) u(x,t), x>0 


u(x,0)= (x), (0, t) = u,(0, ¢); 

(a) k,u2,(0, t)—k,u,,(0, t) = 0; 

(b) kzuU2,(0, t)—k,u,,(0, t) = Cyu,(0, t). 

0/dx (ku,z) = cpu,, u(x,0)=0, u(vt,t)= ¢(t). 

0/dx (kuz) +Q6(x—wvt)=cpu,, u(x, 0) = p(x). 

a uga—h(u—uy) = u,, u(O,0) = v(6), u(0+2z, t) = u(6, t), 
6 is the polar angle, a? = k/cpR?, R is the radius of the ring, 


a7 (uj) xx = (ui): (i me 1, 2), 


o pe CG. OE 0H c OH 
ot 4a OE? ’ ot = 4xop 08? ’” 








where c is the velocity of light, o is the conductivity of the 
medium, yw is the magnetic permeability, € is the distance 
measured from a fixed plane, E= E(é,t), H= H¢é,t). 


(a) Au = —4xp; 
(b) Au = 0. 
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CHAPTER 3 


1. See Fig. B.1. Hint: use D’Alembert’s formula. 


A=] Az p= 
0 ¢06 QO ¢ @¢ 3 0 ¢ 2 3 
Fig. B.l 
2. See Fig. B.2 
Ae] fe 
PRA SoS IS 
-26 -¢ O c 2 “JC ~o -¢ OG ¢ co 
k=3 
-4¢ -3¢ -2¢ -c 0 GC 26 SC 4C 
Fig. B.2 


u(x, t) = 1/2a{F(x+at)—F(x—at)}, 


| z<-c 
where F(z) =}%(z+c), —c<z<c 
2UgC, z>c 
4. See Fig. B.3. 
R=4 er. ASS 

ta \o7 
OQ ¢ & 3C 4E O-6°2C Se 46 SC OC 

YN be 

RG 
Fig. B.3 


5. u(x, 0) = 1/2a{F (x-at)—F(x—at)}, 

where F(z) = p/p{n(z—Xo)—9) (2+) }- 

Hint: solve the problem: a*u,, =u,, u(0,t)=0, 

u(x,0)=0, 1,(x, 0) = (p/p)d(x—X), OS N < ow, 
6. For —o'< x <0 we have 

E\—V prEd 
nis p=fexjaj pho Vea 2 £(t-Lx/a)). 
Ver Ey+y] J P2 E, : 
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10. 


11. 


12. 


13. 


14. 


Answers and Solutions 








Refracted wave: (x,t) = 6 I Teale f(t—x/a,). 
VaAE.t+V nF 
[aE =A) pk. 
Reflected wave: threq = } pri pak, F(t+x/a,). 
Vpr£\+ V prE» 


Ureqg absent for p, E, = p2F). 


a(x, 0) = Eye“VOR=, (x, 0) = Eyy/G/Le-VRs, 


v(x, t) = Eye-VR*n(x—at), 


i(x, t) = Eyy/G/Le-VRxn (x—al). 


u(x, ty) = 0, u(x, th) = u(x, 0), 


x+at 





a+vo 








u(x, t)= 4) 247 
lo, 
at—x 
a—vo 
a—v 
u(x,t) = aa T, ‘ 0 


OX fo, 


u(x, t4) = u(x, 0). 


292 
= “0 | Fed, —at<x< Uf, 
0 


Xx > atl, 


2( | FQ@dé, t<x<at, 


x> at, 


Ty is the initial tension in the string. 
u(x, t) = n(t—x/a)f ¢—x/a), 
I(x, t) = n(t—x/a)V V/C/L e-¢-*, 

where a=1//LC, a= (1/C)/C/L. 


So 


aah he. 


0 





0 o 
US 5,217 


~~ Ana ot 


(") 


Only equations of the hyperbolic type of the form 


Ay Uxx +2 Ay2Ux¢ +Ar2y = 0 


. 


The velocity a is determined from the equation 


Q,,0°—2a,,a+a, = 0. 


Only equations of the hyperbolic type with coefficients satisfying 


the following relationships: 
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2 
A,a°—2a,a+a,, = 0, b,—b,a—2p (412—4,,a) = 0, 
a,,a’—pb,1c = 0. 
CHAPTER 4 


—2hP 1 un 
u(x,t y 3 sin BLS esheets 
( )= x 72x, (1—: Xo) 4 — Xo sin— ] B08 se 


where h = a Xo(1—Xp) - 





IT 

2P 1 man 
u(x,t) = —— ote eee ee: 
(x,t) Aap Yh sin “xo Sin “x sin j t. 


Hint: u(x,0)=0, u(x, 0) = = 3(x—x9). 


8IF YY CD" gg 2H) ogg tet! 
WES LiQn+lp- 2i 21 





u(x,t) = ant. 


Hint: u(x, 0) = Te u,(x, 0) = 0. 








ES 
- Ln Ln 
ZF I [= 
° u (x, ==). h ? 
n=1 1+ 


Ln ; 
ifie+ #) 


where sz, are the positive roots of the equation # tan uw = Al. 
fee) 
8 1. = 
u(r, t) = > C,e a! sin Er, where £&, = V/4,R é 


R 
2 Rp2+(RhA—1PP ( Hn ng 
Cn = —R Rp2+ (Rh) RAP et Ro 





te . __# 
HM, are the positive roots of the equation tan 4 = T—AR’ 
Hint: u=v/r and ee 
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6. u(r, n=>°G, e77A,t — - nl), 


n=1 
where ©,(r) = (1—A, R,) sin Vn r+, cosy Ant, 


R2 R2 


BaF \ r£O)Padr, Pal = | 2 (rar, 
Ri 


A, are the sortie roots of the equation 


: _ Rh RYO) 
tan VA (R2—R1) = R,A+(1—hy Ry) (1—Az R) © 


» (a) Re = 2a/yB; 


C= 


(b) Rer = 0; 
(c) R., is equal to the smallest positive root of the equation 
(AR) tan iB aut R. 


For ee conditions of type I: 

: nr pt . an, mp 
Arp = (Te +- F), D, p(x, y) = sin—-x sin > — 
(n, p = 1,2,...). 

In the case of (/=k), dnp = /P(n? +p’), 
Ai2 = 21 = Say 


: aoe 
but %, .(x, y) = sin? xsin y #O,,= sin x sin ; 


Therefore, to a single eigenvalue 4 = 5x*//* there correspond 
two linearly independent eigenfunctions. 
For boundary conditions of type II: 


HD un tp 
rape + 2, ®, p(X, y) = OD ae OP ee 


(n, p = 0, 1, 2, ...); 

for boundary conditions of type IIT: 

dnp = Mn +Gp, 

,, (X,Y) = (Ven cos V wy, x+y Sin V up X) 
x (Vt cos Yapy-+h; sin Y'2,y), 


#, and a, are positive roots of the equations 
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Ub he ye. 


—(hy--ha) VW 
h, hy T# : 


lyh,—% 





tan d= ,  tany/ak = 


For boundary conditions of type I: 


: wr p q? 
An,pjq == aaa tae 24>? 
ake / k m 





= x sins y Sinz (1 0 = Ty2e64): 


for boundary conditions of type II: 


; ie p? g 
An, p,q = w( P =P 2 Be > 


Pr, p,q X; y) z) = sin 





®, Pp 4(X, y> z) = COS ihe x cos” y cos. (1, p, q= 0, 1, pe 
vee / k m 
for boundary conditions of type IIT: 
A P,a Un+Op+By, 
Py, p,alXs Vs 2) = (Ven COS Vn XM, Sin V fy X) 
X (Va cosy y+hy sin Vc, y) 
x (VB, cos Baz+hs sin VB, z), 


Hns Xp, Bg are the positive roots of the following equations: 











—, —(h+h) Vu = —(As th) Va 
t / /= se / SS 
bs y Q hyh.—p , boas ) ig : h3h,s—« ; 
we a /B 
tan j/ B m heh d 
awit mp @ 
(8) ©n, p,q = ay A, o,4 om axy/ Pp A pe ee 


Ay Pe eae Cao egy © 
(b) ©,, p = 4fty,p 1/R, where x, , is the root of number p of 


; , ] : ; 
the equation Jnsil— > ng12(t) = 0, R is the radius of 
fe 


the sphere n = 0, 1, 2,..., p = 1, 2,..., where J,(z) are Bessel 
functions of order k (see Chapter 11) 





8/ + 2/g 2n+1 Uo 
- pno= — a —————_—_— 
HOS) an? a | za(2n--1)y a pe | ar (2n+1)* 
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. 2n+1 \. 12 (ae oe 
x sin a] ijn ap EN £(3.—1). 





SFo/ dy? Dee 
x4 = px = 
u(x, t) ES ya oor og 


xX cos aa! 
2/ 
Hint for Problems 12-23: the solution should be sought in 
the form of the sum u = v(x)-+w(x, t) where v(x) satisfies the 
equation and the boundary conditions of the inhomogeneous 
boundary-value problem under consideration, whilst w is the 
solution of the corresponding homogeneous boundary-value 
problem; w(x) describes the steady state, w the departure 
from this state. 


wat, 


—(a2 . wen 
u(x, t) = u3--o(x)+ Cre ae sin—-X, where 


| bs Vh -\_t os 7 va | 
v(x) = | uy —up sinh — U3) te u;)sinh ath 


Edé. 





ft 
estes t C= F\ FO} sin F 


—(a2A fayt 
u(x, t) = uy--v(x)+ > Cer . 
n=1 


x (Ay sin Vi,x+ \/2, Cos \/An Xx) ; 


Vis Vig ; 
where v(x) = 4,e 2 “44, e a”. The coefficients A,; and 


A, are determined from the following equations: 


hy(us—) 
Vh;—a hy 


Vhs Jn \ 2 Vie 
Aire -F V hy bs) e 2 “Ay (i, vhs) € a = Ngt, 
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| {@)—w-0O} PO 48, 


C, = TVs 12 
[PIF 3 


®,(x) = hysin/4,x+y/4,cosyA,x. 
foe 2/7. 





4, are the positive roots of the equation tan fal = 


I 
Q(t)=S { u(x, t)dx, where S is the area of the transverse 
0 


cross-section of a cylinder, 


fo2) 


= 4uy —arA,t . 2n+1 
u(x, t) = uy— 3 FORED e sin 77%; 
t 
Pia 
1, = ap ently’ or O(t)= —D\u,(0, t) dr. 
0 


t 


Q(t) = S\ulx,t)dx (@u,,—Bu = 4), 
0 











— — —aty Ot 2n +1 _pt 
where u(x, 1) = v(x) + xe e sins xe™, 
v(x) = Quy cosh VP ay, 

VB cosh YF; 
a 
! 
C, = Flee sin one né dé. 
v(x, t) = 4-0) (— 1)" anatase 2n+1 ee 








EA 2n+1 Da 


n=0 


where 4, = 27(2n+1)?/47, a? =1/RC. 


18. v(x, = FoRU-x) +2E, R? Ds en at 


Ro+Ri a 
siny/ A, (l—x) 
Pa [R(Ro+RD+1R24,] cosy’ a, f 
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20. 


21. 


22. 


23. 


Answers and Solutions 


where a* = 1/RC, A, are the positive roots of the equation 
Rtany/,/= —Ryy. 


foe) 


4H, 1 —az . 
A(x, t) = Hy— DE ee Bs Ant cin on Ex; 
=0 


where a? = ee A, = (2n+1)7/4F. 











oe 


u(x, t)=- 





ar ;, * q(x) (I ol a, (x); 


where /, = # antty, ®,(x) = epee ne: mx, 


2/1 
Ku,,+O06(x—Xx9) = cpu,, 
k is the thermal conductivity. 


if x) wos ant! 
u(x, 1) = uot (2) SS] 2+cuy 7 n| 








x (ntip°° ap 
where 4, = ase k is the thermal conductivity. 


u(x, 1) = 0(x)-+ ) Cred, (x), 
n=1 


1 


where v(x) = LtAIpRE’ 


FE xt Goeth, C= alt "at 


! 


= Poa OME AE, ®,(x) = Vipcosy%y x 


+hsiny/4, x 


A, positive roots of the equation tan V2 f= Gaye 
2 
Hy 
Op: gee ie 
R 


foe} C, 
u(r, t) = ui +2(uy—ue)hR? > (— ere e 
n=1 


V+ (hR—1)? 
Ln (ui +h’ R’—hR) 
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24. 
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equation tan « = —yu/(Ri—1), his the heat transfer coefficient 
in the boundary condition u, (R, t)+A[u(R, t1)—u,] = 0. 


—@r. 


Ug (r, %) = 3k R? 


Au=0, u,(R,v) = Up (r, 0) = Tan 


ag. 
ak R’ 

Qr Q = oe ail cos(2n+1) 
MOD) eet ae > tal Te 


Hint: first find the solution of the Laplace equation of the 
form rv(¢) satisfying only the conditions: u, (r, 0) = Or/2kR, 
uy (r, %) = —QOr/2kR, and the deflection w(r, y) from it. Then, 
u = rv(y)+wtr, 7). 

PO, = 04, O(4,0)= 7 6,(x, 0) = 0, 





6(0, t) = 0, Kijp=—* On(,t), @=yG/p. 


GI 
pana =I) sin x Aly 
OSL Ty thy SiN)? 


where J is the polar moment of inertia of the transverse cross 
section of the rod, G is the shear modulus, J, is the moment 
of inertia of the rod, p is the linear density of the rod and «, 
are the positive roots of the equation tan uv = /,/Iyu. 











4a@,|? 0 w/ sin aes axt—(2n+1)zasinwt 
2 0 
(a) u(x, t)= 72T ran (2n+1)2[w?2?— (2n+ 1x70] 


. 2nt+l 
x sin ~~~ TX 


(b) Replace sin wf by cos w# in the last formula (w # kx/l, 
k = 1,2,3,...). 


Fal sé wl sin="at— zansinwt : a 

a on 

u(x,t) = : 2 = sin —f sin —x 
(w i —wa'n’)n de l 


n=l 





(o #Axnfl, n= 1,2, os and similarly for Fy cost. 
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t 
—_ 2 - SE Gs 
28. u(x,t) = - in| nC P(t) de 
" 


—-72n2a2 
tf. wn 
+ C,e ”?  sin—vx, 
n=l 


l 











! 
where k is the thermal conductivity, C, = 7 \7@sin2ts dé, 
0 
= 
29. u(x,t) = eee en ht » (sn Hb pO? ae s+ 2 vl) 
cp i— l a7) 


a wtH 
in——x-° 
l 
oS ie 2 +7 2 a 
Hint: the equation for u(x, t) is of the form 


a eye aa) =H, O0<% ae 
cp Uv 


0 
0: hoe! 


ule )-=oQ)sinort Gin 2s n+l eee 2n+1 _ 

















7 as 
sin x : 
ae! : ote Fa \o(g) sin pad dB 
v(x) = ES > a Cc, = natant) « v(s) Ig ye dé; 
cos —/ 0 
a 
1 
(fore amt Ga 
u(x, ft) = v,(x)sinwt+v2(x)t cos wt 
| 
eS Cin 2s atsin "Tax, 
n=0 
n#~Nno 
I 
—4 2n+] 
where C, = nant) \ [ov (2)-+0,(E £)] sin a] -nédé, 
x @ ey eee 3a. 30) 
v,(x) = Ag— yet] Fe0s 5 x+ na ; 21h | 4. 
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2aA . @ 
V2(x) = TES (—1)" sin Ee 


and similarly for F = Acos at. 


Hint: the solution should be sought for (a) in the form u = v(x) 
sin wt+w(x, t); in case (b) in the form u=v,(x) snot 
+v,(x)t cos wt+w(x, t), where v(x) sin wt (correspondingly, 
v,(x) sin wf+v,(x)t cos wf) satisfies the equation and the boun- 
dary conditions of the problem. 














roe) ap 
2qR* ] —sr te Mn 
u(r, th=F,\(r)+tF(r)— kar 2 COS Hy Sa» r, 
Ht, are the positive roots of the equation tan u = p, 
qR 3R’—5r? 3ga’ 
F,\(r) = = —___ = : 
i(r) Uy k, 10R2 > F,(r) k,R 


Hint: determine the solution of the problem a’v,, =~, 
u(r, 0) = ur, k,[Rv,(R, t)—v(R, t)] = q(u=v/r) in the form 
v =fi(r)+tf(r)+w(r, t), where (f1+4/2)/r is the steady state 
satisfying the equation and the boundary conditions and 
w/r is the deviation from it; w is the solution of the homo- 
geneous boundary-value problem. 


u(x, t)is the solution of the problem 

0/ox [k(x)u,] = p(x)u,, u(0,t)=u(,t)=0, u(x, 0) = f(x), 
ki, O<x< x, 
kn, X<x<h, 


Pi> O0<x< XxX, 


where ke) =| haere. 
29 0 ? 


p(x) = 


u,(x, t), 0 So SS XO 


or u(x,t) = 


u(x, t), Xo <x<il, 





diudec= (Wer Blades = (des = 52 F= 1,9), 
ui(0,t)=0, w(l,t)=0, uy (x, 1) = uA (%, 2), 

ky U1x(X, t) = kp u2.(X, t), u(x, 0) = f(x), 

u(x, t) = » C,, eh, (x), 


n=1 
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afl 
LU sin ¥1 0 < x < Xo>5 
sin—" Xo , 
ay 


where ®,(x) = 


; sin" (I-x,), <x<i, 
sin — (J— z 

a ( Xo) 

| 


1 
a= BaF \/DPOPAC) ee 


Sc ge k. 
, are the positive roots of the equation oO eae ee 


a, a, a, 
cot (x)—. The eigenfunctions ®,(x) are orthogonal with 
2 


the weight p(x) in the range [0, J]. 


u(x, t) is the solution of the problem 
Aux, = [1+ (Co/C)d(x—X)] u, 
u(O, t) = u(l,t) = 0, u(x, 0) =f), 
J u(x,t), O<x< xX, 
a? (u;)ex = (1;);, (i = 1; 2). u,(0, t) =0= u,(I, t), 
U, (Xo; i= U(X, ¢), u(x, 0) = f(x), 
Kkup(%, t)—ku,(%, t) = Cott: (Xo, D; 
u(x, t) = Sy C, e-7#n! B(x), 
n=1 ; 
where C, = a \ p(x)f(x)®,(x) dx, 
m0 
nine <x SX, 
HnXo 
a) al aren 


= pe? XSxX< L, 
sin Hya(I—Xo) zu = 
fH, are the positive roots of the equation cot ux,—cot u(J— Xp) 
C, 
= ; a Ll. 
p 


L 
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Eigenfunctions ®,(x) are orthogonal in the range [0, /] with 
the weight p(x) = 1+ S5(x—x). 


foe! 2 
nt 


ee 
u(x, f) = Ey +21E,C » er ERE 

n=] , 
Co, sin nal — 5] ~Cleos — | 
© EC FP CEL C32) iy SID fin 





where 4, are the positive roots of the equation u tan uw = Cl/C). 
Hint: the eigenfunctions of the problem are orthogonal in the 


range (0, /] with the weight p(x) = 1+ Par. 


A A 
(a) u(r, ~) = RT cosy = Re : 
B 
b = At 
(c) w= Axy; 
A+B B—A 
(d) w= net ae re (x2—y%). 


Hint for Problems 35-41. See Example 1 of Section 6.3. 


Problem (a) is incorrectly formulated since the necessary 
condition (ee ds = 0 is not satisfied; 

Cc on 
(b) «wu = ARx+D; 


A 
(©) v= FRY); 





i] Bo a 
d) uw=|A---- - V+tyyy—4v}j4+D, 
where D is an arbitrary constant. 
u= u(r) = y+ (om) 5 a ‘The capacitance per unit 


length of the cylindrical capacitor is C = 1/(InR,—In R,). 
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42. 
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Hint: the capacitance C of the conductor bounded by the sur- 





: : , é —l1 (a 

face S in three dimensions is Gas) Le, in two 
47 uy 5 On 

5 : —1 \ Ou : 

dimensions C = ——ds, where Z is the contour, 


uy the potential of the conductor, du/dn = E, is the normal 
component of the electric field stress tensor. 


ey 


Tle de eae 
Ue fie Oot ae fev oe wee 
wl "¢ a(t 44) 


Hint: solve the problem Au,=0 for a<r<c, Au, =0 

force<r<b, u,(a) = up, u,(b) = 0, u,(c) = u,(c), 
Ou, Ou 

Von lee 2 On| 


plates of the capacitor. 








, Ug is the potential difference between the 


r=c 





Fo Be 
u = Up LOR’ (RSP ce, 
1 €;—e 1 
R & C 
€, | 
& r 
= for r>c 


1—U2+0.25A (R3— R?) nz? 
In R,—InR, r? 





(a) w= w+ A(PRD+ 7 


A A R 
(b) u= ip APR +R 4 2} In—. 


] 1 1 ] 
ul => 6 (r?— R?)— SR RRER(E a— 1) . 








@ peta X COS gad 7m 
4V, Reet) Sa 2h 
ue = 2 DD 2n+1 
n=0 (2n+ 1)cosh—7— ma 


Hint: see Example 2 of Section 6.3. 
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CHAPTER 5 


LukeD== — os eE2 -/%\ 
Sohal EV Bh 


1 (r—r9)2 _ (+r)? 
2. G(r, 13) = ————]e “4 —e 4 ZF 
8 Urry at 


Hint: reduce the problem to the one-dimensional problem by 











substituting w= /r: a?v,, =, v(r, 0) = — oa a, 
3. u(r, t)= © DT apf 
V4Dt V4D 





Mo 


I 

4. (a) u(x, y, 2, t) = u(x? +y7+ @—2), 4) 
+u(V?+yY+e+a), 0), 

(b) u(x, y, 2, t) = u(y x?+y*+ @—2) , t) 
— ul x?+y*+(24+2), 2), 


where u(r, ¢) is the solution of the last problem. 


le b—x b+x 
ot a cre ad crocs] 

—D ate | cl } t) dt. 

(SS) Tia awe 


“Le Pe ae (+6 
6. u(r, 4.) = ————— =) Pe FON megs 1 AGM | dé 


—R) (r+R)2 
a ~~ 4a2t Se 4a2t | 
14 — 











23: 
SE. T) e 4a%t—t)_@ a dé dr. 








l e é 
rV4na § Vt—t 
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fe.) 


| 232 4 4 
G(r, Yo; t) —— 5 | e74 A "Sh (Ar) Jo (Aro) A da 
0 





l 
Hint: solve the problem a? (u+ tu = u;, 


1 
u(r, 0) = aaa ae ro), lul<o. 


The solution must be sought in the form 


u(r, t) =| | U(p, 1) Jo(4p) Jo(ar)a dadp (see Chapter 11). 
00 


1 B : ré 
u(r, h=e = Ver@e wp ( “) 








1 ee Ee ae ré 
2s 2 4a2(t —1) Mae SoU déd 
+5g2\| i—t * ilsat 7 pat 
00 
enht _ (4=%0)? 
G(x, Xt) =— =e 4 , 
05 1) V/4nat 
CHAPTER 6 





(@) GM, H=t(n Ai ) 


MP Yo''MP, 


where P, is the point symmetric to P relative to the circle, 
ro is the distance of P from the centre of the circle; 





1 | R 
SG Oc ae ToTMP, ). 
na—l 
G(M,P)= 5° [G.(M, Py)—G.,(M, Po), 
m=0 
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where G,,(M, P) is Green’s function for the interior of the 


circle, P,, and P,, are points with the polar coordinates 


2 HF : 
(v.90 2. and (1, xn) respectively; (7), %) are 


the coordinates of P. 


lf e ae 
a) G(M, P)= 7 | 
eet ) 4u\rup, rep! 


n=0 





where P,, are the points with coordinates (p,, %, 9), P, are 
the points with coordinates (~,, 05, %) and (po, %,) are 
the coordinates of P, 








R,\* 
(4) for n = 2k, 
en =| k+l 
| f:) 2 
(2 forn = 2k-+1, 
Ri ) R 
—| — for n= 2k, 
o! (# Po 
n—) k 
(2) Be: for n = 2k+1, 
R, 0 
2k 
(4) Po for n = 2k, 
2 
_) 
Pn ~ | 2k+2 
a for n= 2k+1, 
(] Po aig 
R 3 Ri 
i for n = 2k, 
; (4 Po 
n= 2k 
(22) Pas for n = 2k+1. 
1 Po 


(b) G(M, P) = 











& ? 
1\) Cn Cn 
5 In - =n 
ey MP, TMP), 
where P, are points with coordinates (p,,%), P, are points 
with coordinates (p,, %), (Po, %o) are the coordinates of P; 
Pns Pn» €n and e, are determined by the same formulae as in 
case (a). 
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1 1 1 
conn 1S ft 
G(M, P) = 7 Dy aa ae \, 


where P, are points with coordinates (Xo, 39, 2+2nh), P, are 
points with coordinates [x ,¥,Z—(2n+I1)A], (Xo, ¥os Zo) 
are the coordinates of P. 








CHAPTER 7 


B, rR, 


r 


1. u(r) = | —42\ (If-1/NPpQdéE+C, Ry <r<R, 
| 


Ry 
Dir, R,<r, 
R2 


where D = 4x \ &o(é) dé, 
Ri 
R2 


B= C= D/R,+4a | (1/E—1/R,)£"p(6) dé. 


Ri 
4x Rp; r<R, 
2. u(r) = : _ 
4nR*po/r, r>R. 
22po(R?—r?/3)—M/r, r<oR, 
3. u(r) = 
M(1/r—1/r,), r2>R, 
where M = 4/3 2R°po, r= Vx2e+y?+(z—hy, 
naVETy+ eth, 
Py is the charge density, (0,0, h) are the coordinates of the 
centre of the sphere of radius R. 





Hint: calculate the effect of a perfectly conducting plane 
z= 0. Reflect the original sphere in the plane z= 0. The 
solution in this case then takes the form 


Ea Wie. r<R, 
3 r; 
u(r) = 1 1 
u(t), r>R, 
r ry 
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C is determined from the condition that the solution must 
join atr=R. 





2 
u(4 InR 5 ra) rik, 
4. u(r) = 


M\n—, rR, 


where M—=2R?po, py is the charge density, R is the radius 
of the circle. 


5. The potential of the simple layer 0 < x < 1 of density po is 


I 








u(x, y) =p (in : 
x, V) = Po —— 
3 VY (é—xP+y 
dé 
cosp 
6. w(M) = cS? = \ : 
sik ie eas mp *r Pe Vv (G—xy+y? 





( (p?— R®) (0) 40 


TNS) WES \ eat Rp cosa)! 


if 4 
(b) w(x, ») = — \ Ze é 


cox ry 





CHAPTER 11 


a Oh 
1. u(r, t) = ae ay) Gy 1(2 ‘), 


where «, are the positive roots of the equation J)(«) = 0. 


2. u(r, jay ee e Pa i; 


n=l 


where «, are the positive roots 
of the equation «Jj(a)+ARJ,(«) = 0, 
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Auswers and Solutions 
~ eh nneal teat 
ile) | 


f(r) is the bounded solution of the problem ayy “2 = 0, 








PM+H@=0, (O=BRPM+E*, 9-78. 


2. ag? t 
s) Lee ade 
H(r, t) => Hy—2 “ondJi(On,) ~ R? 1(2>), 
ecard n 


where «, are the positive roots of the equation J)(a) = 0. The 


flux of the magnetic induction through the cross-section of the 
R 2a 


cylinder is ® = \ \ uH(r, t)r dr dg, where is the permeability. 


u(r, D=ft+ d) Cre-PtB,(r), 
n=1 


where ©,(r) = Jo(V/4,Ri)No(V/Ant)—No(V An Ri So(V Aur), 


R2 
qR, 


r 
C= ey) MOM Ar {Oa ia 





4, are the positive roots of the equation ,(R,) = 0. 


a’ Au+Q/p = ue, u(R, t)=0, u(r, 0) =u,(r, 0) =0, |u| <0, 


u(r, t)= =r) MR ares | oe, 


where «, are the positive roots of the equation Jo(«) = 0, 


R— r2 
oy * ay 
sl R R 


I= Aap Q is the stationary state. 
a2 (w*R?—a? 02) Ty (a,) 














(a) u(r, t) = f(r) sinewt+ ase 


(w is not equal to any of the eigenvalues aa,/R), 
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{n= ae ay Pan 
a 
1 esos 
R 
(b) u(r, 1) =f(P) cos wt-+ MRS. (area Ia) 
(c) u(r, t) = Jo (2 7), (t), 


t 


where Y(t) = B, sin = 
0 





(t—t) sin wt dt, 





2A ay Xp, 
n= aarag AER) Bal ER)), for = R, 


Xn 
24 7 (4.2) 








; Oat Ve AMy 
(a) u(r, D=sesinor~ Cyl R sn R t, 


R 
where C, = oon \ rJo (2 | Jo (4 | dr, 
aa,RJo ( r| T2(a,) ° 





%, are the positive roots of the equation J,(a) = 0; 


ad, 
R > 








(b) u(r, t) = f(r) cos oS, {Ser 


aRa, 





where D, = C, 
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u(r, g, t) is the solution of the problem a7Au = u,,, 


u(R, ¢,t)=0, u(r, ~,0)=90, (7,9, 0) = P~sr—ryo@—), 


of” 
cosn(y—9q,)J, ( "| (n) A 
u(r, 9, — 2) a . 181) sin, 


Ent” [Jn (arg) 


1, n#0, 
2, =O, 
of the equations J,(a) = 0. 


ee Ln 
sin Mt J(% 


where ¢, = of” are the positive roots 





u(r, 2) = Vo—2Vy—V,) é 





> 


ee: 
=1 h— ha, J a 
n sin Re i(a,) 
where a, are the positive roots of the equation J(a) = 0. 


‘ Ln On on 
ie 1 sin Mt 21%.) ol R | 


u(r, Z) = — -++const 
2) atR*o © aR,o Bs ’ 








OL 
n=l cosh ho Jo (on) 
where «, are the positive roots of the equation J,(a) = 0. 


= Rh, cosh 2 
u(r, Z) = os + I 
; 2k 2 02 J? (o,) 


x Jo - | ; 
where a, are the roots of the equation J)(«) = 0. 


Hint: the solution u(r, z) should be sought in the form uw =v(r) 
+w(r, Z). 
The formulation of the problems for v(r) and w(r, z) is: 





a,sinh= On + h+-Rhycosh 5% OR “h 








oe Ry OG. is SSO, 
22 or 
w: Aw=QO, |jw| < w, m(R, z) = 0, 


w,(r, —h/2)—h,w(r, —h/2) = hv (r), 
w,(r, h/2)+hw(r, h/2) = —hv(r). 
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The origin of the coordinates should be taken in the centre 
of the cylinder. 





u(r, t) = Fo(r)+thir)— peas ate) fe I. et 
where Fy(r) = to — chs ( 2 ), 
4k R 
Fi(r)=2q@ an a, are the positive roots of the equation 
J, (a) = 0. 


(a) An, mx = (ek/h)?+o4?/R), af? are the positive roots of the 
equations J, («) = 0, 


tk a” \ fsinne 

@ — m_ 2 

n,m, kK (ly P, Z) = sin>- Zax R | leone: 
(b) An,m,¢ = (tk /hy+(a@ /R)?, af? are the positive roots of the 


equations J, (a) = 0, 
ak on{”) ie np 
@ = mo, ’ 
mien Us Ps 2) = COS h 2h R | sinn@; 
(c) An, m,n = E+ (M/R)?, of are the positive roots of the 
equation aJ,(a)+RhJ,(%) = 0, % are the positive roots of 


(yt hy)» 
v—hy, hy ‘ 


a) \ Joosng 
: UW m ’ 
are ZA es z= 4 (Z) J, (* R ae np, 


the equation tanvh; = 


Ye (z) = Cos %Z+/, sin", Z. 





™ \. an Mn) 
(a) Py, mf, 7) = Jul: HP r)sin 9, Ate = (2) 5 
yi) are the positive roots of the equations Jnaja(y) = 9; 
(") (n) 
Yn awn mt 
(b) Pym (r, ?) — ane 7 r)cos =e, — —= (m ) ; 
4) are the positive roots of the equations Jixja(y) = 0; 
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. (4) (n) 
(c) PD, m(t, n=v,(% r} va) an = (2 } ; 


y™ are the positive roots of the equations 
ro (YARNS, (y) = 0, 
y, are the positive roots of the equation 











(4, +Ay) 
tan vy = he 
e-? (n) (n) 
u(r, P, th= — 3 3 Ch, Ke a Jute sin 9, 
n=] k= 
oc (n) 
coat (2 r) sin 
sy Sry ) Dizi ro sin—-—ydrd ’ 
a ay Ret 


yf) are the positive roots of the equations Jnaja(y) = 0, 
n) 2 

ain) a a: 
R 


n=Ok=l1m=1 





(n) m 
Dy, m,k sin ng) J, (2 Fines e-@An,m,ke 


Rh2n 
yk am 
Chom,k = 7 Sep OPE \\) rf(r, Y ns.(t a r}sin j Zz 


x cos ng dr dz dy, 
22 


\ or (", 0, 2 











Rh 
Dn, mk = 2 n) \72 WV 
€,7R nt Of?) ae 


xX sinng dr dz dg, 
yy? and 2n, m,, are determined as in Problem 13. 


a less: 
Tip (x) = ay inh: Lip (x)= Vz coshx, 


oa oe 
Ki2(%) = Vz er, Nip(x) = —J_ip 0) = —¥/ Zcoss, 
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2 i , oD ix 
Nip (X) = Jip) => Vz sinx, Hf} (x) = —!] ex 2 


2 i -ix 
HH). (x) = V2 er, HH?) = =-—i V2 ec" 
H@\ n(x) = = Vie" 





u(r) = KG eRe "J, (Br), V*u—f’u=0, ular = M%- 
Wl) = ip Kol. 
u(r, Z) = a +u,+ — ye ae sin, a 


where C, = £ (uy —m){(— "N+ (= 1)" (u.—u)} 


u(r, z) is the potential of the field E, ic. E = —V7u. 
Hint: the solution should be sought in the form 





wn 


u=A(z)+B(r,z), WA=0, AO=m, ACh =m. 




















wond= rons Joos ] 
7 I h 
where C, = ; \f@) cos -—" zdz. 
Iy| =. R} \lcos Hn 2 || ty ? 
ag | ae as 
- K, (207, | 
4 itp h , a(2n—1) 
= >> a(2n—1) ie h 
h 
oe 2 ak? 
u(r, Z, t) = u(r, z)+ Cae 2( 05+ he 
n=l k=1 


Answers and Solutions 
h 


R 
2 \\ Fee come eer 
Cn k as h J? (at,) , ver, 2yrJo( Str) sin dz dr, 


e 
iY) 





where a, are the positive roots of the equation Jo(a) = 0; 


u(r, jain, AS" ae I(r | sin 2” 2, 
h a (= r| h h 





n=1 Ty 


h 


Hint: the solutions should be sought in the form 

u(r, Z, t) =v(r, z) + w(r, z, 1), 

where v(r, z) is the solution of the problem (see Problem 22): 
Vu =0, v(R,z)=90, vr, 0)=0, v(r,h)=u, |v] <0. 


CHAPTER 12 
2k)’ 
1. P»,(0) a (Dear Poy444(0) =0. 


2. They are orthogonal with the weight (1—x?)*. This follows 
from the orthogonality of the associated Legendre functions. 


3. u(x,t) = )){C, cos ay/2nQn—I)t 
n=1 


+D, sina y2n(2n—1)t} Py,-1(x/D), 
! 


C, — (4n—}) \ v0) Paval +| dé, 
0 


} 
4n—\ g 

ee Pes (Fae 
mn ile 


4. E=—Vu, where u(r, 0) is the potential of the field 


( = = 2n+1 
| er = ya Papyi(cos)), 1 SR, 


2 R 
a pye3 a 
u(r, 0) = 








oO 


V —V. + R 2n42 . 
Vo+ = 2 Yal*] Pyn4(cosf), re R, 
=0 


n 
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oo  Ant3 (—D"Gn)! 
eS Dn Gly 





(a) u(r, ) = —e YT p,(cos8); 
n=0 


o 
Rent 


(b) u(r, 0) = —e 





pata P,(cos@). 
Hint: the resultant potential V(r, 0), due to the point charge 
of the induced charges, should be sought in the form of the sum 
V(r, 0) = e/ri+utr, 0), 


foo) 


> (4) P,(cos8), fe a 
where u(r, 0) = j a 

> D, (=) P,(cos0), r>R, 

n=0 





where r, is the distance between the point (r, 0) and the point 
(ro, 0) at which the charge is located. Use the expansion 


( 1 = r \" 
— > (-] P,(cos@), Pity 


n=0 


ao? 


(=) P,,(cos0), r>1P. 


n=0 


C, = ar 


(a) If the charge lies outside the sphere at the point (ro, 0), 
ro > R, the electrostatic potential is 
u(r, 0), r <R, 
u(r, 0) = 
ufr,0), rR, 
where 


a 2n+1 rh 
u,(r, 0) =e 2 jee P,(cos0), 
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foo) 
R* +1 











e oan eae n 
u(r, 6) = -e—" > -P,(cos6 
2(r, 8) or, | £2 = ne, + (n+ lye, retipatt nl ys 
a= 
Hint: the expansion coefficients are found from the conditions 
Ou, | Ou, 
at =e 








,(R, 8) = u2(R, 8), €i ae ae 29, a 

where r, is the distance from the point (7, 0) to the point (7%, 0) 
where the charge is located; 

(b) If the charge lies outside the sphere (ro < R), then 


e , &1—£ >. n+l1 ror" 9 
. : =0 ne +(n-+ le, Rarer Pa(cos Ds 


i 2n+1 ro 
w(r, 6) = 7 mas ee P,,(cos0). 











2e DS (5 y [P,,(0)-+ P,—2(0)] P,(cos 0)— Sa Pa(cos 0), 
r<R, 


n=0 


ms n+] 
ae [P,(0)-+P,-2(0)]P,(cos), rR. 


Hint: solve the problem by the method of separation of vari- 
ables. Then 
a4 C,r"P,(cos 9), r<cR, 


u(r, 0) = > 
DsP7 Dea Pleos 2); r>R. 


The déeficients C, and D, ate found by comparing these 


formulae with the expansion in powers of z for the potential 
at a point on the z axis (which is perpendicular to the disc 
and passes through its centre) which is calculated directly: 


V(z, 0) = =. (VFR —z}. 
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I i 4n+3[r\?"*? 
- 9) — — eae, : 
v(r, ) InoR rela) Pony (COS 8) 
In view of the symmetry of the problem v(r, 2/2) = 0. There- 
fore, in the expansion v(r, 0) = 5° C,r*P,(cos 0) the coeffi- 
n=O 
cients C,, with even indices should vanish. The remaining 
: : 1 59) | 
ffi t det _— #) = ——~ 
coefficients are determined from —ov,(R, 6) aah an at 
QO Q X\Vnt1—RA ror” 
en = : —. 6 
WS) = aa, * Adak = n+Rh Re Fxfeost) 
where r, is the distance between the point (r, 0) and the source 
(ro, 0). 
Hint: the solutions should be sought in the form of the sum 
ur, ) = 7S —+0(r, 9), 
where a ne is ie solution of the problem 
=e! ofl\,A | 
= 6 0) = —— jk — — 
Av=0, = kv,(R, 0)+hv(R, 9) E\* op + Af 
Use the expansion of 1/r, into a series in ea of the 
Legendre polynomials. 
_ e 2 pee Ry r” 
u(r, 0) a rt mI Re rl Re iy 
Rr} Rees 
i “RE Ret (ror)"t! P,, (cos 0). 
The density of the induced charges is 
—e = (2n-+-1)(R3"1—rgr*!) RI? 
oY = Ola; = An: ' eee ‘: i - P,,(cos 0), 
e =. (2n+1)(ro"*'— =e} Ric 1 
ox = O|r=R, = 4n », RH Rett pati P, (cos 0), 


where r, is the distance between the point (r, 6) and the charge 
placed at (ro, 0). 
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Hint: the solution should be sought in the form 


u=e/r,t+v(r, 6), of =— aie (2) (j = 1, 2). 
R; 


u(r, 0) = {1 cos “4— Y [P41(cos a) 
—P,,-,(cos «)] (-\p, (cos ay. 


a= os 1 es r cosé 
uN QAR R1-RA 





(4n+1)P,,, (0)r2"P,,,(cos 0) 
— (2n+hR) (2n—1) (2n+2) R™ 


Hint: the boundary condition for the problem is 
g/k cos6, OSO0<2/2 


u,(R, 6)-+hu(R, 0) = te a[2<O<a. 


u(r, 6,1) = 2+, f(t) Py (cos 8) 


+P,,(cos D2, si ih OI (+ 7 ‘| 
“ 


where a, are the tie roots of the equation 


1 
OS nai (a)— 9 J n+p (x) =0, 


t 


f'(o)sin * (t—1) dr, 
Iran” 


R 
\ ra 7) dr 


n (n+1)] 
Of 


RA; 
y(t) = a 

















Ti 1/2 Gn) Li 
where u(r, 6, f) is the velocity potential a@V7u= un, 
u(r, 6,0) = u,(r, 0,0) =0, u,(R, 0,1) = P,(cos 0) f(t), lu] <0. 
Jnmk = U{R(aPY+k are the eigenvalues, and 
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1 of") cosk@ 
r, 9, ™ +|P¥(cos@)) ‘ 
Dm skl y) = Vr vein R mat Nase. 
are the eigenfunctions, where «” are the positive roots of 
the following equations: 


(a) Snsi(%) = 9, 


=e 
(b) Ineiie (a)— Sn412 (a) = 0, 
(c) 2aSn41/2 CRN) = 0, 
h is the constant in the condition v,(R, 6, y)+hv(R, 6, v) = 0. 


u(r, 9, p) = Ss >: 3 {Cu m,kCOSKP+Dn, m, Sink y} 
m=1n=0k= 
axal™)2 
1 of") Pepe eee 
Y=, PK(cos#)e FC, 
yr wun R 7 ( ) 
where «) are the positive roots of the equation J, :,.(a) = 0, 
Rx2nx 
of”) 
Chak — Ain in. & \\ Vic 6, y)r te ial R r) PA(cos0) cosk@ 
00 0 
x sin 6 dm dé dr, 
Ra2n (n) 
Dasma = Anima \\ VF, 6, er?! "esue Se 28? ») pk(cos0) sin kp 
000 
sin ™ dg dé dr, 
(2n+1)(n—k)! 2, k=0, 
Anime = TRnt eT @@) ? =|, k #0 
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